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Naxaban

(Xmbagirneri ko�mic)

�e�narki hamar himq � �a�ayel Er ani petakan hamalsa{

rani ma�ematikayi  mexanikayi fakultetum dasavandvo�

<bazma�a� harmonik funkcianer> masnagitakan das�n�ac�:

Ayd das�n�ac� he�inak� tariner �arunak dasavandel �

Er ani petakan hamalsarani ma�ematikayi  mexanikayi

fakulteti usano�neri  orakavorman bar�racman fakulte{

ti unkndirneri hamar` ayd fakultetnerum gor�o� �ragrerin

hamapatasxan:

Suyn �e�nark� nera�um � harmonik funkcianeri himnakan

hatku�yunner�, bazmaki asti�anayin �arqer�, sferik har{

monikner�, hamase� verlu�u�yunner�, Kelvini � a�oxu�yun�,

Hardii  Bergmani harmonik tara�u�yunner�  ayln:

Baci harmonik funkcianeri tesu�yan dasakan harceric u

ga�a�arneric ditarkvum en na plyuriharmonik  n-harmonik

funkcianer, oronq kapva� en mi qani �o�oxakani holomorf

funkcianeri het:

Ditarkvo� harmonik funkcianer� oro�va� en Rn tara�u{

�yan tiruy�nerum: Hatuk u�adru�yun � dar�va� harmonik

funkcianeri tesu�yan` n = 2  n > 2 depqerum a�ka tar{

beru�yunnerin:


aradranq� zugakcvum � bazma�iv �rinaknerov  xndir{

nerov, oronq knpasten nyu�i yuracman�:



4 Naxaban

Naxatesva� � hamalsarani ma�ematikayi  mexanikayi

fakulteti usano�neri  aspirantneri, in�pes na oraka{

vorman bar�racman fakulteti unkndirneri hamar: �e�nark�

�gtakar � na harakic masnagitu�yunneri usano�neri  as{

pirantneri hamar:

�e�narki bovandaku�yun� trohva� � gluxneri, gluxnern

�l` paragrafneri: Bana� eri hamarakalum� erkte� �. a�ajin

�iv� glxi hamarn �, erkrord�` bana� i: Apacuyci avart� az{

dararvum � n�anov:



G L U X I

HARMONIK FUNKCIANERI

HIMNAKAN HATKU�YUNNER�

§ 1. Sahmanumner  �rinakner

�gtvelu enq het yal n�anakumneric  paymanavorva�u{

�yunneric.

• �e�narkum ditarkvo� funkcianer� kompleqsar�eq en,

e�e ayl ban �i n�vum:

• Rn -� x = (x1, x2, . . . , xn) kargavorva� n-yakneri bazmu{

�yunn �, ��tva� |x| =
(
x21 + · · ·+ x2n

)1/2
�vklidyan normov,

orte� n ∈ N , x1 ∈ R, . . . , xn ∈ R :

• Ck(Ω)-n Ω ⊂ Rn bac en�abazmu�yunum k angam an�nd{

hat diferenceli funkcianeri dasn �:

• C∞(Ω)-n anverj diferenceli funkcianeri dasn �, aysinqn`

C∞(Ω) =
∞∩
k=1

Ck(Ω) :

• Kamayakan E ⊂ Rn bazmu�yan hamar C(E)-n E -um an{

�ndhat funkcianeri dasn �:

• Masnaki a�ancyaln �st j -rd koordinati ha�ax kn�anak{

vi Dj -ov` Dj =
∂

∂xj
:

Sahmanum 1.1: C2(Ω) dasin patkano� u funkcian ko�vum

� harmonik, e�e

∆u ≡ 0,

orte� ∆ =
∂2

∂x21
+ · · ·+ ∂2

∂x2n
Laplasi �peratorn �:



6 § 1. Sahmanumner  �rinakner

�rinak 1.1: Kamayakan a1x1+ · · ·+anxn+b g�ayin funkcia

harmonik � ambo�j Rn -um:

�rinak 1.2: n > 2 depqum |x|2−n funkcian harmonik �

Rn \ {0} tiruy�um (ayn ko�vum � Laplasi havasarman fun{

damental lu�um):

�rinak 1.3: ln |x| funkcian harmonik � R2 \ {0} tiruy�um:

Ayn ko�vum � Laplasi havasarman fundamental lu�um n = 2

depqum:

�rinak 1.4: Fundamental lu�um� a�ancelov �st j -rd koor{

dinati, kstananq harmonik funkcianeri nor �rinakner`

xj |x|−n , j = 1, . . . , n : Hetagayum khamozvenq, or harmonik funk{

cian anverj diferenceli �, aynpes or harmonik funkciayi bolor

masnaki a�ancyalner�  s harmonik en:

�rinak 1.5: Parz ha�vark� cuyc � talis, or ∆(|x|p) = p(p+

+ n − 2)|x|p−2 : Baca�elov parzunak p = 0 depq�, ayste�ic

het um �, or n > 2 depqum |x|p funkcian harmonik � R2 \ {0}
tiruy�um ayn  miayn ayn depqum, erb p = 2−n (tes �rinak 1.2):

Nkatenq, or ln |x| → ∞ erb |x| → ∞ , aynin�` |x|2−n → 0 :

Baci dranic, fundamental lu�umneri varq� n > 2  n = 2

depqerum tarber � na ayn imastov, or |x|2−n > 0 , isk ln |x|-�
sahmana�ak �� o� ver ic  o� �l nerq ic: Ayd �aster� vkayum en,

or harmonik funkcianeri tesu�yun� har�u�yan  aveli bar�r

�a�o�akanu�yan depqerum iraric tarbervum en: Mek ayl tar{

beru�yun � ayn, or Ω ⊂ R2 tiruy�um irakan funkcian harmo{

nik � ayn  miayn ayn depqum, e�e ayn Ω-um holomorf funkciayi

irakan mas �: Nman er uy� bar�r �a�o�akanu�yan depqum

goyu�un �uni:

Dito�u�yun 1.1: Zuyg �a�ani tara�u�yunnerum, isk aveli

�i�t` Cn -um, (R2n = Cn ) sahmanvum en harmonik funkcianeri
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taratesakner` n-harmonik  plyuriharmonik funkcianer,

oronq kapva� en mi qani �o�oxakani holomorf funkcianeri

het (tes § 13):

Xndir 1.1 (Laplasian� b e�ayin koordinatnerov): Dicuq

u-n krknaki an�ndhat diferenceli, erku irakan �o�oxakani

funkcia �,  U(r, θ) = u(r cos θ, r sin θ) : Cuyc tal, or`

∆u =
1

r

∂

∂r

(
r
∂U

∂r

)
+

1

r2
∂2U

∂θ2
:

Xndir 1.2: Dicuq f(z)-�  zf(z)-� kompleqsar�eq harmonik

funkcianer en: Apacucel, or f -� holmorf funkcia �:

Xndir 1.3: Cuyc tal, or e�e u-n  v-n irakanar�eq harmonik

funkcianer en, apa uv funkcian harmonik � ayn  miayn ayn

depqum, erb ∇u · ∇v ≡ 0 :

Xndir 1.4: Dicuq g-n irakanar�eq funkcia � C2 (Rn)-ic,

isk f ∈ C2 (R) : Stugel, or

∆(f ◦ g)(x) = f ′′(g(x))∣∣∇g(x)
∣∣2 + f ′(g(x))∆g(x) :

Xndir 1.5: Dicuq u-n harmonik � R2 -i vra, isk f -� holomorf

kam hakaholomorf � C-i vra: Cuyc tal, or (u ◦ f )-� harmonik �:

Xndir 1.6: Dicuq u-n harmonik � Ω tiruy�um,  v(x) =

= x · ∇u(x) : Cuyc tal, or v-n harmonik � Ω-um:

Xndir 1.7: Apacucel, or e�e Rn -um harmonik funkcian kaxva�

� miayn |x|-ic, apa ayn nuynabar hastatun �:

Xndir 1.8: Dicuq f -� kompleqsar�eq harmonik funkcia � Ω

tiruy�um: Apacucel, or e�e |f | ≡ const Ω-um, apa f ≡ const :
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§ 2. Invariant � a�oxu�yunner

Ayste� menq k�ano�ananq funkcianeri nkatmamb kira�vo�

oro� � a�oxu�yunneri het, oronq pahpanum en funkciayi

harmoniku�yan hatku�yun�: Nax  a�aj, qani or Laplasi

�perator� g�ayin �, apa �i�t � het yal pndum�`

Pndum 1.1: Harmonik funkcianeri g�ayin kombinaciane{

r�  s harmonik en:

Trva� y ∈ Rn fiqsa� keti  Ω-um oro�va� u funkciayi

hamar Ω+y tiruy�um oro�va� v(x) = u(x−y) funkcian ko�vum

� u-i y-te�a�ar� (y-translate): Aknhayt �, or`

Pndum 1.2: Harmonik funkcianeri te�a�ar�er� harmo{

nik en:

Trva� drakan r �vi  Ω-um oro�va� u funkciayi hamar

u-i r-�gum (r-dilate) ko�vum � ayn ur funkcian, ori hamar

(ur)(x) = u(rx) :

Parz �, or ur -i oro�man tiruy�n � (1/r)Ω = {(1/r)w : w ∈ Ω} :
He�t � stugel, or (1/r)Ω-um

∆(ur) = r2(∆u)r :

Ayste�ic het um �`

Pndum 1.3: Harmonik funkcianeri �gumner� harmonik

en:

Dicuq T : Rn 7→ Rn g�ayin � a�oxu�yun� bolor x ∈ Rn vek{

torneri hamar bavararum � |Tx| = |x| paymanin: Ayd depqum

ayn ko�vum � g�ayin �r�ogonal � a�oxu�yun, kam, parzapes,

ptuyt:
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�eorem 1.1: E�e u-n harmonik � Ω-um, apa kamayakan

T ptuyti hamar u ◦ T funkcian harmonik � T−1(Ω)-um:

Apacuyc: Nax cuyc tanq, or Laplasi �perator� te�a�o{

xeli � kamayakan T -i het, aysinqn`

∆(u ◦ T ) = (∆u) ◦ T : (1.1)

Vercnenq T � a�oxu�yan [tij ] matric� standart bazisi

nkatmamb: In�pes haytni �, ayd matrici syun-vektorneri ha{

makarg� �r�onormal �: Bard funkciayi a�ancman ���ayakan

kanoni hama�ayn

Dm(u ◦ T ) =
n∑

j=1

tjm(Dju) ◦ T :

A�ancelov  s mek angam  gumarelov �st m-i, stanum enq

∆(u ◦ T ) =
n∑

m=1

n∑
j,k=1

tkmtjm(DkDju) ◦ T =

=

n∑
j,k=1

( n∑
m=1

tkmtjm

)
(DkDju) ◦ T =

=

n∑
j=1

(DjDju) ◦ T = (∆u) ◦ T :

�eoremi pndum� het um � (1.1)-ic:

Dito�u�yun 1.2: Rn tara�u�yan bolor g�ayin �r�ogonal

� a�oxu�yunneri bazmu�yun� kazmum � xumb  n�anakvum

� O(n)-ov: �eorem (1.1)-� ayd terminnerov kareli � � akerpel

het yal kerp. harmonik funkcianeri bazmu�yun� O(n)-i

nkatmamb invariant �:
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Xndir 1.9: Dicuq T : Rn 7→ Rn g�ayin � a�oxu�yunn ayn{

pisin �, or Rn -um kamayakan u harmonik funkciayi hamar

(u◦T )-n  s harmonik �: Apacucel, or skalyar artadri�i ��tu{
�yamb T -n �r�ogonal � a�oxu�yun �:

§ 3. Mijin ar�eqi hatku�yun�

Grini bana� � Laplasi �peratori hamar: Harmonik funk{

cianer� usumnasirelis kar or der � katarum Grini bana� �

Laplasi �peratori hamar`∫
Ω

(
u∆v − v∆u

)
dV =

∫
∂Ω

(
uDnv − v Dnu

)
ds : (1.2)

Ayste� Ω-n o�ork ezrov, sahmana�ak, bac bazmu�yun � Rn -um,

u  v funkcianer� patkanum en o�orku�yan C2 dasin Ω-i

or � �rjakayqum, dV -n n�anakum � �avali �a�� Rn -um, isk

ds-�` maker uy�i makeresi �a�� ∂Ω-i vra: Dn simvol� n�a{

nakum � a�ancum Ω-i ezri n artaqin miavor vektori u��u{

�yamb: Owremn, ζ ∈ ∂Ω keti hamar (Dnu)(ζ) = (∇u)(ζ) · n(ζ) ,
orte� ∇ = (D1, . . . , Dn)-� Hamiltoni simvoln �, isk < ·> n�anakum
� skalyar artadryal:

Grini bana� � stanalu hamar �gtvenq analizi das�n�a{

cic haytni �strogradsku bazma�a� bana� ic (erbemn ayn an{

vanum en divergenciayi veraberyal bana� )`∫
Ω

divw dV =

∫
∂Ω

w · n ds : (1.3)

Ayste� w = (w1, . . . , wn)-� o�ork vektorakan da�t � Ω-i �rja{

kayqum, divw = D1w1+ · · ·+Dnwn : Te�adrelov w = u∇v−v∇u ,

kstananq (1.2) Grini bana� �:
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Vercnelov (1.2)-um v ≡ 1  u-n harmonik, stanum enq∫
∂Ω

Dnu ds = 0 (1.4)

�gtakar bana� �:

Mijin ar�eqi �eoremner�: Nermu�enq het yal n�anakumner�.

• B(a, r) = {x ∈ Rn : |x− a| < r} (a kentronov, r �a�av�ov

bac gund):

• B(a, r) = {x ∈ Rn : |x− a| 6 r} (a kentronov, r �a�av�ov

�ak gund):

• B(0, 1)-i  B(0, 1)-i �oxaren ha�ax k�gtagor�enq B  

B n�anakumner�:

• S = ∂B (miavor gndolort):

• σ -n S -i vra makeresi normavorva� �a�n �, aysinqn σ(S) =

= 1 : N�enq, or ayd �a�� invariant � ptuytneri nkat{

mamb, aysinqn σ
(
T (E)

)
= σ(E) kamayakan E ⊂ S borelyan

bazmu�yan  kamayakan T �r�ogonal � a�oxu�yan ha{

mar:

u funcian kanvanenq harmonik trva� bazmu�yunum (or� karo�

 bac �linel), e�e u-n harmonik � ayd bazmu�yan or � �rjakayqum:

�eorem 1.2 (Mijin ar�eqi �eorem�): E�e u funkcian har{

monik � B(a, r)-um, apa u(a)-n havasar � u-i ar�eqneri

mijinin ∂B(a, r)-i vra, aysinqn`

u(a) =

∫
S

u(a+ rζ) dσ(ζ) : (1.5)
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Apacuyc: Nax ditarkenq n > 2 depq�: �ndhanru�yun�

�xaxtelov karo� enq en�adrel, �e B(a, r) = B : Fiqsenq

ε ∈ (0, 1) : Kira�enq Grini bana� � Ω = {x ∈ Rn : ε < |x| < 1}
gndayin ��akum, vercnelov v = |x|2−n : Kstananq

0 = (2− n)

∫
S

u ds− (2− n)ε1−n

∫
εS

u ds−

−
∫
S

Dnu ds+ ε2−n

∫
εS

Dnu ds :

�st (1.4)-i, verjin erku integralner� havasar en zroyi, uremn∫
S

u ds = ε1−n

∫
εS

u ds,

kam, or nuynn � ∫
S

u(ζ) dσ(ζ) =

∫
S

u(εζ) dσ(ζ) :

Ancnelov sahmani, erb ε → 0  �gtvelov u-i an�ndhatu�yunic

x = 0 ketum, stanum enq (1.5)-�:

Erb n = 2 , apacuyc� katarvum � nman � ov, miayn �e

|x|2−n -i �oxaren vercnum enq ln |x| funkcian:

Mijin ar�eqi hatku�yun� te�i uni na �avalayin �a�i

nkatmamb: Ayn stanalu hamar kareli � �gtvel b e�ayin koor{

dinatnerov grva� het yal bana� ic.

1

nV (B)

∫
Rn

f dV =

∞∫
0

rn−1

∫
S

f(rζ) dσ(ζ)dr (1.6)

(tes [2], glux 8, xndir 6): (1.6)-� simvolik � ov kareli � grel na 

dV = nV (B)rn−1dσdr

tesqov:
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�eorem 1.3 (Mijin ar�eqi �eoremi �avalayin tarberak�):

E�e u funkcian harmonik � B(a, r)-um, apa u(a)-n havasar

� u-i ar�eqneri mijinin B(a, r)-i vra, aysinqn`

u(a) =
1

V (B(a, r))

∫
B(a,r)

u dV : (1.7)

Apacuyc: �ndhanru�yun� �xaxtelov karo� enq en�adrel

B(a, r) = B : Kira�enq (1.6)-� f = uχ funkciayi nkatmamb,

orte� χ-n B -i bnu�agri� funkcian �: Kstananq

1

nV (B)

∫
B

u dV =

1∫
0

rn−1

∫
S

u(rζ) dσ(ζ)dr :

Ayste� aj ko�mi nerqin integral� (1.5) bana� i hama�ayn ha{

vasar � u(0)-i:

Hetagayum menq ktesnenq, or mijin ar�eqi hatku�yun� lio{

vin bnu�agrum � harmonik funkcianer�: Dra hamar npata{

kaharmar � unenal mijin ar�eqi �eoremi het yal vera� aker{

pum�`

�eorem 1.4: Dicuq u-n harmonik � Ω-um: Yuraqan�yur

x ∈ Ω ketum u-i ar�eq� ∂B(x, r) (orte� B(x, r) ⊂ Ω) sferayi

vra �nduna� ar�eqneri mijinn �, aysinqn`

u(x) =

∫
S

u(x+ rζ) dσ(ζ) :

Ay�m berenq mijin ar�eqi hatku�yan mi kira�u�yun: In�pes

cuyc � talis |x|2−n (n > 2) funkciayi �rinak�, irakanar�eq

harmonik funkcian karo� � unenal mekusacva� ezaki keter:

Sakayn, parzvum �, ayn �i karo� unenal mekusacva� zroner:
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�eorem 1.5: Irakanar�eq harmonik funkciayi zroner�

�en karo� linel mekusacva�:

Apacuyc: Dicuq u-n Ω-um irakanar�eq harmonik funkcia

�, a ∈ Ω ,  u(a) = 0 : Vercnenq r > 0 aynpisin, or B(a, r) ⊂ Ω :

Qani or u-i ar�eqneri mijin� ∂Ω-i vra 0 �, apa u-n kam

nuynabar 0 � ∂Ω-i vra, kam �ndunum � tarber n�ani ar�eqner:

Verjin depqum, ∂Ω-i kapakcva�u�yan �norhiv, u-n ∂Ω-i vra

k�nduni na 0 ar�eq�:

Ayspisov, a kentronov  cankaca� �a�av�ov gndi ezri vra

u-n uni zroner, isk da n�anakum �, or nra zroner� mekusacva�

�en:

In�pes cuyc en talis stor bervo� �rinakner�, �eorem 1.5-i

mej funkciayi irakan linel� kar or �:

�rinak 1.6: n = 2 depqum holomorf funkcianer� na harmo{

nik en, isk dranc zroner�, in�pes haytni �, mekusacva� en:

�rinak 1.7: Orpes nman �rinak n > 2 depqum karo� � �a{

�ayel

(1− n)x21 +

n∑
k=2

x2k + ix1

funkcian, or� zro � da�num miayn skzbnaketum:

§ 4. Maqsimumi skzbunq�

Mijin ar�eqi �eoremi het anqneric � maqsimumi skzbunqi

veraberyal het yal �eorem�.

�eorem 1.6 (Maqsimumi skzbunq�): Dicuq Ω-n kapakcva�

�  u-n irakanar�eq harmonik funkcia � Ω-um: E�e u-n

Ω-um uni me�aguyn kam �oqraguyn ar�eq, apa ayn nuy{

nabar hastatun �:
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Apacuyc: Dicuq u-n a ∈ Ω ketum �ndunum � me�aguyn

ar�eq: �ntrenq r > 0 aynpisin, or B(a, r) ⊂ Ω : E�e B(a, r)-i

or � ketum u-i ar�eq� �oqr liner u(a)-ic, apa an�ndhatu�yan

�norhiv, u-i mijin� B(a, r)-i vra  s kliner u(a)-ic �oqr, in��

khakaser (1.7)-in: Owremn, u-n hastatun � B(a, r)-um, isk da

n�anakum �, or maqsimumi keteri bazmu�yun� bac � Ω-um:

u-i an�ndhatu�yan �norhiv, ayd bazmu�yun� na �ak � Ω-um:

Qani or Ω-n kapakcva� �, nra o� datark, Ω-um mia�amanak

bac  �ak en�abazmu�yun� ham�nknum � Ω-i het, aysinqn, u-n

nuynabar hastatun � Ω-um:

E�e u-n a ∈ Ω ketum �ndunum � ir minimal ar�eq�, apa

(−u)-n nuyn ketum �ndunum � ir maqsimal ar�eq�: �st ver�

apacuca�i, (−u)-n,  uremn na u-n, hastatun �:

Ha�ax maqsimumi skzbunq� kira�vum � stor bervo� 2-rd

tarberaki tesqov: Nkatenq, or Ω-ic kapakcva�u�yun ayste�

�i pahanjvum:

�eorem 1.7 (Maqsimumi skzbunqi 2-rd tarberak): Dicuq

Ω-n sahmana�ak �, isk u-n Ω-um an�ndhat, Ω-um harmo{

nik irakanar�eq funkcia �: Ayd depqum Ω-um ir me�aguyn

 �oqraguyn ar�eqnern u-n �ndunum � ∂Ω-i vra:

Apacuyc: Vayer�trasi �eoremi hama�ayn Ω-i vra u-n �n{

dunum � ir me�aguyn  �oqraguyn ar�eqner�: �st �eorem 1.6-i

u-n kam hastatun � Ω-i komponenti vra, kam ayd ar�eqner�

ayn �ndunum � miayn ezri vra: Erku depqum �l stanum enq

�eoremi pndum�:

Verjin �eoremic het um �, or sahmana�ak tiruy�um har{

monik funkcian oro�vum � ir ezrayin ar�eqnerov: Aveli ��grit`
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Het anq 1.1: E�e Ω tiruy�� sahmana�ak �, u  v funk{

cianern an�ndhat en Ω-um, harmonik en Ω-um  ham�nk{

num en ∂Ω-i vra, apa nranq ham�nknum en Ω-um:

Maqsimumi skzbunqi hajord tarberak� amena�ndhanur

bnuy�i �  kira�eli � nuynisk ayn depqum, erb Ω-n ansahma{

na�ak � kam u-n an�ndhat �� Ω-um:

�eorem 1.8 (Maqsimumi skzbunqi 3-rd tarberak): Dicuq

u-n irakanar�eq harmonik funkcia � Ω-um  te�i uni

lim
k→∞

u(ak) 6 M

anhavasaru�yun� ak ∈ Ω yuraqan�yur hajordakanu�yan

hamar, or� �gtum � kam ∂Ω-in patkano� or � keti, kam

∞-n: Ayd depqum u(x) 6 M , ∀x ∈ Ω :

Dito�u�yun 1.3: �eorem� mnum � u�i mej, e�e lim-� �oxa{

rinenq lim-ov  �oxenq anhavasaru�yunneri u��u�yun�:

Apacuyc: Dicuq M ′ = sup {u(x) : x ∈ Ω}  vercnenq bk ∈ Ω

aynpisin, or u(bk) → M ′ : E�e bk -n parunakum � or � b ∈ Ω

keti zugamito� en�ahajordakanu�yun, apa u(b) = M ′ ,  

maqsimumi skzbunqic het um �, or u-n hastatun � Ω-i` b-n

parunako� komponenti vra: Het abar ayd depqum goyu�yun

uni Ω-i ezrayin keti zugamito� ak ∈ Ω hajordakanu�yun,

aynpisin, or u(ak) = M ′ : Isk e�e bk -n �i parunakum Ω-in

patkano� or � keti zugamito� en�ahajordakanu�yun, apa

ayn parunakum � ak en�ahajordakanu�yun, or� �gtum � kam

Ω-i ezrayin keti, kam ∞-i: Bolor depqerum stanum enq

M ′ 6 M :

Maqsimumi skzbunqi` ver� bera� tarberakner� verabervum

en irakanar�eq funkcianerin: Ay�m berenq mi nor tarberak,

or� kira�eli � na kompleqsar�eq funkcianeri hamar:
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�eorem 1.9 (Maqsimumi skzbunqi 4-rd tarberak): Dicuq

Ω-n kapakcva� �  u-n harmonik � Ω-um: E�e |u|-n �ndunum

� ir me�aguyn ar�eq� Ω-um, apa u-n hastatun �:

Apacuyc: En�adrenq |u|-n �ndunum � ir maqsimal M ar{

�eq� a ∈ Ω ketum: �ntrenq λ ∈ C �iv� aynpisin, or |λ| = 1  

λu(a) = M : Ayd depqum irakanar�eq harmonik Reλu funkcian

ir me�aguyn M ar�eq� �ndunum � a ketum: �st �eorem 1.6-i

Ω-um Reλu ≡ M : Qani or |λu| = |u| 6 M , apa Ω-um Imλu ≡ 0 :

Owremn λu-n,  het abar u-n, hastatun � Ω-um:

Dito�u�yun 1.4: Minimumi skzbunq� |u|-i hamar �i�t ��:

Berenq hamapatasxan �rinak:

�rinak 1.8: u(x) = x1 o� hastatun harmonik funkciayi

modul� B gndi kentronum �ndunum � ir minimal ar�eq�:

�eorem 1.9-� �eorem 1.6-i analogn � kompleqsar�eq harmonik

funkcianeri hamar: Kareli � stanal na �eoremner 1.7-i  

1.8-i hamapatasxan analogner�:

Hetagayum, erb apacucvi, or harmonik funkcian irakan

analitik �, menq i vi�aki klinenq stanal maqsimumi skzbunqi

lokal tarberak�:

§ 5. Puasoni koriz� gndi hamar

Mijin ar�eqi �eoremic het um �, or e�e u-n harmonik �

B -um, apa

u(0) =

∫
S

u(ζ) dσ(ζ) : (1.8)

Parzvum �, or kamayakan x ∈ B keti hamar u(x)-� u-i k��ayin

mijinn � S -i vra: Aveli ��grit, goyu�yun uni B × S -i vra
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oro�va� aynpisi P funkcia, or

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ) (1.9)

bolor x ∈ B keteri  kamayakan harmonik h funkciayi hamar:

Ditarkenq nax n = 2 depq�: Dicuq u-n harmonik � har�u{

�yan �ak miavor �rjanum: Ayd depqum nuyn �rjanum goyu�yun

uni holomorf f funkcia aynpisin, or u = Re f : Qani or u =

= (f + f̄)/2 , apa f -i verlu�u�yunic �eylori �arqi` het um �,

or

u(reiφ) =
∞∑

k=−∞
akr

|k|eikφ, (1.10)

orte� 0 6 r 6 1, 0 6 φ 6 2π : Te�adrelov r = 1 , stanum enq

u(eiφ) =
∞∑

k=−∞
ake

ikφ :

Aj mas� u(eiφ)-i Furyei �arqn �, ori ak gor�akicner�, in�pes

haytni �, artahaytvum en

ak =
1

2π

2π∫
0

u(eiθ)e−ikθdθ, k = 0,±1,±2, . . .

bana� erov: Dranq te�adrelov (1.10)-i mej, kstananq

u(reiφ) =
∞∑

k=−∞

 1

2π

2π∫
0

u(eiθ)e−ikθdθ

 r|k|eikφ =

=
1

2π

2π∫
0

( ∞∑
k=−∞

r|k|eik(φ−θ)

)
u(eiθ)dθ : (1.11)
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Aynuhet `

∞∑
k=−∞

r|k|eik(φ−θ) =

∞∑
k=0

r|k|eik(φ−θ) +

∞∑
k=1

r|k|eik(θ−φ) =

=
1

1− rei(φ−θ)
+

rei(θ−φ)

1− rei(θ−φ)
=

=
eiθ

eiθ − reiφ
+

re−iφ

e−iθ − re−iφ
=

1− r2

|eiθ − reiφ|2
: (1.12)

(1.11)-ic  (1.12)-ic het um �`

u(reiφ) =
1

2π

2π∫
0

1− r2

|reiφ − eiθ|2
u(eiθ) dθ :

N�anakelov

P (z, ζ) =
1− |z|2

|z − ζ|2
,

orte� z = reiφ, ζ = eiθ , stanum enq pahanjveliq bana� � n = 2

depqum`

u(z) =

∫
S

P (z, ζ)u(ζ) dσ(ζ) :

P (z, ζ)-n ko�vum � Puasoni koriz miavor �rjani hamar: D�ba{

xtabar, bar�r �a�o�akanu�yunneri (n > 2) depqum nmana{

tip dato�u�yunner� �en ancnum: Puasoni koriz� ka�ucelu

hamar ayd depqum �gtakar der � katarum het yal lemman`

Lemma 1.1 (Lemma simetriayi masin): Rn -i kamayakan x  

y o� zroyakan keteri hamar∣∣∣∣ y|y| − x|y|
∣∣∣∣ = ∣∣∣∣ x|x| − y|x|

∣∣∣∣ :
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Apacuyc: Apacucveliq a�n�u�yun� hamar�eq �(
y

|y|
− x|y|

)
·
(

y

|y|
− x|y|

)
=

(
x

|x|
− y|x|

)
·
(

x

|x|
− y|x|

)
skalyar artadryalneri havasaru�yan�, in�� he�tu�yamb

stugvum � �akag�er� bacelov:

n > 2 depqum P -n gtnelu hamar �or�enq �gtagor�el nuyn

me�od�, or� kira�el enq mijin ar�eqi �eorem� apacucelis: Di{

cuq u-n harmonik � B -um: Apacucelu hamar, or u(0)-n u-i

mijinn � S -i vra, menq kira�ecinq Grini bana� �, vercnelov

v(y) = |y|2−n : Ays funkcian`

(1) harmonik � B \ {0}-um,

(2) uni ezakiu�yun 0-um,

(3) hastatun � S -i vra:

Ay�m fiqsenq x ∈ B ket�: Orpeszi cuyc tanq, or u(x)-� u-i

k��ayin mijinn � S -i vra, bnakan � vercnel v(y) = |y−x|2−n : Ays

funkcian`

• harmonik � B \ {x}-um,

• uni ezakiu�yun x-um,

• bayc hastatun �� S -i vra:

Simetriayi masin lemmayic het um �`, or ∀y ∈ S hamar`

|y − x|2−n = |x|2−n

∣∣∣∣y − x

|x|2

∣∣∣∣2−n

:

Nkatenq, or ays havasaru�yan aj mas� �st y-i harmonik �

B -um: Owremn, aj  �ax maseri tarberu�yun� bavararum �
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pahanjvo� ver� bera� (1){(3) paymannerin: Vercnenq v(y) =

= l(y)− r(y) , orte�

l(y) = |y − x|2−n, r(y) = |x|2−n

∣∣∣∣y − x

|x|2

∣∣∣∣2−n

,

 �ntrenq ε > 0 aynpes, or B(x, ε) ⊂ B : Kira�elov Grini bana{

� �` kstananq

0 =

∫
S

uDnv ds−
∫
S

vDnu ds−
∫

∂B(x,ε)

uDnl ds+

+

∫
∂B(x,ε)

uDnr ds+

∫
∂B(x,ε)

lDnu ds−
∫

∂B(x,ε)

rDnu ds :

Aj masum 2-rd  5-rd integralner� 0 en, 2-rd� �norhiv ayn bani,

or S -i vra v ≡ 0 , isk 5-rd�` �st (1.4)-i, ha�vi a�nelov, or

∂B(x, ε)-i vra l-� hastatun �: �st (1.17)-i, 3-rd integral�

havasar � (2− n)s(S)u(x)-i: Ayspisov`

0 =

∫
S

uDnv ds− (2− n)s(S)u(x)+

+

∫
∂B(x,ε)

uDnr ds−
∫

∂B(x,ε)

rDnu ds : (1.13)

Qani or uDnr  rDnu funkcianer� sahmana�ak en B -um`

verjin erku integralner� �gtum en zroyi erb ε → 0 : Ancnelov

sahmani` (1.13)-ic stanum enq

u(x) =
1

2− n

∫
S

uDnv dσ :

N�anakelov

P (x, ζ) =
1

2− n
Dnv, (1.14)



22 § 6. Dirixlei xndir� gndi hamar

stanum enq Puasoni integralayin bana� � miavor gndi

hamar`

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ) : (1.15)

Ha�velov Dnv a�ancyal�, in�� a�ajarkum enq �n�erco�in ka{

tarel inqnuruyn, (1.14)-ic kstananq

P (x, ζ) =
1− |x|2

|x− ζ|n
: (1.16)

P (x, ζ)-n ko�vum � Puasoni koriz miavor gndi hamar: Harmo{

nik funkcianeri tesu�yan mej nra der� me� �:

Xndir 1.10: Gtnel Puasoni korizi tesq� B(a,R) gndi ha{

mar:

Xndir 1.11: Dicuq u-n harmonik � B(x, ε)-um: Apacucel, or∫
∂B(x,ε)

uDn|y − x|2−n ds = (2− n)s(S)u(x) : (1.17)

(Cucum` �gtvel mijin ar�eqi �eoremic):

§ 6. Dirixlei xndir� gndi hamar

Ancnenq harmonik funkcianeri tesu�yan haytni xndrin`

Dirixlei xndrin: S -i vra trva� � an�ndhat f funkcia: Pa{

hanjvum � ka�ucel u funkcia (Dirixlei xndri lu�um), or�

an�ndhat � B -um, harmonik � B -um  S -i vra ham�nknum � f -i

het: Da Dirixlei xndirn � gndi hamar: Nax harc � a�ajanum.

goyu�yun uni? ardyoq aydpisi u : Nkatenq, or hama�ayn �eorem

1.7-i het anq 1.1-i, e�e ka aydpisi u , apa ayn miakn �: Erkrord

harc�, or� a�ajanum �, het yaln �` e�e goyu�yun uni n�va� u-n,

apa in�pe?s ka�ucel ayn:
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E�e Dirixlei xndir� uni u lu�um, or� harmonik � B -um,

apa naxord paragrafi hama�ayn`

u(x) =

∫
S

P (x, ζ)f(ζ) dσ(ζ) :

Aj mas� imast uni kamayakan an�ndhat f funkciayi hamar,

aynpes or bnakan � spasel, or grva� integral� �ndhanur dep{

qum �l klini Dirixlei xndri lu�um�:

Trva� f ∈ C(S)-i hamar nermu�enq

P [f ](x) =

∫
S

P (x, ζ)f(ζ) dσ(ζ) (1.18)

funkcian: P [f ]-� oro�va� � B -um  ko�vum � f -i Puasoni

integral: Hajord �eoremum pndvum �, or Puasoni integral�

lu�um � Dirixlei xndir�:

�eorem 1.10: Dicuq f ∈ C(S)  

u(x) =

{
P [f ](x), e�e x ∈ B,

f(x), e�e x ∈ S :

Ayd depqum u-n an�ndhat � B -um  harmonik � B -um:

Apacuyc: Apacuyc� himnva� � Puasoni korizi erku hat{

ku�yunneri vra. ayn harmonik � Rn \ {ζ} (ζ ∈ S ) bazmu�yan

vra  aproqsimativ miavor �:

Harmoniku�yun� apacucelu hamar koriz� kgrenq P (x, ζ) =

=
(
1− |x|2

)
|x − ζ|−n tesqov  k�gtvenq het yal he�t stugvo�

bana� ic`

∆(uv) = u∆v + 2∇u · ∇v + v∆u,
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or� �marit � kamayakan irakanar�eq, krknaki an�ndhat di{

ferenceli u  v funkcianeri hamar: Kira�elov Laplasi �pe{

rator� (1.18)-i integrali n�ani tak, hamozvum enq, or P (x, ζ)-n

harmonik � B -um:

Aproqsimativ miavor aselov haskanum enq het yal hat{

ku�yunnerin bavararel�`

a) P (x, ζ) > 0, ∀x ∈ B  ∀ζ ∈ S ,

b)

∫
S
P (x, ζ) dσ(ζ) = 1, ∀x ∈ B ,

g) Kamayakan η-i  δ -i (η ∈ S , δ > 0) hamar

lim
x→η

∫
|ζ−η|>0

P (x, ζ) dσ(ζ) = 0 :

a)  g) hatku�yunner� het um en anmijapes Puasoni korizi

(1.16) tesqic: Te�adrelov (1.15)-i mej u ≡ 1 , kstananq b)-n:

u-i an�ndhatu�yun� B -um apacucelu hamar fiqsenq

η ∈ S  ε > 0 : �ntrenq aynpisi δ > 0 , or |f(ζ) − f(η)| < ε ,

erb |ζ − η| < δ ( ζ ∈ S ): Ha�vi a�nelov ver� n�va� a)  b)

hatku�yunner�, kstananq`

|u(x)− u(η)| =
∣∣∣∣∫

S
P (x, ζ)(f(ζ)− f(η)) dσ(ζ)

∣∣∣∣ 6
6
∫
|ζ−η|6δ

P (x, ζ)|f(ζ)− f(η)| dσ(ζ)+

+

∫
|ζ−η|>δ

P (x, ζ)|f(ζ)− f(η)| dσ(ζ) 6

6 ε+ 2∥f∥∞
∫
|ζ−η|>δ

P (x, ζ) dσ(ζ),
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orte� ∥f∥∞ = sup
x∈S

|f(x)| : g) hatku�yan hama�ayn verjin gu{

marelin �oqr kdar�nenq ε-ic` x-� bavakana�a� mot vercnelov

η -in: Ayspisov` u-n an�ndhat � η ketum:

Hi�ecnenq, or Puasoni (1.15) integralayin bana� � stacel

enq u-i B -um harmonik linelu en�adru�yamb: Parzvum �, or

ayd payman� kareli � �ulacnel:

�eorem 1.11: E�e u-n an�ndhat � B -um  harmonik �

B -um, apa u = P [u|S ] B -um:

Apacuyc: Hama�ayn �eorem 1.10-i u−P [u|S ] funkcian har{
monik � B -um  an�ndhatoren �arunakvum � S -i vra` orpes

nuynabar 0 : �st maqsimumi skzbunqi veraberyal �eorem 1.7-i

het anqi` u− P [u|S ] ≡ 0 B -um:

Qani or te�a�ar�ern u �gumner� pahpanum en harmoniku{

�yun�, kareli � pndel, or Dirixlei xndir� lu�eli � kamayakan

gndum, aveli ��grit`

�eorem 1.12: Dicuq f -� an�ndhat � ∂B(a, r)-i vra: Go{

yu�yun uni miak u funkcia, or�`

1. an�ndhat � B(a, r)-um,

2. harmonik � B(a, r)-um,

3. ham�nknum � f -i het ∂B(a, r)-i vra:

Ayspisi depqerum asum en` u-n Dirixlei xndri lu�umn �

B(a, r)-um f ezrayin ar�eqnerov:

Hi�ecnenq, or harmonik funkcian sahmanelis pahanjel enq,

or ayn patkani C2 o�orku�yan dasin: Parzvum �, or ayn �at

aveli o�ork �:
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�eorem 1.13: Harmonik funkcian anverj diferenceli �:

Nermu�enq het yal n�anakumner�`

• α = (α1, . . . , αn) o� bacasakan ambo�j �veri n-yak� kan{

vanenq multiindeqs,

• Dα1
1 · · ·Dαn

n masnaki a�ancman �perator� kar� kn�ana{

kenq Dα (D0
j -n n�anakum � nuynakan �perator),

• fiqsa� ζ -i hamar (ζ ∈ S ) P (·, ζ) funkciayi α-rd kargi

masnaki a�ancyal� kn�anakenq DαP (·, ζ) :

�eorem 1.13-i apacuyc�: E�e u-n an�ndhat � B -um  har{

monik � B -um, apa, in�pes gitenq`

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ), ∀x ∈ B :

In�pes er um � (1.16)-ic, P (·, ζ) funkcian anverj diferenceli �
B -um: A�ancelov integrali n�ani tak` stanum enq

Dαu(x) =

∫
S

DαP (x, ζ)u(ζ) dσ(ζ), ∀x ∈ B (1.19)

yuraqan�yur α multiindeqsi hamar: Owremn` u ∈ C∞(B) :

Te�a�ar�ic  �gumic heto naxord dato�u�yunner� kira{

�eli en kamayakan gndum, in�ic het um �, or harmonik funkcian

anverj diferenceli � ir oro�man tiruy�um:

Hajord �eorem� nman � kompleqs analizic haytni holomorf

funkcianeri havasara�a� zugamet �arqeri veraberyal Va{

yer�trasi �eoremin`

�eorem 1.14: Dicuq harmonik funkcianeri un hajorda{

kanu�yun� Ω tiruy�i kompakt en�abazmu�yunneri vra

havasara�a� zugamitum � u funkciayin: Ayd depqum`
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1. u-n harmonik � Ω-um,

2. yuraqan�yur α multiindeqsi hamar Dαum -� Ω-i kom{

pakt en�abazmu�yunneri vra havasara�a� zuga{

mitum � Dαu-in:

Apacuyc: Bavakan � apacucel, or kamayakan B(a, r) ⊂ Ω

gndi hamar u-n harmonik � B(a, r)-um  yuraqan�yur α multi{

indeqsi hamar Dαum -� B(a, r)-i kompakt en�abazmu�yunneri

vra havasara�a� zugamitum � Dαu-in: �ndhanru�yun�

�xaxtelov, karo� enq en�adrel, or B(a, r) = B :

In�pes gitenq`

um(x) =

∫
S

P (x, ζ)um(ζ) dσ(ζ), ∀x ∈ B :

Ancnelov sahmani, kstananq`

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ), ∀x ∈ B :

Owremn, u-n harmonik � B -um:

Dicuq α-n kamayakan multiindeqs �  x ∈ B : Ownenq`

Dαum(x) =

∫
S

DαP (x, ζ)um(ζ) dσ(ζ) →

→
∫
S

DαP (x, ζ)u(ζ) dσ(ζ) = Dαu(x) :

E�e K -n B -i kompakt en�abazmu�yun �, apa DαP -n sahma{

na�ak � K×S -i vra, in�ic het um �, or Dαum(x)-� zugamitum

� Dαu(x)-in K -i vra havasara�a�, in��  pahanjvum �r:

Xndir 1.12: Apacucel, or P [f ◦T ] = P [f ]◦T amen mi f ∈ C(S)

funkciayi  kamayakan T g�ayin �r�ogonal � a�oxu�yan ha{

mar:
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Xndir 1.13: Funkcian ko�vum � �adial, e�e nra ar�eq� x-um

kaxva� � miayn |x|-ic: Berel mek uri� apacuyc∫
S
P (x, ζ) dσ(ζ) = 1, ∀x ∈ B

a�n�u�yan hamar, cuyc talov, or x 7→
∫
S P (x, ζ) dσ(ζ) funkcian

harmonik �  �adial � B -um:

(Cucum` �gtvel xndir 1.7-ic):

§ 7. Mijin ar�eqi �eoremneri �rjum�

In�pes § 3-um tesanq, harmonik funkcianer� bavararum

en mijin ar�eqi hatku�yan�: Isk ay�m, �gtvelov gndum Dirixlei

xndri lu�eliu�yunic, menq kapacucenq, or an�ndhat funk{

cianeric miayn harmoniknern en ��tva� ayd hatku�yamb: Aveli

��grit, te�i uni �eorem 1.4-i het yal �rjum�`

�eorem 1.15: Dicuq u-n an�ndhat � Ω-um: E�e yuraqan�{

yur x ∈ Ω keti hamar

u(x) =

∫
S

u(x+ rζ) dσ(ζ),

orte� r < ρ(x, ∂Ω) , apa u-n harmonik � Ω-um:

Irakanum bavakan �, or bavararvi mijin ar�eqi hatku{

�yan aveli �uyl tarberak�:

�eorem 1.16: Dicuq u-n an�ndhat � Ω-um: E�e yuraqan�{

yur x ∈ Ω keti hamar goyu�yun uni rj → 0 drakan �veri

aynpisi hajordakanu�yun, or`

u(x) =

∫
S

u(x+ rjζ) dσ(ζ) bolor j-eri hamar,

apa u-n harmonik � Ω-um:
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Apacuyc: �ndhanru�yun� �xaxtelov, karo� enq en�adrel,

�e u-n irakanar�eq �: Bavakan � apacucel u-i harmoniku{

�yun� Ω-um parunakvo� kamayakan gndum: Dicuq B(a,R) ⊂ Ω

 v-n Dirixlei xndri lu�umn � B(a,R)-um u ezrayin ar�eqne{

rov: Cuyc tanq, or B(a,R)-um u = v : En�adrenq, �e (u − v )-n

B(a,R)-i or � ketum drakan �: N�anakenq

E =
{
y ∈ B(a,R) : u(y)− v(y) = max

x∈B(a,R)

(
u(x)− v(x)

)}
:

Qani or E -n kompakt bazmu�yun �, apa ayn parunakum � x0
ket, or� amenahe�un � a-ic: Aknhayt �, or x0 ∈ B(a,R) : Owremn`

goyu�yun uni B(x0, r) gund, aynpisin, or B(x0, r) ⊂ B(a,R)

 u(x0)-n ir ar�eqneri mijinn � ∂B(x0, r)-i vra: Qani or v-n

harmonik �, apa`

(u− v)(x0) =

∫
S

(u− v)(x0 + rζ) dσ(ζ) :

Myus ko�mic` (u − v)(x0 + rζ) 6 (u − v)(x0) bolor ζ ∈ S keteri

hamar, �nd orum ayd anhavasaru�yun� xist � S -i in�-or bac

en�abazmu�yan vra (�norhiv x0 -i �ntru�yan): Stacvec ha{

kasu�yun  , uremn, u − v 6 0 B(a, r)-um: Nman � ov stanum

enq u− v > 0 haka�ak anhavasaru�yun�:

Dito�u�yun 1.5: Nman dato�u�yunnerov kareli � hamozvel,

or �eoremi ezrakacu�yun� mnum � u�i mej, e�e mijin ar�eqi

hatku�yun� te�i � unenum �avalayin tarberakov (tes xndir

1.14-�):

Dito�u�yun 1.6: �eoremum u-i an�ndhatu�yan payman�

�akan �: Berenq hamapatasxan haka�rinak:
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�rinak 1.9:

u(x) = u(x1, . . . , xn) =


1, e�e xn > 0,

0, e�e xn = 0,

−1, e�e xn < 0

funkciayi hamar har�u�yan bolor keterum lokal bavararvum

� mijin ar�eqi hatku�yun�, bayc ayn harmonik ��, orovhet 

nuynisk an�ndhat ��:

Hajord �eoremum an�ndhatu�yun� �oxarinvum � aveli �uyl

paymanov` lokal integreliu�yunov, bayc, myus ko�mic, pahanj{

vum �, or mijin ar�eqi hatku�yan �avalayin tarberak� bava{

rarvi kamayakan �a�av�ov gndi hamar (ayl o� miayn lokal):

�eorem 1.17: E�e Ω-um lokal integreli u funkcian ka{

mayakan B(a,R) ⊂ Ω gndi hamar bavararum �

u(a) =
1

V (B(a, r))

∫
B(a,r)

u dV

paymanin, apa u-n harmonik �:

Apacuyc: Hi�ecnenq, or funkcian ko�vum � Ω-um lokal in{

tegreli, e�e ayn integreli � Lebegi imastov Ω-i yuraqan�yur

kompakt en�abazmu�yan vra: �st dito�u�yun 1.5-i, bavakan

� cuyc tal, or u-n an�ndhat � Ω-um:

Fiqsenq a ∈ Ω ket�  dicuq aj ∈ Ω hajordakanu�yun�

zugamitum � a-in: Dicuq K -n Ω-i kompakt en�abazmu�yun

�, ori hamar a-n nerqin ket �: Ayd depqum goyu�yun uni r > 0

aynpisin, or B(aj , r) ⊂ K sksa� in�-or j hamaric: E bazmu�yan

bnu�agri� funkcian n�anakenq χE : Ownenq`

u(aj) =
1

V (B(a, r))

∫
B(aj ,r)

u dV =
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=
1

V (B(a, r))

∫
K

uχB(aj ,r) dV →

→ 1

V (B(a, r))

∫
K

uχB(a,r) dV = u(a) :

Sahmanayin ancum� integrali n�ani tak �rinakan � hama�ayn

Lebegi haytni �eoremi, orovhet u-n integreli � K -um  ∣∣uχB(aj ,r)

∣∣ 6 |u| : Ayspisov` u-n an�ndhat � Ω-um:

Xndir 1.14: Dicuq u-n an�ndhat � Ω-um  yuraqan�yur

x ∈ Ω keti hamar goyu�yun uni rj → 0 drakan �veri aynpisi

hajordakanu�yun, or

u(x) =
1

V (B(x, rj))

∫
B(x,rj)

u dV

bolor j -eri hamar: Apacucel, or u-n harmonik � Ω-um:

§ 8. Sahmana�ak harmonik funkcianer

Liuvili �eorem�: In�pes haytni � kompleqs analizic, Liuvi{

li �eorem� pndum �, or Cn -um sahmana�ak holomorf funkcian

hastatun �: Nman ardyunq ��marit � na Rn -um harmonik

funkcianeri hamar:

�eorem 1.18 (Liuvili �eorem�): Rn -um sahmana�ak har{

monik funkcian hastatun �:

Apacuyc: Dicuq Rn -um u harmonik funkcian sahmana�ak

� M -ov, x ∈ Rn kamayakan ket�  r > 0 �iv� fiqsa� en: �st

mijin ar�eqi �eoremi (�avalayin tarberak, �eorem 1.3)`

|u(x)− u(0)| = 1

V
(
B(0, r)

)
∣∣∣∣∣∣∣
∫

B(x,r)

u dV −
∫

B(0,r)

u dV

∣∣∣∣∣∣∣ 6
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6 M
V (Dr)

V
(
B(0, r)

) , (1.20)

orte� Dr -� n�anakum � B(x, r)-i  B(0, r)-i simetrik tarbe{

ru�yun�, aysinqn`

Dr = [B(x, r)
∪
B(0, r)] \ [B(x, r)

∩
B(0, r)] :

(1.20)-i aj mas� �gtum � 0-i, erb r → ∞ (tes xndir 1.15):

Ayspisov u(x) = u(0) , uremn` u-n hastatun �:

Xndir 1.15: Apacucel, or Liuvili �eoremum
V (Dr)

V
(
B(0, r)

) ar{

tahaytu�yun� �gtum � 0-i, erb r → ∞ :

Kira�elov Liuvili �eorem�` he�tu�yamb kareli � stanal bac

kisatara�u�yunum sahmana�ak harmonik funkcianeri mia{

ku�yan �eorem�: H = Hn bac verin kisatara�u�yun� het yal

bazmu�yunn �`

H =
{
x ∈ Rn : xn > 0

}
:

Harmar � Rn -i ket� nerkayacnel (x, y) tesqov, orte� x ∈ Rn−1

 y ∈ R : Hajord pndum� cuyc � talis, or H -um an�ndhat  

H -um sahmana�ak harmonik funkcian oro�vum � ir ezrayin

ar�eqnerov :

Het anq 1.2: Dicuq u-n H -um an�ndhat sahmana�ak

funkcia �, or� harmonik � H -um: E�e ∂H -i vra u = 0 , apa

u ≡ 0 ambo�j H -um:

Apacuyc: x ∈ Rn−1  y < 0 koordinatnerov (x, y) keterum

u-in veragrenq u(x, y) = −u(x,−y) ar�eqner: Dranov u-n �aru{

nakvum � orpes ambo�j Rn -um oro�va� an�ndhat  sahmana�ak

funkcia: Aknhayt �, or ayn bavararum � mijin ar�eqi lokal

hatku�yan�,  uremn, �st �eorem 1.16-i harmonik � Rn -um: Ha{

ma�ayn Liuvili �eoremi, Rn -um u-n nuynabar hastatun �:
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�rinak 1.10: u(x, y) = y funkcian an�ndhat � H -um, har{

monik � H -um, zro � ∂H -i vra, bayc nuynabar hastatun ��: Ays

�rinak� vkayum �, or het anq 1.2-um u-i sahmana�ak linelu

payman� kar or �:

Mekusacva� ezakiu�yunner: In�pes haytni �, sahmana�ak

holomorf funkciayi mekusacva� ezakiu�yunner� veracneli en:

Ay�m cuyc ktanq, or nuyn� �i�t � sahmana�ak harmonik funk{

ciayi hamar:

Sahmanum 1.2: E�e u-n harmonik � Ω \ a-um, apa a meku{

sacva� ezakiu�yun� ko�vum � veracneli, e�e u-n harmonikoren

�arunakvum � ambo�j Ω-i vra:

�eorem 1.19: Sahmana�ak harmonik funkciayi mekusac{

va� ezakiu�yun� veracneli �:

Apacuyc: Bavakan � cuyc tal, or e�e u-n sahmana�ak

harmonik funkcia � B \ {0}-um, apa u-n harmonikoren �aru{

nakvum � ambo�j B -i vra: �ndhanru�yun� �xaxtelov, karo�

enq en�adrel, or u-n irakanar�eq �: Parz �, or harmonik �aru{

naku�yan miak havaknord� P [u|S ] Puasoni integraln �:
Nax ditarkenq n > 2 depq�: Trva� ε > 0 �vi hamar verc{

nenq B \ {0}-um harmonik het yal funkcian`

vε(x) = u(x)− P [u|S ](x) + ε(|x|2−n − 1) :

�eorem 1.10-ic het um �, or vε(x) → 0 , erb |x| → 1 , isk u-i

sahmana�aku�yunic het um �, or vε(x) → +∞ , erb x → 0 :

Hama�ayn �eorem 1.8-i` (orum lim-� �oxarinva� � lim-ov)

B \ {0}-um vε > 0 : Ancnelov sahmani, erb ε → 0 , ezrakacnum

enq, or B \ {0}-um u − P [u|S ] > 0 : �oxarinelov u-n (−u)-ov,

kstananq` u−P [u|S ] 6 0 : Owremn` B\{0}-um u = P [u|S ] : Ayspisov`
P [u|S ]-� u-i harmonik �arunaku�yunn � ambo�j B -i vra:
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Erb n = 2 , apacuyc� nuynn �, miayn �e vε(x)-i mej (|x|2−n−1)

artahaytu�yan �oxaren petq � vercnel ln 1/|x| :

Ko�ii anhavasaru�yunner�: In�pes haytni � kompleqs ana{

lizic, B(a, r) ⊂ C �rjanum holomorf  M -ov sahmana�ak f

funkciayi hamar �i�t en`

|fm(a)| 6 m!M

rm
, m = 0, 1, . . .

Ko�ii anhavasaru�yunner�: Nman anhavasaru�yunner �i�t

en na gndum harmonik funkcianeri hamar:

�eorem 1.20: Dicuq α-n multiindeqs �: Goyu�yun uni

aynpisi Cα hastatun, or`

|Dαu(a)| 6 CαM

r|α|

B(a, r)-um harmonik, M -ov sahmana�ak kamayakan u

funkciayi hamar:

Apacuyc: Karo� enq en�adrel, or a = 0 : E�e u-n harmonik

� B -um  sahmana�ak � M -ov, apa �st (1.19)-i`

|Dαu(0)| =
∣∣∣∣ ∫
S

DαP (0, ζ)u(ζ) dσ(ζ)

∣∣∣∣ 6
6 M

∫
S

|DαP (0, ζ)| dσ(ζ) = CαM,

orte� Cα =

∫
S
|DαP (0, ζ)| dσ(ζ) :

E�e u-n harmonik  sahmana�ak � M -ov B(0, r)-um , apa,

kira�elov nuyn dato�u�yun� u-i r-�gman nkatmamb, kstananq`

|Dαu(a)| 6 CαM

r|α|
:
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�oxarinelov r-� (r−ε)-ov  �gtecnelov ε-� 0-i, kstananq nuyn

anhavasaru�yun� ayn depqi hamar, erb u-n harmonik � bac

B(0, r) gndum  sahmana�ak � M -ov:

Stor bervo� het anq� pndum �, or Ω tiruy�um sahmana{

�ak harmonik funkciayi a�ancyalner� �en karo� �at arag a�el

∂Ω ezri mot: d(a,E)-ov n�anakvum � a keti he�avoru�yun� E

bazmu�yunic:

Het anq 1.3: Dicuq u-n Ω-um sahmana�ak harmonik

funkcia �  α-n multiindeqs �: Goyu�yun uni aynpisi C

hastatun, or bolor a ∈ Ω keteri hamar`

|Dαu(a)| 6 C

d(a, ∂Ω)|α|
:

Apacuyc: Kira�enq Ko�ii anhavasaru�yunner� yuraqan�{

yur a ∈ Ω keti hamar, vercnelov r = d(a, ∂Ω) :

Parzvum �, or Liuvili �eorem� mnum � u�i mej, e�e funkci{

ayi sahmana�aku�yun� pahanjenq miayn ver ic kam nerq ic:

�eorem 1.21 (Liuvili �eorem� drakan harmonik funkcianeri

hamar): Rn -um drakan harmonik funkcian hastatun �:

Apacuyc: Apacuyci hamar petq � �gtagor�el aveli nurb

gnahatakanner, qan sahmana�ak funkcianeri depqum: Di{

cuq u-n Rn -um drakan harmonik funkcia �: Fiqsenq x ∈ Rn ,

r > 0 ,  dicuq Dr -� n�anakum � B(x, r)  B(0, r) gnderi simetrik

tarberu�yun�: �st mijin ar�eqi 1.3 �eoremi`

u(x)− u(0) =
1

V
(
B(0, r)

)( ∫
B(x,r)

u dV −
∫

B(0,r)

u dV

)
:
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Qani or B(x, r)
∩

B(0, r) bazmu�yunov tara�va� integralner�

o�n�anum en, apa`

|u(x)− u(0)| 6 1

V
(
B(0, r)

) ∫
Dr

u dV 6

6 1

V
(
B(0, r)

) ∫
B(0,r+|x|)\B(0,r−|x|)

u dV =

=
1

V
(
B(0, r)

)( ∫
B(0,r+|x|)

u dV −
∫

B(0,r−|x|)

u dV

)
=

=
(r + |x|)n − r − |x|)n

rn
u(0) :

N�enq, or a�ajin anhavasaru�yunum �gtvel enq u-i drakan

lineluc:

Ancnelov sahmani, erb r → ∞ , stanum enq u(x) = u(0) , in��

n�anakum �, or u-n hastatun �:

Het anq 1.4: R2\{0}-um drakan harmonik funkcian has{

tatun �:

Apacuyc: E�e u-n R2 \ {0}-um drakan �  harmonik, apa

z 7→ u(ez) funkcian drakan �  harmonik ambo�j R2 = C har{

�u�yan vra: �st �eorem 1.21-i` ayd funkcian, het abar  u-n,

hastatun �:

�rinak 1.11: Bar�r �a�o�akanu�yunneri depqum (n > 2)

het anq 1.4-� �i�t ��. �rinak, |x|2−n funkcian drakan �  

harmonik Rn \ {0}-um:

§ 9. Kelvini � a�oxu�yun�

Kelvini � a�oxu�yun� harmonik funkcianeri tesu�yunum

katarum � nuyn der�, in� f(z) 7→ f(1/z) � a�oxu�yun�` ho{
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lomorf funkcianeri tesu�yunum: �rinak` ayn miavor gndum

harmonik funkcian artapatkerum � gndic durs harmonik

funkciayi:

Rn tara�u�yan mek ketanoc kompaktifikacian n�ana{

kenq` Rn
∪

{∞} :

Sahmanum 1.3: x 7→ x∗ artapatkerum�, orte�`

x∗ =


x

|x|2
, erb x ̸= 0,∞,

0, erb x = ∞,

∞, erb x = 0,

ko�vum � (Rn
∪

{∞})-i inversia miavor sferayi nkatmamb:

Nkatenq, or e�e x /∈ {0,∞} , apa x∗ -� �nka� � skzbnaketov

 x-ov ancno� �a�agay�i vra,  |x∗| = 1/|x| :

Xndir 1.16: Cuyc tal, or`

1. inversian an�ndhat �,

2. ham�nknum � ir hakadar�i het,

3. S -i vra nuynakan �,

4. ∞-i �rjakayq� artapatkerum � 0-i �rjakayqi:

Trva� E ⊂ Rn
∪

{∞} bazmu�yan hamar n�anakenq E∗ =

=
{
x∗ : x ∈ E

}
:

Xndir 1.17: Apacucel, or inversian pahpanum � sferaneri

 hiperhar�u�yunneri �ntaniq�:

(Cucum` E ⊂ Rn bazmu�yun� sfera kam hiperhar�u�yun � ayn

 miayn ayn depqum, erb

E =
{
x ∈ Rn : a|x|2 + b · x+ c = 0

}
,
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orte� b ∈ Rn , isk a-n  c-n` |b|2 − 4ac > 0 paymanin bavararo�

irakan �ver en):

Dicuq E -n Rn -i kompakt en�abazmu�yun �: E�e u-n har{

monik � (Rn \ E )-um, apa bnakan � ditarkel ∞-� orpes u-i

mekusacva� ezakiu�yun: Harc � a�ajanum, o?r depqum kareli

� asel, or ayd ezakiu�yun� veracneli �: Erb n = 2 , ayd harci

patasxan� aknhayt �, orovhet ayd depqum inversian pah{

panum � funkciayi harmoniku�yun�:

Xndir 1.18: Apacucel, or e�e Ω ⊂ R2 \ {0}  u-n harmonik �

Ω-um, apa x 7→ u(x∗) funkcian harmonik � Ω∗ -um:

(Cucum` R2 = C tara�u�yunum inversian z 7→ 1/z̄ arta{

patkerumn �):

Kasenq, or n = 2 depqum u-n harmonik � ∞-um, e�e x 7→
7→ u(x∗) funkcian 0-um uni veracneli ezakiu�yun:

D�baxtabar, n > 2 depqum inversian �i pahpanum funk{

ciayi harmoniku�yun�:

Xndir 1.19: Cuyc tal, or inversian �i pahpanum u(x) =

= |x|2−n funkciayi harmoniku�yun�:

Aynuamenayniv, goyu�yun uni inversiayi het kapva� mi

� a�oxu�yun, or� pahpanum � funkciayi harmoniku�yun� bo{

lor n > 2 depqerum. ayn ko�vum � Kelvini � a�oxu�yun:

�or�enq k�ahel, �e orn � ayd � a�oxu�yun�: Dra hamar

kira�enq simetriayi lemman Puasoni korizi nkatmamb: Hi�enq,

or P (·, ζ) funkcian fiqsa� (ζ ∈ S)-i hamar harmonik � Rn \
\ {ζ}-um: Hama�ayn simetriayi lemmayi`

|x− ζ| =
∣∣|x|−1x− |x|ζ

∣∣
havasaru�yun� �i�t � bolor x ∈ Rn \ {0} keteri hamar: Ki{

ra�elov ayn P (x, ζ) = (1 − |x|2)/|x − ζ|2 funkciayi nkatmamb,
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kstananq`

P (x, ζ) = −|x|2−nP (x∗, ζ) (1.21)

bolor x ∈ Rn\{0, ζ} keteri hamar: Nkatenq, or aj mas� harmonik
� x-i nkatmamb x ∈ Rn\{0, ζ} bazmu�yan vra: N�ani ��tu�yamb
ayn Puasoni korizi oroneliq � a�oxu�yunn �:

Sahmanum 1.4: E ⊂ Rn\{0} bazmu�yan vra oro�va� u funk{

ciayin hamapatasxanu�yan mej dnenq E∗ -i vra oro�va�`

K[u](x) = |x|2−nu(x∗)

funkcian: K[u]-n ko�vum � u-i Kelvini � a�oxu�yun: N�enq,

or n = 2 depqum K[u](x) = u(x∗) :

He�tu�yamb kareli � hamozvel, or K
[
K[u]

]
= u ver� n�va�

bolor u-eri hamar: Ayl kerp asa�, Kelvini � a�oxu�yun� inqn

ir hakadar�n �:

K � a�oxu�yun� na g�ayin �` E -i vra oro�va� kamayakan

u , v funkcianeri  b , c hastatunneri hamar, E∗ -um K[bu+

+ cv] = bK[u] + cK[v] :

Xndir 1.20: Dicuq E -n Rn \ {0} bazmu�yan kompakt en�a{

bazmu�yun �,  (um)-� E -um oro�va� funkcianeri hajordaka{

nu�yun �: Cuyc tal, or (um)-� E -i vra havasara�a� zugamet

� ayn  miayn ayn depqum, erb K[um]-� havasara�a� zugamet

� E∗ -i vra:

Ancnenq Kelvini � a�oxu�yan amenakar or hatku�yan�:

�eorem 1.22: E�e Ω ⊂ Rn \ {0} , apa u-n harmonik � Ω-um

ayn  miayn ayn depqum, erb K[u]-n harmonik � Ω∗ -um:

Apacuyc: Qani or Kelvini � a�oxu�yun� inqn ir haka{

dar�n �, apa bavakan � miayn cuyc tal, or e�e u-n harmonik �

Ω-um, apa K[u]-n harmonik � Ω∗ -um:
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Nax apacuyc� katarenq Ω = Rn masnavor depqum: Ays

depqum u-n B -um havasar � ir u|S ezrayin ar�eqneri Puasoni

integralin: Owremn, e�e |x| > 1 , apa

K[u](x) =

∫
S

|x|2−nP (x∗, ζ)u(ζ) dσ(ζ) = −
∫
S

P (x, ζ)u(ζ) dσ(ζ) :

Erkrord havasaru�yun� het um � (1.21)-ic: A�ancelov verjin

integrali n�ani tak, hamozvum enq, or K[u]-n harmonik �
{
x ∈

∈ Rn : |x| > 1
}
bazmu�yunum: He�t � tesnel, or irakan ana{

litik artapatkerumneri kompozician  s irakan analitik �

(tes na xndir 2.1-�): Owremn` Rn -um u-i irakan analitiku{

�yunic het um � K[u]-i irakan analitiku�yun� Rn \{0} baz{

mu�yunum: Qani or Rn \ {0} bazmu�yunum irakan analitik

∆K[u] funkcian zro � da�num
{
x ∈ Rn : |x| > 1

}
bazmu�yunum,

apa �st miaku�yan �eoremi` ayn zro � da�num ambo�j Rn \
\ {0}-um: Ayspisov, K[u]-n harmonik � Rn \ {0} bazmu�yunum:

Ancnelov �ndhanur depqin, en�adrenq, �e u-n harmonik �

Ω-um  a ∈ Ω : �st (2.5)-i`

u(x) =

∞∑
m=0

um(x− a),

orte� yuraqan�yur um harmonik bazmandam �: Qani or Kelvini

� a�oxu�yun� g�ayin �  pahpanum � kompakt bazmu�yunneri

vra havasara�a� zugamitu�yun�, apa a∗ -i �rjakayqum`

K[u] =
∑

K[um] , �nd orum, verjin �arq� n�va� �rjakayqum ha{

vasara�a� � zugamitum: In�pes arden cuyc enq tvel, yura{

qan�yur m-i hamar K[um]-� harmonik � Rn \{0} bazmu�yunum,

uremn, na Ω∗ -um: Ayspisov` K[u]-n harmonik � a∗ -i �rjakay{

qum, het abar, na ambo�j Ω∗ -um:



G L U X II

IRAKAN ANALITIK FUNKCIANER

§ 10. Bazmaki asti�anayin �arqer

In�pes tesanq § 6-um, harmonik funkcian anverj diferen{
celi �: Parzvum �, or te�i uni aveli u�e� pndum` ayn irakan

analitik �: Kopit asa�, irakan analitik ko�vum � ayn funk{

cian, or� yuraqan�yur keti �rjakayqum verlu�vum � asti{

�anayin �arqi �st x1, . . . xn koordinatneri: Ancnenq ��grit

sahmanumneri:

Nax ��tenq, �e in�pes enq haskanalu kompleqs cα �veric

kazmva�
∑

cα bazmaki �arqi zugamitu�yun�, orte� gumaru{

m� katarvum � �st bolor α multiindeqsneri (e�e n�va� �� α-i

�o�oxman bazmu�yun�, apa en�adrvum �, or α-n �ndunum �

bolor hnaravor ar�eqner�): D�varu�yunn ayn �, or multiin{

deqsneri bazmu�yun� n > 1 depqum kargavorva� ��:

Sahmanum 2.1:
∑

cα bazmaki �arq� ko�vum � bacar�ak zu{

gamet, e�e`

sup
∑
α∈F

cα < ∞,

orte� supremum-� vercva� � �st multiindeqsneri bolor verja{

vor en�abazmu�yunneri:

E�e �arq� bacar�ak zugamet �, apa multiindeqsneri ka{

mayakan α(1), α(2) . . . kargavorman depqum
∞∑
j=1

cα(j) gumar�

nuynn �, aynpes or ayn kn�anakenq parzapes
∑

cα : Menq gor�

kunenanq miayn bacar�ak zugamet bazmaki �arqeri het:

Bazmaki �arqeri tesu�yunum �ndunva� en het yal n�ana{

kumner�`
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xα = xα1
1 xα2

2 · · ·xαn
n ,

α! = α1!α2! · · ·αn! ,

|α| = α1 + α2 + · · ·+ αn :

Sahmanum 2.2: f funkcian ko�vum � irakan analitik Ω-um,

e�e yuraqan�yur a ∈ Ω keti hamar goyu�yun unen aynpisi cα
kompleqs �ver, or f -� verlu�vum � bacar�ak zugamet asti{

�anayin �arqi`

f(x) =
∑

cα(x− a)α

bolor x-eri hamar a-i �rjakayqic:

Stor berva� �eorem� nvirva� � asti�anayin �arqi himnakan

hatku�yunnerin, �nd orum parzu�yan hamar en�adrum enq, or

�arqi kentron�` a-n, havasar � 0-i: Harmar � �gtvel het yal

n�anakumic`

R(y) =
{
x ∈ Rn : |xj | < |yj | , j = 1, 2, . . . , n

}
:

R(y)-�` n-�a�ani, 0 kentronov  y gaga�ov bac zugahe�a{

nist �:

�eorem 2.1: Dicuq {cαyα} bazmu�yun� sahmana�ak �:

Ayd depqum`

a) yuraqan�yur β multiindeqsi hamar∑
α

Dβ (cαx
α) (2.1)

�arq� R(y)-um zugamitum � bacar�ak, isk nra kom{

pakt en�abazmu�yunneri vra` na havasara�a�:
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b) f(x) =
∑

cαx
α funkcian anverj diferenceli � R(y)-um,

avelin`

Dβf(x) =
∑
α

Dβ (cαx
α) (2.2)

R(y)-i bolor x-eri u yuraqan�yur β multiindeqsi ha{

mar:

g) cα =
Dαf(0)

α!
bolor α-neri hamar:

Apacuyc: �n�erco�in a�ajarkum enq inqnuruyn stugel, or

R
(
(1, 1, . . . , 1)

)
bazmanistum∑

α

Dβ (xα) = Dβ
[
(1− x1)

−1(1− x2)
−1 · · · (1− xn)

−1
]
: (2.3)

Dicuq |cαyα| 6 M bolor α-neri hamar: E�e K -n R(y)-i kom{

pakt en�abazmu�yun �, apa goyu�yun uni aynpisi t ∈ (0, 1) ,

or K ⊂ R(ty) : Owremn` bolor α-neri  x ∈ K keteri hamar

|cαxα| 6 t|α| |cαyα| 6 Mt|α| :

(2.3)-i mej te�adrelov β = 0  x1 = x2 = · · · = xn = t , stanum

enq
∑

t|α| = (1− t)−n < ∞ , orte�ic het um �, or
∑

cαx
α �arq�

K -i vra zugamitum � bacar�ak  havasara�a�: Katarelov

nmanatip dato�u�yunner (2.1) �arqi nkatmamb` kavartenq

a)-i apacuyc�:

Dicuq f(x) =
∑

cαx
α, ∀x ∈ R(y) : Qani or (2.1) �arq� bolor

β -neri hamar havasara�a� zugamitum � R(y)-i kompakt en{

�abazmu�yunneri vra, apa, in�pes haytni � analizi das�n{

�acic, f ∈ C∞(R(y)
)
,  baci dranic, �arq� kareli � andam a�

andam a�ancel  stanal (2.2) havasaru�yun�:

(2.2)-i mej te�adrelov x = 0 ` �eylori gor�akicneri hamar

kstananq g) keti bana� er�:
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Het anq 2.1: Irakan analitik funkciayi bolor a�anc{

yalner�  s irakan analitik en:

Het anq 2.2: E�e
∑

aαx
α =

∑
bαx

α bolor x-eri hamar 0-i

�rjakayqum, apa aα = bα bolor α-neri hamar:

�eorem (2.1)-ic karo� � tpavoru�yun ste��vel, �e asti�a{

nayin �arqi bnakan zugamitu�yan tiruy�� zugahe�anist �:

Berenq �rinakner, oronq vkayum en, or ayd tiruy�� karo� � linel

zanazan bnuy�i:

�rinak 2.1:
∑∞

k=0(x1x2)
k �arqi bacar�ak zugamitu�yan

tiruy�n �` {
(x1, x2) ∈ R2 : |x1x2| < 1

}
:

�rinak 2.2: Ditarkenq∑ (k1 + k2)!

k1! k2!
xk11 xk22

�arq�: Ays �arqi bacar�ak zugamitu�yan tiruy�� gtnelu

hamar katarenq xmbavorum`∑ (k1 + k2)!

k1! k2!
|x1|k1 |x2|k2 =

∞∑
k=0

∑
k1+k2=k

(k1 + k2)!

k1! k2!
|x1|k1 |x2|k2 =

=
∞∑
k=0

(|x1|+ |x2|)k :

Verjin �arqi zugamitu�yan tiruy�n �`{
(x1, x2) ∈ R2 : |x1|+ |x2| < 1

}
:

�rinak 2.3: Nman � ov hamozvum enq, or∑ (k1 + k2)!

k1! k2!
x2k11 x2k22

�arqi zugamitu�yan tiruy�� miavor �rjann �:
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Hajord �eorem� nvirva� � irakan analitik funkcianeri

miaku�yan�, ayn ��marit �� C∞ dasi funkcianeri hamar:

�eorem 2.2: Dicuq Ω-n kapakcva� �, f -n irakan ana{

litik � Ω-um  f = 0 Ω-i o� datark bac en�abazmu�yan

vra: Ayd depqum f ≡ 0 Ω-um:

Apacuyc: Dicuq ω-n
{
x ∈ Ω: f(x) = 0

}
bazmu�yan ner{

qin keteri bazmu�yunn �: ω-n Ω-i o� datark bac en�abaz{

mu�yun �: f -i bolor a�ancyalner� ω-um havasar en 0-i: E�e

a-n (a ∈ Ω) ω-i hamar kutakman ket �, apa an�ndhatu�yan

�norhiv Dαf(a) = 0 bolor α-neri hamar: Owremn, a-i �rjakayqum

f -i verlu�um� asti�anayin �arqi nuynabar 0 �, aysinqn` a ∈ ω :

Stacvec, or ω-n Ω-um na �ak �: Ω-i kapakcva�u�yunic

het um �, or ω = Ω , aysinqn Ω-um f ≡ 0 :

Xndir 2.1: Kasenq` u : Ω 7→ Rn artapatkerum� irakan

analitik �, e�e irakan analitik � u-i yuraqan�yur komponen{

t�: Apacucel, or irakan analitik artapatkerumneri kom{

pozician  s irakan analitik �: (Ayspisov` irakan analitik

funkcianeri gumar�, artadryal�, qanord�  ayln, irakan ana{

litik en):

§ 11. Hamase� verlu�u�yunner

�eorem 2.3: E�e u-n harmonik � Ω-um, apa ayn irakan

analitik � Ω-um:

Apacuyc: Bavakan � cuyc tal, or e�e u-n harmonik � B -um,

apa 0 keti �rjakayqum ayn nerkayacvum � zugamet asti�a{

nayin �arqov: Apacuyci e�anak� het yaln �. skzbic stanum enq

Puasoni korizi verlu�u�yunn asti�anayin �arqi, aynuhet `

Puasoni integrali hamapatasxan verlu�u�yun�:
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Dicuq |x| <
√
2 − 1  ζ ∈ S : Ayd depqum 0 < |x− ζ|2 < 2  

uremn`

P (x, ζ) =
(
1− |x|2

) (
|x− ζ|2

)−n/2
=

=
(
1− |x|2

) ∞∑
m=0

cm
(
|x|2 − 2x · ζ

)m
,

orte�
∞∑

m=0
cm (t− 1)m �arq� t−n/2 funkciayi �eylori verlu�u{

�yunn � 1 keti �rjakayqum, or�, in�pes hatni � ma�. analizi

das�n�acic, zugamitum � (0, 2) mijakayqum:
(
|x|2 − 2x · ζ

)m
-i

�akag�er� baceluc  veraxmbavoreluc heto kstananq`

P (x, ζ) =
∑
α

xαqα(ζ),

orte� qα -ner� bazmandamner en: N�va� gor�o�u�yunner� �ri{

nakan en bacar�ak zugamitu�yan �norhiv: Verjin �arq� fiq{

sa� x ∈ (
√
2− 1)B keti hamar S -i vra zugamitum � havasa{

ra�a�, aynpes or, e�e u-n harmonik � B -um, apa`

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ) =

=
∑
α

(∫
S

u(ζ)qα(ζ) dσ(ζ)
)
xα, ∀x ∈ (

√
2− 1)B :

Menq stacanq pahanjveliq verlu�u�yun�:

Ow�adru�yun dar�nenq ayn bani vra, or gndum harmonik

funkciayi verlu�u�yunn asti�anayin �arqi karo� � linel ayn{

pisin, or ayd �arq� zugamiti o� ambo�j gndum:

�rinak 2.4: u(z) = u(x+ iy) = 1/(1− z) funkcian holomorf �

(het abar, na harmonik �) har�u�yan miavor �rjanum: Owremn`

u(x+ iy) =

∞∑
m=0

(x+ iy)m =

∞∑
m=0

m∑
j=0

(
m
j

)
xj(iy)m−j ,



Glux II. Irakan analitik funkcianer 47

orte� |x + iy| < 1 : Orpes krknaki asti�anayin �arq ayn �i

zugamitum ambo�j miavor �rjanum: Iroq`

∞∑
m=0

m∑
j=0

(
m
j

)
|x|j |iy|m−j =

∞∑
m=0

(|x|+ |y|)m ,

isk verjini zugamitu�yan tiruy��{
(x, y) ∈ R2 : |x|+ |y| < 1

}
bazmu�yunn �, or� kazmum � miavor �rjani miayn mi mas�:

Harmonik funkciayi irakan analitik linel� �uyl � talis

apacucel maqsimumi lokal skzbunq�:

�eorem 2.4 (Maqsimumi skzbunqi lokal tarberak�): Dicuq

Ω-n kapakcva� �, isk u-n irakanar�eq harmonik funkcia

� Ω-um: E�e u-n Ω-um uni lokal maqsimum kam minimum,

apa ayn nuynabar hastatun �:

Apacuyc: E�e u-n uni lokal maqsimum a ∈ Ω ketum, apa

goyu�yun uni B(a, r) ⊂ Ω gund aynpisin, or u(x) 6 u(a) , erb

x ∈ B(a, r) : �st �eorem 1.6-i, B -um u ≡ u(a) : Qani or u-n ira{

kan analitik � Ω-um, apa �st �eorem 2.2-i, u ≡ u(a) Ω-um:

�oxarinelov u-n (−u)-ov, kstananq lokal minimumi depq�:

Mer motaka npatakn �` stanal harmonik funkcianeri ver{

lu�um� �st hamase� bazmandamneri: Bazmandami sahmanman

hama�ayn, ayn verjavor �vov xα monomneri (miandamneri) gu{

mar �:

Sahmanum 2.3: Dicuq m-� o� bacasakan ambo�j �iv �:

p(x) =
∑

|α|=m

cαx
α
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tesqi bazmandam� ko�vum � m-rd asti�ani hamase� bazman{

dam: Ays sahmanum� hamar�eq � het yalin` kamayakan t-i

(t ∈ R)  x-i (x ∈ Rn ) hamar p(tx) = tmp(x) :

Xndir 2.2: Apacucel, or p bazmandam� m-rd asti�ani

hamase� � ayn  miayn ayn depqum, erb ∇p · x = mp :

Xndir 2.3: Dicuq p-n m-rd asti�ani hamase� bazmandam

�: Cuyc tal, or kamayakan T : Rn 7→ Rn g�ayin artapatkerman

hamar (p ◦ T )-n  s m-rd asti�ani hamase� bazmandam �:

Xndir 2.4: Apacucel, or e�e p-n u q-n m-rd asti�ani

hamase� bazmandamner en u S -um ham�nknum en, apa p = q

ambo�j Rn -um: Da n�anakum �, or hamase� bazmandam� liovin

oro�vum � S -um �nduna� ar�eqnerov:

Berva� hatku�yun� karo� � �i�t �linel kamayakan bazman{

damneri hamar:

�rinak 2.5: x21 + · · ·+ x2n bazmandam� S -i vra, bayc o� ame{

nureq Rn -um, ham�nknum � nuynabar 1-i het:

Hajord pndum� verabervum � hamase� bazmandamneric ba�{

kaca� �arqeri miaku�yan�:

Pndum 2.1: Dicuq r > 0 , pm -�  qm -� m-rd asti�ani

hamase� bazmandamner en: E�e

∞∑
m=0

pm(x) =

∞∑
m=0

qm(x)

bolor x ∈ rB keteri hamar, apa pm ≡ qm , m = 0, 1 . . . :

Apacuyc: Fiqsenq ζ ∈ S : Qani or berva� erku �arqern �l

zugamitum en  irar havasar en ∀x ∈ rB ketum, apa`

∞∑
m=0

pm(ζ)tm =

∞∑
m=0

qm(ζ)tm
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bolor t-eri (t ∈ (−r, r)) hamar: �st mek �o�oxakani asti�a{

nayin �arqeri miaku�yan �eoremi` pm(ζ) = qm(ζ) bolor m-eri

hamar: He�t � tesnel, or p = q ambo�j Rn -um (tes na xndir

2.4-�):

Dicuq u-n harmonik � 0-i �rjakayqum: N�anakelov

pm(x) =
∑

|α|=m

Dαu(0)

α!
xα,

hama�ayn �eorem 2.3-i, ezrakacnum enq, or

u(x) =

∞∑
m=0

pm(x) (2.4)

bolor x-eri hamar 0-i in�-or �rjakayqic: Nkati unenalov, or

yuraqan�yur pm m-rd asti�ani hamase� bazmandam �, (2.4)-�

anvanum en u-i hamase� verlu�u�yun 0 ketum: Ayste� he{

taqrqirn ayn �, or u-i harmoniku�yunic het um � yuraqan�yur

pm bazmandami harmoniku�yun�: Dranum hamozvelu hamar

nkatenq, or ∆u =
∑

∆pm ≡ 0 0 keti �rjakayqum, orte� m > 2

depqum yuraqan�yur ∆pm (m− 2) asti�ani hamase� bazman{

dam �, isk m < 2 depqum` nuynabar 0 : �st pndum 2.1-i, ∆pm -�

nuynabar 0 � bolor m-eri hamar: Ayspisov, 0 keti �rjakayqum

u-n nerkayacvum � hamase� harmonik bazmandamneri zugamet

�arqov:

Katarelov te�a�ar�, nman ardyunq enq stanum na u-i

oro�man tiruy�i kamayakan keti �rjakayqum:

�eorem 2.5: Dicuq u-n harmonik � Ω-um  a ∈ Ω : Ayd

depqum goyu�yun unen m-rd asti�ani harmonik hamase�

aynpisi pm bazmandamner, or`

u(x) =

∞∑
m=0

pm(x− a) (2.5)
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bolor x-eri hamar a-i �rjakayqum, �nd orum ayd �rjakay{

qum �arq� zugamitum � bacar�ak u havasara�a�:

Hamase� verlu�u�yunneri varqn aveli <lavn �>, qan baz{

maki asti�anayin �arqeri varq�: Hetagayum ktesnenq, or e�e

u-n harmonik � B(a, r) gndum, apa (2.5) �arq� zugamitum �

ambo�j gndum (hamematir �rinak 2.4-i het):

Hamase� verlu�u�yunner� holomorf asti�anayin �arqeri

analogn en tara�u�yan kamayakan �a�o�akanu�yan depqum:

Erb n = 2  u-n holomorf � B(a, r) �rjanum, apa u-i verlu�u{

�yunn asti�anayin �arqi` �st (z − a)-i asti�anneri` ham�nk{

num � nra verlu�u�yan het` �st hamase� bazmandamneri:

§ 12. Holomorf funkcianer

Sahmanum 2.4: Cn -ov n�anakvum � n-�a�ani kompleqs ta{

ra�u�yun�, aysinqn, kompleqs �veri kargavorva� n-yakneri`

z = (z1, z2, . . . , zn) bazmu�yun�: Cn -� kareli � nuynacnel R2n -i

het, or� ba�kaca� � x = (x1, y1, . . . , xn, yn) keteric  ori vra

nermu�va� � kompleqs ka�ucva�q` zk = xk + iyk, k = 1, . . . , n :

(Manramasner� tes [4]-um):

Sahmanum 2.5: Kompleqsar�eq f funkcian ko�vum � holo{

morf kam analitik Ω ⊂ Cn tiruy�um, e�e �i�t en het yal

paymanner�.

(a) f -n an�ndhat � Ω-um,

(b) f -� holomorf � �st amen mi �o�oxakani:

Aveli ��grit (b) payman� n�anakum � het yal�` e�e z ∈ Ω  

1 6 k 6 n , apa

fk(ζ) = f(z1, . . . , zk−1, zk + ζ, zk+1, . . . , zn)
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mek �o�oxakani funkcian holomorf � �st ζ -i C har�u�yan

zro keti or � �rjakayqum: Hetaqrqir � ayn hangamanq�, or (b)

paymanic het um � (a)-n:

�eorem 2.6 (Hartogs): E�e f funkcian holomorf � �st yu{

raqan�yur �o�oxakani D ⊂ Cn tiruy�i bolor keterum,

apa ayn holomorf � D-um:

Ays �eoremi apacuyc� menq �enq beri ayn pat�a�ov, or min� 

hima �ka hamematabar mat�eli apacuyc: Nkatenq, or Hartog{

si �eoremi nmanak� irakan �o�oxakanneri hamar �i�t ��:

�rinak 2.6: Het yal funkcian

f(x, y) =


xy

x2 + y2
, erb (x, y) ̸= (0, 0),

0, erb (x, y) = (0, 0)

anverj diferenceli � �st x-i` fiqsa� y-i depqum  haka�ak�,

(�st y-i fiqsa� x-i depqum): Bayc ayn nuynisk an�ndhat ��

(0, 0) ketum, orovhet y = kx u��i vra`

lim
x→0

f(x, kx) =
k

1 + k2
,

 ayd sahman� kaxva� � k-ic:

Formal a�ancyalner: Holomorfu�yan sahmanumic het um �,

or f = u + iv funkciayi hamar �st amen �o�oxakani ba{

vararvum en Ko�i{�imani paymanner�`
∂u

∂xk
=

∂v

∂yk
,

∂u

∂yk
= − ∂v

∂xk
, k = 1, . . . , n :

(2.6)
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Ko�i{�imani paymanner� harmar � grel

∂f

∂zk
=

1

2

(
∂f

∂xk
− i

∂f

∂yk

)
,

∂f

∂z̄k
=

1

2

(
∂f

∂xk
+ i

∂f

∂yk

)
:

(2.7)

formal a�ancyalneri mijocov, oronq �at harcerum �gtakar en:

Ayd depqum (2.6) 2n irakan havasarumneri hamakarg� grvum

� orpes n kompleqs havasarumneri hamakarg`

∂f

∂z̄k
= 0, k = 1, . . . , n :

(2.7)-um masnakco� me�u�yunner� anvanum en formal a�anc{

yalner na ayn pat�a�ov, or dranq kareli � stanal formal ki{

ra�elov bard funkciayi a�ancman kanon�`

∂f

∂zk
=

∂f

∂xk

∂xk
∂zk

+
∂f

∂yk

∂yk
∂zk

=
1

2

(
∂f

∂xk
− i

∂f

∂yk

)
,

 nuyn � ov

∂f

∂z̄k
=

∂f

∂xk

∂xk
∂z̄k

+
∂f

∂yk

∂yk
∂z̄k

=
1

2

(
∂f

∂xk
+ i

∂f

∂yk

)
,

k = 1, . . . , n : Qani or formal a�ancyalnern artahaytvum en

sovorakan a�ancyalneri mijocov g�oren, nranc hamar a�ancman

bolor kanonner� mnum en ��marit (u�i mej):

§ 13. Plyuriharmonik  n-harmonik funkcianer

Sahmanum 2.6: Ω-um oro�va� u funkcian ko�vum � plyuri{

harmonik, e�e ayn patkanum � C2(Ω) dasin  bavararum �
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het yal paymannerin`

∂2u

∂xk ∂xj
+

∂2u

∂yk ∂yj
= 0,

∂2u

∂xk ∂yj
− ∂2u

∂xj ∂yk
= 0,

(2.8)

orte� k, j = 1, . . . , n : Erkrord xmbi havasarumner� k = j dep{

qum, iharke, aknhayt en:

E�e (2.8) paymanner� pahanjenq miayn k = j depqum, apa

kstananq
∂2u

∂x2k
+

∂2u

∂y2k
= 0, k = 1, . . . , n (2.9)

havasarumnerin bavararo� funkcianeri aveli layn das:

Sahmanum 2.7: E�e Ω-um oro�va� u-n bavararum � (2.9) ha{

vasarumnerin, apa ayn ko�vum � n-harmonik (n = 2 depqum`

erkharmonik) funkcia: Ayd paymanner� n�anakum en, or u-n

harmonik � �st (xk, yk) �o�oxakanneri amen mi zuygi:

Gumarelov (2.9) havasarumnern �st k-i, kstananq`

∆u =

n∑
k=1

(
∂2u

∂x2k
+

∂2u

∂y2k

)
= 0,

aysinqn` u-i harmoniku�yan payman�: Ayspisov` n-harmonik

funkcianeri das� harmonik funkcianeri dasi mi masn �, isk

plyuriharmonik funkcianeri das�` n-harmonikneri mi mas�:

E�e �gtagor�enq formal a�ancyalner�`

∂

∂zk
=

1

2

(
∂

∂xk
− i

∂

∂yk

)
,

∂

∂z̄k
=

1

2

(
∂

∂xk
+ i

∂

∂yk

)
,
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apa, in�pes he�t � stugel,

∂2u

∂zk ∂z̄k
=

1

4

(
∂2

∂x2k
+

∂2

∂y2k

)
, k = 1, . . . , n :

Het abar` (2.8)  (2.9) havasarumner� kareli � grel aveli kar�

tesqov`
∂2u

∂zk ∂z̄j
= 0, k, j = 1, . . . , n,

 , hamapatasxanabar`

∂2u

∂zk ∂z̄k
= 0, k = 1, . . . , n :

�rinak 2.7: u(z1, z2) = z1z̄1−z2z̄2 funkcian harmonik �, orov{

het 
1

4
∆u =

∂2u

∂z1∂z̄1
+

∂2u

∂z2∂z̄2
= 1− 1 = 0,

bayc erkharmonik ��, qani or

∂2u

∂z1∂z̄1
= 1 ̸= 0 :

�rinak 2.8: u(z1, z2) = z1z̄2 funkcian erkharmonik �, orov{

het 
∂2u

∂z1∂z̄1
=

∂2u

∂z2∂z̄2
= 0,

bayc plyuriharmonik ��, qani or

∂2u

∂z1∂z̄2
= 1 ̸= 0 :

Plyuriharmonik funkcianer� kapva� en mi qani �o�oxa{

kani holomorf funkcianeri het �i�t aynpes, in�pes har�u�yan

depqum harmonik funkcianer� kapva� en mek �o�oxakani ho{

lomorf funkcianeri het:
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�eorem 2.7: D ⊂ Cn tiruy�um holomorf f funkciayi ira{

kan  ke�� maser� plyuriharmonik en:

Apacuyc: Formal a�ancyalneri (2.7) sahmanumic het um �,

or e�e f -� holomorf �, apa`

∂f̄

∂zk
=

1

2

(
∂f

∂xk
− i

∂f

∂yk

)
=

(
∂f

∂z̄k

)
= 0, k = 1, . . . , n : (2.10)

�st zk -i a�ancelov f funkciayi u =
1

2
(f + f̄) irakan mas�  

ha�vi a�nelov (2.10)-�` kstananq

∂u

∂zk
=

1

2

∂f

∂zk
: (2.11)

In�pes  mek �o�oxakani depqum, mi qani �o�oxakani

holomorf funkcian uni bolor kargi a�ancyalner�, oronq irenc

her�in holomorf en: �gtvelov ayd �astic u  s mek angam a�an{

celov (2.11)-� �st z̄j -i` kstananq

∂2u

∂zk ∂z̄j
= 0, k, j = 1, . . . , n :

u = Re f irakan masi hamar �eoremn apacucva� �: Mnum �

nkatel, or f -i het mekte� holomorf � na (−if) funkcian  or

Im f = Re (−if) :

�i�t � na ays �eoremi hakadar��, bayc miayn lokal tarbe{

rakov: Menq ayn kberenq a�anc apacuyci:

�eorem 2.8: E�e irakanar�eq u funkcian plyurihar{

monik � z0 ∈ Cn keti �rjakayqum, apa goyu�yun uni ayd

ketum holomorf f funkcia, ori hamar u-n irakan masn �:
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§ 14. Dirixlei xndri lu�um� polidiskum

Sahmanum 2.8: 
rjanneri dekartyan artadryal�, aysinqn`

Un(a, r) =
{
z ∈ Cn : |zj − aj | < rj , j = 1, . . . , n

}
tiruy�� ko�vum � a ∈ Cn kentronov  r = (r1, . . . , rn) bazma{

�a�av�ov polidisk (n = 2 depqum` bidisk): Un(a, r)-� ko�vum

� miavor polidisk, e�e aj = 0 , rj = 1 , j = 1, . . . , n : Ays para{

grafum menq gor� kunenanq miayn miavor polidiski het, or�

kn�anakenq parzapes Un -ov:

Polidiski ∂Un(a, r) ezr� bnakan � ov trohvum �

Γn
k =

{
z : |zk − ak| = rk, |zj − aj | 6 rj , j ̸= k

}
bazmu�yunneri, oroncic yuraqan�yur� (2n − 1) �a�ani �  

∂Un(a, r) =
n∪

k=1

Γn
k : Ayd bazmu�yunneri Tn =

n∩
k=1

Γn
k �ndhanur

mas�`

Tn =
{
z ∈ Cn : |zj − aj | = rj , j = 1, . . . , n

}
,

ori �a�o�akanu�yun� n �, ko�vum � polidiski kmaxq (îñòîâ) :

n > 1 depqum kmaxq� n-�a�ani tor �  kazmum � tiruy�i ezri

mi �oqr mas�, sakayn �at harcerum � ayn katarum �akan der:

Puasoni koriz� polidiski hamar: Dicuq

Pr(θ) =
1− r2

1− 2r cos θ + r2

Puasoni sovorakan korizn � miavor �rjani hamar: Un miavor

polidiski hamar Puasoni koriz� sahmanenq het yal � ov`

P (z, ζ) = Pr1(θ1 − φ1) · · ·Prn(θn − φn),
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orte� z ∈ Un , ζ ∈ Tn , zj = rje
iθj , ζj = eiφj : Baci dranic, Lebegi

normavorva� �a�� Tn miavor tori vra n�anakenq mn -ov: Ay{

sinqn` dmn =
1

(2πi)n
dφ1 · · · dφn :

Puasoni koriz� verlu�vum �

P (z, ζ) =
∞∑

|k|=−∞

r
|k1|
1 · · · r|kn|n eik·(θ−φ) (2.12)

�arqi, orte� k ·θ = k1θ1+ · · ·+knθn : E�e f -n integreli � �st mn

�a�i, apa nra hamar sahmanvum � P [f ] Puasoni integral.

P [f ](z) =

∫
Tn

f(ζ)P (z, ζ) dmn(ζ), z ∈ Un :

In�pes haytni �, polidisk� patkanum � ayn tiruy�neri da{

sin, oronc hamar Dirixlei xndir� lu�eli �1: Da n�anakum �, or

amen mi f funkcia, or� an�ndhat � Un -i ezri vra, hnaravor

� an�ndhatoren �arunakel polidiski �akman vra aynpes, or

ayn lini Un -um harmonik: E�e f -� �arunakenq o� �e ezric,

ayl kmaxqic, apa an�ndhat �arunaku�yun� kareli � katarel

n-harmonik funkcianeri dasum: Aysinqn, ��marit � het yal

�eorem�:

�eorem 2.9: Dicuq f -� kamayakan funkcia �, orn an{

�ndhat � Tn -i vra: Ayd depqum u(z) = P [f ](z) funkcian

Un -um n-harmonik �, an�ndhat � Un -i �akman vra  

kmaxqi vra ham�nknum � f -i het:

Apacuyc: (2.12) verlu�u�yun� te�adrelov Puasoni inte{

grali mej  andam a� andam integrelov` kstananq

P [f ](z) =
∑

f̂(k)r
|k1|
1 · · · r|kn|n eik·θ, (2.13)

1Te|s, �rinak, Axler Sh., Bourdon P., Ramey W. Harmonic function theory,

Springer-Verlag, New York, Inc., 2001, �j 228{230:
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orte� f̂(k) �ver� f -i Furyei gor�akicnern en`

f̂(k) =

∫
Tn

ζ̄k dmn(ζ) :

(2.13) nerkayacumic anmijapes het um �, or u(z)-� n-harmo{

nik �:

Hi�ecnenq, or kmaxqi vra oro�va� T (ζ) funkcian ko�vum

� e�ankyuna�a�akan bazmandam, e�e ayn verjavor �vov eik·θ

�qsponentneri g�ayin kombinacia �: E�ankyuna�a�akan baz{

mandami depqum (2.13) verlu�u�yan mej masnakcum en verjavor

�vov andamner, usti �eoremi pndum� nra hamar aknhayt �:

n = 1 depqum haytni � Feyeri �eorem� ayn masin, or amen mi

an�ndhat funkcia havasara�a� motarkvum � e�ankyuna�a{

�akan bazmandamnerov: �st S�oun-Vayer�trasi �eoremi` ayd

�ast� ��marit � na �ndhanur depqum:

Dicuq Tm(ζ) e�ankyuna�a�akan bazmandamneri hajorda{

kanu�yun� Tn -i vra havasara�a� zugamitum � f -in: In�pes

het um � maqsimumi skzbunqic, Puasoni integralneri P [Tm]

hamapatasxan hajordakanu�yun� havasara�a� zugami-

tum � ambo�j U
n
-i vra,  qani or ayd sahman� havasar � P [f ] ,

apa u = P [f ] funkcian an�ndhat � U
n
-um:



G L U X III

SFERIK HARMONIKNER

§ 15. Sferik harmoniki sahmanum�

Furyei �arqeri tesu�yunic haytni �, or n = 2 depqum yu{

raqan�yur f ∈ L2(S) funkcia nerkayacvum �

f(eiθ) =
∞∑

m=−∞
ameimθ

tesqov, orte� �arq� zugamitum � L2(S)-um: Parzvum �, or

n > 2 depqum  s goyu�yun uni aydpisi verlu�u�yun, �nd orum

eimθ funkcianeri der� katarum en ayspes ko�va� sferik har{

monikner�: Ancnenq sahmanumnerin u n�anakumnerin:

Sahmanum 3.1: m-rd asti�ani hamase� harmonik bazman{

dami hetq� S -i vra ko�vum � m-rd asti�ani sferik harmonik:

Nermu�enq het yal n�anakumner�`

• Hm(Rn)-ov n�anakvum � bolor m-rd asti�ani hamase�

harmonik bazmandamneri tara�u�yun�,

• Hm(S)-ov n�anakvum � bolor m-rd asti�ani sferik har{

monikneri tara�u�yun�:

Nkatenq, or Hm(Rn)-�, in�pes na Hm(S)-�, g�ayin tara�u{

�yunner en kompleqs �veri da�ti vra:

�rinak 3.1: p(x, y, z) = 8x5−40x3y2+15xy4−40x3z2+30xy2z2+

+ 15xz4 bazmandam� H5(R3)-i tarr �: Ayste� (x1, x2, x3 )-i �o{

xaren R3 -i ket� n�anakva� � (x, y, z )-ov:
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�rinak 3.2: q(x, y, z) = 15x− 70x3 + 63x5 bazmandam� o� ha{

mase� �, o� harmonik, bayc sferik harmonik �: Dranum hamozvelu

hamar nkatenq, or S -i vra

q(x, y, z) = 15x(x2 + y2 + z2)2 − 70x3(x2 + y2 + z2) + 63x5 :

�akag�er� bacelov, tesnum enq, or aj mas� ham�nknum � �ri{

nak 3.1-i p(x, y, z) bazmandami het, uremn, ayn patkanum �

H5(S)-in:

Sferik harmonikner� usumnasirelis kar or der unen g�a{

yin �r�ogonal � a�oxu�yunner�: Hi�ecnenq, or aydpisi � a�o{

xu�yunner� Rn -um n�anakel enq O(n)-ov:

Xndir 3.1: Apacucel, or  Hm(Rn)-�,  Hm(S)-� O(n)-in{

variant en:

Xndir 3.2: Cuyc tal, or kamayakan p ∈ Hm(R2) uni het yal

tesq�`

p(z) = azm + bz̄m,

orte� a-n u b-n in�-or kompleqs hastatunner en:

(Cucum` skzbic ditarkel irakanar�eq p-i depq�):

Xndir 3.2-ic het um �`

Pndum 3.1: Hm(R2)-� {zm, z̄m} bazmu�yan g�ayin �a�an�n

�: Owremn` n = 2 depqum Hm(S)-� {eimθ, e−imθ} bazmu�yan

g�ayin �a�an�n �:

Ays tesaketic, miavor �rjanag�i vra funkciayi verlu�um�

Furyei �arqi, nuynn �, in� verlu�um� �st sferik harmonikneri:
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§ 16. Verlu�u�yun �st harmonikneri

Dicuq H -� hilbertyan kompleqs tara�u�yun �:

Sahmanum 3.2: Kasenq` H tara�u�yun� Hm en�atara{

�u�yunneri u�i� gumar �  kgrenq H =
⊕∞

m=0Hm , e�e

(a) yuraqan�yur m-i hamar Hm -� H -i �ak en�atara�u{

�yun �,

(b) erb m ̸= k , Hm -� �r�ogonal � Hk -in,

(g) yuraqan�yur x ∈ H tarri hamar goyu�yun unen aynpisi

xm ∈ Hm , or

x = x1 + x2 + · · · , (3.1)

orte� �arg� zugamitum � H -i normov:

Xndir 3.3: Apacucel, or e�e (a)  (b) paymanner� bava{

rarva� en, apa (g)-n kbavararvi ayn  miayn ayn depqum, erb∪∞
m=0Hm bazmu�yan g�ayin �a�an�� amenureq xit � H -um:

Xndir 3.4: Cuyc tal, or (3.1) verlu�u�yun� miakn �:

Ays paragrafum menq kapacucenq, or

L2(S) =

∞⊕
m=0

Hm(S), (3.2)

orte� L2(S)-� S -i vra qa�akusov integreli funkcianeri so{

vorakan hilbertyan tara�u�yunn �, ��tva�

⟨f, g⟩ =
∫
S
fḡ dσ

skalyar artadryalov:
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Xndir 3.5: n = 2 depqi hamar apacucel (3.2)-�:

(3.2)-� apacucelu hamar her�ov stugenq sahmanum 3.2-i

(a){(g) paymanner�, en�adrelov, or H = L2(S) , Hm = Hm(S)  

n-� kamayakan �:

Qani or Hm(S) en�atara�u�yunner� verjavor �a�ani en,

(a) payman� bavararvum �:

Lemma 3.1: Kamayakan m-i hamar Hm(S)-er� L2(S)-i

�ak en�atara�u�yunner en:

Ancnenq (b) paymanin:

Lemma 3.2: E�e m ̸= k , apa Hm(S)-� �r�ogonal � Hk(S)-in

L2(S) tara�u�yan mej:

Apacuyc: Dicuq p ∈ Hm(Rn) , q ∈ Hk(Rn) : Grini (1.2) ba{

na� i hama�ayn`∫
S

(
pDnq − q Dnp

)
dσ =

∫
B

(
p∆q − q∆p

)
dV = 0 : (3.3)

Qani or ζ ∈ S , apa

Dnp(ζ) =
d

dr
p(rζ)

∣∣
r=1

=
d

dr

(
rmp(ζ)

)∣∣
r=1

= mp(ζ) :

Nmanapes` S -i vra Dnq = kq ,  (3.3)-ic stanum enq`

(k −m)

∫
S
pq dσ = 0 :

Ha�vi a�nelov, or Hk(Rn)-� yuraqan�yur funkciayi het pa{

runakum � na ir kompleqs hamalu��, verjin havasaru�yunic

stanum enq

⟨p, q⟩ =
∫
S
pq̄ dσ = 0 :
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Ver� bera� (g) payman� stugeln aveli bard xndir �: Mer

motaka npatakn �` apacucel, or Rn -um oro�va� kamayakan

bazmandami hetq� S -i vra` sferik harmonikneri gumar �: Mez

petq en het yal n�anakumner�`

• bolor m-rd asti�ani hamase� bazmandamneri tara�u{

�yun� n�anakenq Pm(Rn)-ov,

• ⟨ , ⟩m -� n�anakum � Pm(Rn)-um oro�va� skalyar arta{

dryal, or� p(x) =
∑

|α|=m aαx
α  q(x) =

∑
|α|=m bαx

α baz{

mandamneri hamar sahmanvum �

⟨p, q⟩m = p(D)(q̄),

bana� ov, orte� p(D)-n
∑

|α|=m aαD
α diferencial �pe{

ratorn �:

• [t]-ov, in�pes mi�t, n�anakvum � t �vi ambo�j mas�:

Xndir 3.6: Apacucel, or

⟨p, q⟩m =
∑

|α|=m

α! aαb̄α (3.4)

 �gtvelov skalyar artadryali ayd tesqic, stugel, or ayn ba{

vararum � skalyar artadryalic pahanjvo� bolor paymannerin:

�eorem 3.1: Yuraqan�yur p ∈ Pm(Rn) bazmandam miak

� ov nerkayacvum �

p(x) = pm(x) + |x|2pm−2(x) + · · ·+ |x|2kpm−2k(x), (3.5)

orte� k = [m2 ] , isk pm−2j ∈ Hm−2j(Rn) , j = 0, 1, . . . , k :
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Apacuyc: (3.5) verlu�u�yan miaku�yun� het um � ayn

�astic, or S -i vra ham�nkno� harmonik bazmandamner� ham{

�nknum en amenureq: Verlu�u�yun� �i�t �, erb m = 0 kam m =

= 1 , orovhet ayd depqerum Pm(Rn) = Hm(Rn) : Cuyc tanq, or

e�e m > 2 , apa

Pm(Rn) = Hm(Rn)
⊕

|x|2Pm−2(Rn) (3.6)

⟨ , ⟩m skalyar artadryali nkatmamb: Ayste� |x|2Pm−2(Rn) =

=
{
|x|2q(x) : q(x) ∈ Pm−2(Rn)

}
:

Dicuq p ∈ Pm(Rn) bazmandam� �r�ogonal � |x|2Pm−2(Rn)-in,

aysinqn` bolor q-eri hamar |x|2Pm−2(Rn)-ic unenq`

0 = ⟨|x2|q, p⟩m = q(D)(∆p) = q(D)(∆p) :

Qani or ∆p ∈ |x|2Pm−2(Rn) , apa aj mas� havasar �

⟨q,∆p⟩m−2 , in�ic het um �, or ∆p-n �r�ogonal � yuraqan�yur

q ∈ Pm−2(Rn) tarrin: Owremn ∆p ≡ 0 , aysinq` p ∈ Hm(Rn) , in��

 pahanjvum �r: Katarelov naxord dato�u�yunner� haka�ak

u��u�yamb, kstananq, or yuraqan�yur p ∈ Hm(Rn) bazmandam

�r�ogonal � |x|2Pm−2(Rn)-in:

Apacuycn avartelu hamar dimenq ma�ematikakan induk{

ciayi me�odin: Vercnenq m > 2  en�adrenq, �e �eorem 3.1-�

��marit � bolor bazmandamneri hamar Pj(Rn)-ic, erb j < m :

Dicuq p ∈ Pm(Rn) : �st (3.6)-i, p(x) = pm(x) + |x|2qm−2(x) ,

orte� pm ∈ Hm(Rn) , isk qm−2 ∈ Pm−2(Rn) : Kira�elov induktiv

en�atara�u�yun� (qm−2 )-i nkatmamb  ayspes �arunakelov,

kstananq (3.5)-�:

Het anq 3.1: Dicuq p-n m asti�ani bazmandam � Rn -um:

Ayd depqum nra hetq� S -i vra` m-ic o� aveli asti�ani

sferik harmonikneri gumar �:
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Apacuyc: Yuraqan�yur bazmandam hamase� bazmandamne{

ri gumar �, isk �eorem 3.1-i hama�ayn, hamase� bazmandami

hetq� S -i vra sferik harmonikneri gumar �, oronc asti�an{

ner� �en gerazancum m-�:

Ay�m menq arden i vi�aki enq apacucelu ays paragrafi

himnakan pndum�:

�eorem 3.2: L2(S) =
⊕∞

m=0Hm(S) :

Apacuyc: Mez mnacel � apacucel ver� n�va� (g) payman�,

isk dra hamar bavakan � cuyc tal, or
∪∞

m=0Hm(S) bazmu�yan

g�ayin �a�an�� amenureq xit � L2(S)-um (tes xndir 3.3-�):

�st S�oun-Vayer�trasi �eoremi, supremum normov bazmandam{

nern amenureq xit en C(S)-um: Ha�vi a�nelov het anq 3.1-�,

ezrakacnum enq, or sferik harmonikner�  s amenureq xit en

C(S)-um: Qani or C(S)-n �l xit � L2(S)-um  L2 -norm� �i

gerazancum L∞ -norm�, stacvum �, or sferik harmonikneri ver{

javor gumarner� xit en L2(S)-um: Ayl kerp asa�`
∪∞

m=0Hm(S)

bazmu�yan g�ayin �a�an�� amenureq xit � L2(S)-um, in��  

pahanjvum �r:

§ 17. Zonal harmonikner

Ditarkenq Hm(S)-� orpes L2(S)-i en�atara�u�yun, orum

skalyar artadryal� n�anakelu enq ⟨ , ⟩ simvolov:
Fiqsenq η ∈ S ket�  ditarkenq Λ: Hm(S) 7→ C artapat{

kerum�, or� oro�vum �

Λ(p) = p(η)

havasaru�yamb: Ayn g�ayin funkcional �: Hama�ayn Hm(S)

hilbertyan tara�u�yan inqnahamalu�u�yan, goyu�yun uni
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miak aynpisi Zη ∈ Hm(S) , or

p(η) = ⟨p, Zη⟩ =
∫
S

pZη dσ

bolor p ∈ Hm(S) bazmandamneri hamar: Zη sferik harmonik�

ko�vum �` η b e�ov, m asti�ani zonal harmonik: Ays termin�

a�ajacel � Zη -i erkra�a�akan hatku�yunneric, in�� mez parz

kda�na qi� anc: Ha�ax harmar � linum �gtvel Zη(ζ) = Z(ζ, η)

n�anakumic: E�e petq lini �e�tel asti�an�, kgrenq Zm(ζ, η) :

Gtnenq Zm -� n = 2 depqum: Aknhaytoren Z0 ≡ 1 : Pndum

3.1-ic menq gitenq, or m > 0 depqum erku �a�ani Hm(S) ta{

ra�u�yun� {eimθ, e−imθ} bazmu�yan g�ayin �a�an�n �: Owremn,

fiqsa� eiφ ∈ S depqum, goyu�yun unen aynpisi α, β ∈ C has{

tatunner, or Zm(eiθ, eiφ) = αeimθ + βe−imθ : Zonal harmoniki

verartadro� hatku�yunic het um �, or kamayakan γ, δ ∈ C
�veri hamar`

γeimφ+δe−imφ =

2π∫
0

(
γeimθ+δe−imθ

)(
ᾱe−imθ+β̄eimθ

)dθ
2π

= γᾱ+δβ̄ :

Ayste�ic` α = e−imφ, β = eimφ ,  uremn`

Zm

(
eiθ, eiφ

)
= eim(θ−φ) + eim(φ−θ) = 2 cosm(θ − φ) : (3.7)

Verada�nalov �ndhanur m > 2 depqin, en�adrenq �e p ∈
∈ Hm(S) bazmandam� irakanar�eq �: Ayd depqum`

0 = Im p(η) = Im

∫
S

pZη dσ = −
∫
S

p (ImZη) dσ :

Vercnelov ayste� p = ImZη , kstananq`∫
S

(ImZη)
2 dσ = 0,
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orte�ic het um �, or ImZη ≡ 0 : Owremn` yuraqan�yur Zη ira{

kanar�eq �:

Ditarkenq Hm(S) tara�u�yan or � p1, . . . , phm �r�onormal

bazis, orte� hm -� Hm(S)-i �a�o�akanu�yunn �` hm =

= dimHm(S) : Hilbertyan tara�u�yunneri tesu�yan hama�ayn`

Zη(ζ) =

hm∑
j=1

⟨Zη, pj⟩pj(ζ) =
hm∑
j=1

pj(η)pj(ζ) (3.8)

bolor η, ζ ∈ S keteri hamar: Qani or Zη -n irakanar�eq �,

(3.8)-� �i �oxvi, e�e ancnenq kompleqs hamalu�neri, in�ic ez{

rakacnum enq, or bolor η, ζ ∈ S keteri hamar`

Zη(ζ) = Zζ(η) :

Pars ali havasaru�yunic  (3.8)-ic het um �, or bolor η ∈ S

keteri hamar`

Zη(η) =

hm∑
j=1

|pj(η)|2 = ∥Zη∥22, (3.9)

orte� ∥ ∥2 simvol� n�anakum � L2(S, σ) tara�u�yan norm�:

Hm(S) tara�u�yan O(n)-invariantu�yunic (ptuytneri

nkatmamb invariantu�yunic) (tes xndir 3.1-�) het um �, or

(3.9)-n irakanum kaxva� �� η-ic: Iroq, kamayakan T ∈ O(n)

g�ayin � a�oxu�yan  kamayakan p ∈ Hm(S) keti hamar

unenq`∫
S

pZT (η) dσ = p
(
T (η)

)
=

∫
S

(p ◦ T )Zη dσ =

∫
S

p (Zη ◦ T−1) dσ :

Ayste� verjin havasaru�yun� ��marit � �norhiv σ-i inva{

riantu�yan� ptuytneri nkatmamb: ZT (η) sferik harmoniki

miaku�yunic het um �, or`

ZT (η) = Zη ◦ T−1 : (3.10)
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(3.10) havasaru�yun� grelov T (η) ketum` kstananq

ZT (η)

(
T (η)

)
= Zη(η) :

Ayl kerp asa�, η 7→ Zη(η) funkcian hastatun � S -i vra,

in�pes  spasvum �r: Ayd hastatun� ha�velu hamar integrenq

(3.9)-i mijin andam�: Kstananq`

Zη(η) =

∫
S

( hm∑
j=1

|pj(η)|2
)
dσ = hm (3.11)

bolor η-neri (η ∈ S ) hamar:

�gtvelov 
varci anhavasaru�yunic  (3.11)-ic` kunenanq

|Zη(ζ)| = |⟨Zη, Zζ⟩| 6 ∥Zη∥2 ∥Zζ∥2 = hm = Zη(η) : (3.12)

Da n�anakum �, or Zη(ζ)-n ir me�aguyn ar�eq� �ndunum � ζ = η

ketum:

Ay�m andrada�nanq zonal harmonikneri mi erkra�a�akan

hatku�yan:

Sahmanum 3.3: Trva� η ∈ S vektorin �r�ogonal hiperhar{

�u�yan  S -i hatum� ko�vum � η-in �r�ogonal zugahe�akan:

Ayd haskacu�yun� galis � a�xaragru�yunic: Cuyc tanq, or

Zη zonal harmonik� hastatun � η -in �r�ogonal yuraqan�yur

zugahe�akani vra: Nkatenq, or S -i vra oro�va� f funkcian

hastatun � η-in �r�ogonal yuraqan�yur zugahe�akani vra

ayn  miayn ayn depqum, erb f ◦ T = f , T (η) = η payma{

nin bavararo� amen mi T -i (T ∈ O(n)) hamar: Pahanjveliq

Zη ◦ T = Zη a�n�u�yun� he�tu�yamb het um � (3.10)-ic:

Zonal harmonikneri terminnerov L2(S) =
⊕∞

m=0Hm(S) ver{

lu�u�yan� kareli � tal hetaqrqir meknabanu�yun`
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�eorem 3.3: E�e f ∈ L2(S) , apa`

f(η) =

∞∑
m=0

⟨
f, Zm(·, η)

⟩
,

orte� �arqi zugamitu�yun� ditvum � L2(S)-um:

Apacuyc: �st �eorem 3.2-i f =
∞∑

m=0
pm , orte� pm ∈ Hm(S) ,

isk �arqi zugamitu�yun� ditvum � L2(S)-um: Apacuycn avar{

telu hamar bavakan � nkatel, or

pm(η) =
⟨
pm, Zm(·, η)

⟩
=
⟨ ∞∑

k=0

pk, Zm(·, η)
⟩
=
⟨
f, Zm(·, η)

⟩
:

Erkrord havasaru�yun� grelis ha�vi enq a�el, or tarber as{

ti�anneri sferik harmoniknern irar �r�ogonal en:

Ay�m ha�venq bazmics handipa� hm = dimHm(S) �iv�:

Pndum 3.2: Dicuq dm -� Pm(Rn) tara�u�yan �a�o�aka{

nu�yunn �` dm = dimPm(Rn) : Ayd depqum`

dm = hm + dm−2, m > 2 : (3.13)

Apacuyc: E�e p ∈ Hm(Rn)  p ≡ 0 S -i vra, apa p ≡ 0

ambo�j Rn -um: Het abar, p 7→ p|S artapatkerum� izomor{

fizm � Hm(Rn)  Hm(S) g�ayin tara�u�yunneri mij : Owremn`

ayd tara�u�yunneri �a�o�akanu�yunner� nuynn en: Qani or

tara�u�yunneri u�i� gumarman depqum nranc �a�o�akanu{

�yunner� gumarvum en, apa (3.6)-ic het um � (3.13)-�:

Ayspisov, hm -� gtnelu hamar petq � ha�vel dm -�: Cuyc

tanq, or`

dm =

(
n+m− 1

n− 1

)
: (3.14)
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Qani or {xα : |α| = m} monomner� (miandamner�) Pm(Rn) tara{

�u�yunum kazmum en bazis, apa dm -� havasar � ayn α =

= (α1, . . . , αn) multiindeqsneri qanakin, oronc hamar bava{

rarvum � |α| = m payman�: N�anakelov βj = αj + 1 , stanum

enq, or dm -� havasar � ayn β = (β1, . . . , βn) multiindeqsneri

qanakin, oronc hamar bavararvum en |β| = n + m , βj > 0 ,

(j = 1, . . . , n) paymanner�:

Hanelov (0, n + m) mijakayqic n − 1 ambo�j �iv, trohenq

ayn irar het �hatvo� n hat bac mijakayqeri: Dicuq β1, . . . , βn
kargavorva� �ver� dranc erkaru�yunnern en, aysinqn`∑n

j=1 βj = n + m : Ayspisov` yuraqan�yur n − 1 ambo�j �veri

�ntru�yun� (0, n+m)-ic a�ajacnum � β multiindeqs, ori ha{

mar |β| = n + m ,  amen mi aydpisi multiindeqs a�ajanum �

n�va� � ov: Parz �, or ayd �ntru�yunneri qanak� havasar �(
n+m−1
n−1

)
: Ayspisov, menq stacanq (3.14)-�:

Erb m > 2 , (3.13)-ic  (3.14)-ic stanum enq`

hm =

(
n+m− 1

n− 1

)
−
(
n+m− 3

n− 1

)
: (3.15)

Xndir 3.7: � a�oxelov (3.15)-�` m > 0 depqum stanal

hm =

(
n+m− 2

n− 2

)
+

(
n+m− 3

n− 2

)
bana� �:

(Cucum. �gtvel
(
p+1
q

)
=
(
p
q

)
+
(

p
q−1

)
bana� ic, or� het um �

Paskali e�ankyunuc):

Xndir 3.8: Apacucel, or h0 < h1 < h2 < · · · , erb n > 2 :

Xndir 3.9: Cuyc tal, or fiqsa� n-i depqum`

lim
m→∞

hm
mn−2

=
2

(n− 2)!
: (3.16)
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§ 18. Puasoni korizi hamase� verlu�u�yun�

Hm(S)-i yuraqan�yur p tarr Hm(Rn)-um uni miak �aru{

naku�yun�, or� menq kn�anakenq nuyn p ta�ov: Masnavorapes,

Zm(·, ζ)-n kn�anaki na ayd zonal harmoniki �arunaku�yun�

orpes Hm(Rn)-i tarr:

Dicuq x ∈ Rn : E�e p ∈ Hm(Rn)  x ̸= 0 , apa

p(x) = |x|mp(x/|x|) =

= |x|m
∫
S

p(ζ)Zm

(
x/|x|, ζ

)
dσ(ζ) =

=

∫
S

p(ζ)Zm(x, ζ) dσ(ζ) : (3.17)

Xndir 3.10: Stugel, or (3.17)-� ��marit � na x = 0 depqum:

Nkatenq na , or Zm(x, ·)-� m asti�ani sferik harmonik �

yuraqan�yur fiqsa� x ∈ Rn keti hamar:

Stor berva� �eoremum bazmandami Puasoni integral�

artahaytvum � zonal harmonikneri terminnerov:

�eorem 3.4: Dicuq f -� m asti�ani bazmandam � Rn -um:

Ayd depqum nra P [f ] Puasoni integral� m-ic o� aveli as{

ti�ani bazmandam �: Avelin`

P [f ](x) =

m∑
k=0

∫
S

Zk(x, ζ)f(ζ) dσ(ζ) (3.18)

bolor x ∈ B keteri hamar:

Apacuyc: Hama�ayn het anq 3.1-i, S -i vra

f = p0 + p1 + · · ·+ pm, (3.19)
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orte� pk -n k asti�ani sferik harmonik �: B -um Dirixlei

xndri lu�man miaku�yan �norhiv

P [f ](x) = p0(x) + p1(x) + · · ·+ pm(x),

erb x ∈ B ): Ayste� pk -n arden n�anakum � hamase� harmonik

bazmandam Rn -um: Ha�vi a�nelov, or tarber asti�anneri sfe{

rik harmoniknern irar �r�ogonal en, (3.17)-ic stanum enq

pk(x) =

∫
S

Zk(x, ζ)f(ζ) dσ(ζ)

bolor x ∈ B keteri hamar: Verjin erku havasaru�yunneric

het um � (3.18)-�:

(3.19) verlu�u�yunic het um �, or m asti�ani bazmanda{

mi hetq� S -i vra` �r�ogonal � aveli bar�r asti�ani sferik

harmoniknerin: Owremn` kareli � (3.18)-i mej verjavor gumar�

�oxarinel anverj �arqov: Da hu�um �, or Puasoni koriz� ver{

lu�vum � �arqi �st sferik harmonikneri:

�eorem 3.5: Yuraqan�yur n > 2 depqum

P (x, ζ) =

∞∑
m=0

Zm(x, ζ) (3.20)

bolor x ∈ B , ζ ∈ S keteri hamar: �nd orum B -i yuraqan�{

yur K kompakt en�abazmu�yan hamar �arq� zugamitum

� bacar�ak  havasara�a� K × S bazmu�yan vra:

Apacuyc: Fiqsa� n-i depqum (3.16)-ic het um �, or goyu{

�yun uni aynpisi C hastatun, or hm 6 Cmn−2 : Ayste�ic  

(3.12)-ic het um �, or

|Zm(x, ζ)| 6 |x|mhm 6 Cmn−2|x|m
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bolor x ∈ B , ζ ∈ S keteri hamar: Ayspisov` (3.20)-i aj masn

uni zugamitu�yan hamar pahanjvo� bolor paymanner�:

N�anakenq (3.20)-i aj mas� F (x, ζ)-ov: Fiqsa� x-i (x ∈ B )

depqum bazmapatkenq ayn p kamayakan sferik harmonikov  

integrenq S -ov: �gtvelov (3.17)-ic` kstananq∫
S

F (x, ζ)p(ζ) dσ(ζ) = p(x) :

Qani or sferik harmonikneri verjavor gumarner� xit en

L2(S)-um` ays havasaru�yun� mnum � �i�t bolor p ∈ L2(S)

funkcianeri hamar: Owremn` F -� ham�nknum � Puasoni korizi

het, aysinqn` (3.20) havasaru�yun� �i�t �:

(3.20) bana� � n = 2 depqum mez qaj �ano� �: Iroq, in�pes

gitenq (1.12)-ic, Puasoni koriz� B2 -i hamar uni het yal tes{

q�`

P (reiθ, eiφ) =

∞∑
−∞

r|k|eik(φ−θ) = 1 +

∞∑
k=1

rk2 cos k(φ− θ),

orte� r ∈ [0, 1) , θ, φ ∈ [0, 2π] : Ha�vi a�nelov (3.7)-�, ezrakacnum

enq, or ayd verlu�u�yun� (3.20)-i masnavor depqn �, erb n = 2 :

�eorem 3.5-� �uyl � talis kamayakan harmonik funkciayi

hamar stanal hamase� verlu�u�yun, or� zugamitum � harmo{

niku�yan ambo�j gndum: Ayd pndum� u�e�acnum � �eorem 2.5-um

stacva� ardyunq� (tes na n�va� �eoremic heto katarva�

qnnarkum�):

Het anq 3.2: Dicuq u-n harmonik funkcia � B(a, r)-um:

Ayd depqum goyu�yun unen pm ∈ Hm(Rn) aynpisiq, or`

u(x) =

∞∑
m=0

pm(x− a)
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bolor x ∈ B(a, r) keteri hamar, �nd orum �arq� zugami{

tum � bacar�ak, isk B(a, r)-i kompakt en�abazmu�yun{

neri vra` na havasara�a�:

Apacuyc: Nax en�adrenq, �e u-n harmonik � B -um: �st

�eorem 2.5-i` kamayakan x ∈ B keti hamar

u(x) =

∫
S

P (x, ζ)u(ζ) dσ(ζ) =

∞∑
m=0

∫
S

Zm(x, ζ)u(ζ) dσ(ζ) :

Dicuq

pm(x) =

∫
S

Zm(x, ζ)u(ζ) dσ(ζ) :

Nkatenq, or pm ∈ Hm(Rn) : �eorem 2.5-i �rinakov`

|pm(x)| 6 hm|x|m
∫
S

|u| dσ 6 Cmn−2|x|m
∫
S

|u| dσ,

erb x ∈ B : Ayste�ic het um �, or
∑

pm �arq� zugamitum �

bazar�ak, isk B(a, r)-i kompakt en�abazmu�yunneri vra` na 

havasara�a�:

Naxord dato�u�yunner� cuyc en talis, or te�a�ar�ic  

�gumic heto, B(a, r)-um harmonik funkcian uni pahanjvo�

tesqi verlu�u�yun amen mi B(a, s)-um (0 < s < r ): Hamase�

verlu�u�yan miaku�yan hama�ayn, bolor ayd verlu�u�yunner�

ham�nknum en irar het, aynpes or ambo�j B(a, r)-um u-n uni

pahanjvo� verlu�u�yun�:

§ 19. Zonal harmonikneri bacahayt bana� er�

Puasoni korizi (3.20) verlu�u�yun� �uyl � talis zonal har{

monikneri hamar bacahayt bana� er gtnel:
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�eorem 3.6: Yuraqan�yur m > 0 hamar

Zm(x, ζ) =

= (n+2m−2)

[m/2]∑
k=0

(−1)k
n(n+ 2) · · · (n+ 2m− 2k − 4)

2kk!(m− 2k)!
(x·ζ)m−2k|x|2k,

erb x ∈ Rn , ζ ∈ S :

Apacuyc: (1−z)−n/2 funkcian holomorf � kompleqs har�u{

�yan miavor �rjanum  verlu�vum �

(1− z)−n/2 =
∞∑
k=0

ckz
k (3.21)

asti�anayin �arqi, erb |z| < 1 : Parz ha�vumner� cuyc en

talis, or

ck =

(
n
2

) (
n
2 + 1

)
· · ·
(
n
2 + k − 1

)
k!

: (3.22)

Fiqsenq ζ ∈ S : Nyutoni erkandami bana� ic  (3.21)-ic het um

�, or �oqr |x|-eri hamar`

P (x, ζ) = (1− |x|2)(1 + |x|2 − 2x · ζ)−n/2 =

= (1− |x|2)
∞∑
k=0

ck
(
2x · ζ − |x|2

)k
=

= (1− |x|2)
∞∑
k=0

ck

k∑
j=0

(−1)j
(
k
j

)
2k−j(x · ζ)k−j |x|2j :

�st �eorem 3.5-i` Zm(·, ζ)-n havasar � P (·, ζ)-i asti�anayin

�arqi verlu�u�yan m asti�ani andamneri gumarin: Owremn`

ver um berva� bana� ic het um �, or

Zm(x, ζ) = qm(x)− |x|2qm−2(x), (3.23)
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orte� (qm )-�  (qm−2 )-� ayd bana� i hamapatasxanabar m

 m−2 asti�ani andamneri gumarnern en: D�var �� tesnel, or

qm(x) =
∑

m/26k6m

ck(−1)m−k
(

k
m−k

)
22k−m(x · ζ)2k−m|x|2k−m :

Ays bana� um k n�i�� �oxarinelov (m− k )-ov` kstananq

qm(x) =

[m/2]∑
k=0

cm−k(−1)k
(
m−k
k

)
2m−2k(x · ζ)m−2k|x|2k :

�gtvelov (3.22)-ic` verjin havasaru�yunic stanum enq

qm(x) =

[m/2]∑
k=0

(−1)k
n(n+ 2) · · · (n+ 2m− 2k − 2)

2kk!(m− 2k)!
(x · ζ)m−2k|x|2k :

�oxarinelov m-� (m − 2)-ov` kstananq hamapatasxan ba{

na� � (qm−2 )-i hamar: �oxarinelov stacva� bana� i mej k-n

(k − 1)-ov  xmbavorelov hamapatasxan andamner� (3.23)-i

mej` kavartenq apacuyc�:



G L U X IV

HARMONIK FUNKCIANERI TARA
U�YUNNER

§ 20. �a�i Puasoni integral�

Glux I-um sahmanel enq an�ndhat f funkciayi P [f ] Pua{

soni integral� het yal kerp`

P [f ](x) =

∫
S

P (x, ζ)f(ζ) dσ(ζ) :

Mer npatakn � �ndhanracnel ayd sahmanum�: Dicuq µ-n borel{

yan kompleqs �a� � S -i vra: B -um oro�va�

P [µ](x) =

∫
S

P (x, ζ) dµ(ζ) (4.1)

funkcian kanvanenq µ �a�i Puasoni integral: A�ancelov

(4.1)-� integrali n�ani tak, hamozvum enq, or P [µ]-n harmonik

� B -um:

Menq �gtvelu enq het yal n�anakumneric`

• M(S)-� borelyan kompleqs �a�eri bazmu�yunn � S -i vra,

• µ-i norm� M(S)-um` ∥µ∥-n, hamarvum � µ-i �ndhanur va{

riacian S -i vra,

• Lp(S) (1 6 p < ∞) banaxyan tara�u�yun� ba�kaca�

� S -i vra oro�va� bolor borelyan f funkcianeric , oronc

hamar`

∥f∥p =
(∫

S

|f |p dσ
)1/p

< ∞,
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• L∞(S)-� ba�kaca� � S -i vra oro�va� bolor borelyan f

funkcianeric, oronc hamar ∥f∥∞ < ∞ , orte� ∥f∥∞ -�

n�anakum � �akan supremum-norm� σ-i nkatmamb,

• q ∈ [1,∞] �iv� ko�vum � p-in hamalu�, e�e 1/p + 1/q = 1 :

E�e q ∈ (1,∞] , apa Lq(S)-� Lp(S)-i hamalu� tara�u{

�yunn �` Lq(S) = Lp(S)∗ : Ayste� nuynacnum enq g ∈ Lq(S)

funkcian Lp(S)-i vra oro�va� Λg funkcionali het`

Λg(f) =

∫
S

fg dσ,

• B -um trva� u funkciayi hamar ur -ov (0 6 r < 1) kn�a{

nakvi S -i vra oro�va� ur(ζ) = u(rζ) funkcian:

Qani or σ �a�� verjavor �, apa Lp(S) ⊂ L1(S) bolor

p ∈ [1,∞] depqerum: Hi�ecnenq na , or C(S)-� xit � Lp(S)-um,

erb 1 6 p < ∞ :

Bnakan � yuraqan�yur f ∈ L1(S) funkcia nuynacnel

µf ∈ M(S) �a�i het, or� borelyan E ⊂ S bazmu�yan vra oro�{

va� � het yal � ov`

µf (E) =

∫
E

f dσ : (4.2)

(4.2)-� hakir� grum en na dµf = f dσ tesqov: f 7→ µf arta{

patkerum� g�ayin izometria � L1(S)-ic M(S)-i mej: Ha�ax

P [µf ] n�anakman �oxaren parzapes grelu enq P [f ] :

In�pes gitenq, f ∈ C(S) funkciayi depqum P [f ]-� an�nd{

hatoren �arunakvum � B -i vra: Harc � a�ajanum, isk i?n�

kareli � asel ver� sahmanva�` Puasoni aveli �ndhanur inte{

gralneri masin: Hajord erku �eoremner� (masamb) talis en ayd

harci patasxan�:
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�eorem 4.1: Puasoni integrali a�� ver ic sahmana{

�akva� � het yal paymannerov

(a) e�e µ ∈ M(S)  u = P [µ] , apa bolor r ∈ [0, 1) �veri

hamar ∥ur∥1 6 ∥µ∥ ,

(b) dicuq 1 6 p 6 ∞ : E�e f ∈ Lp(S)  u = P [f ] , apa

∥ur∥p 6 ∥f∥p bolor r ∈ [0, 1) �veri hamar:

Apacuyc: He�t � stugel, or`

P (rη, ζ) = P (rζ, η) (4.3)

bolor r-eri (0 6 r < 1)  ζ, η ∈ S keteri hamar:

(a)-n apacucelu hamar en�adrenq, �e µ ∈ M(S)  u = P [µ] :

Kamayakan η -i (η ∈ S )  r-i (r ∈ [0, 1)) hamar unenq

|u(rη)| 6
∫
S

P (rη, ζ) d|µ|(ζ),

orte� |µ|-n µ-i variacian �: �gtvelov Fubinii �eoremic  

(4.3)-ic` kstananq

∥ur∥1 =
∫
S

|u(rη)| dσ(η) 6

6
∫
S

(∫
S

P (rη, ζ) d|µ|(ζ)|
)
dσ(η) =

=

∫
S

(∫
S

P (rζ, η) dσ(η)

)
d|µ|(ζ) = ∥µ∥ :

(b)-n apacucelu hamar nax ditarkenq 1 6 p < ∞ depq�:

Dicuq f ∈ Lp(S)  u = P [f ] : Ayd depqum

|u(rη)| 6
∫
S

P (rη, ζ)|f(ζ)| dσ(ζ) :
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Yenseni anhavasaru�yan hama�ayn`

|u(rη)|p 6
∫
S

P (rη, ζ)|f(ζ)|p dσ(ζ) :

Integrelov ays artahaytu�yun�  krknelov (a)-um berva� da{

to�u�yunner�` kstananq pahanjvo� ∥ur∥p 6 ∥f∥p anhavasa{

ru�yun�:

f ∈ L∞(S) depq� aveli he�t �: Ownenq`

|u(rη)| 6
∫
S

P (rη, ζ)|f(ζ)| dσ(ζ) 6

6 ∥f∥∞
∫
S

P (rη, ζ) dσ(ζ) = ∥f∥∞ :

E�e f ∈ C(S)  u = P [f ] , apa C(S)-um ur → f , erb r → 1 :

Ays �ast�  �eorem 4.1-� �uyl en talis stanal hamapatasxan

ardyunq Lp -um:

�eorem 4.2: Dicuq 1 6 p < ∞ : E�e f ∈ Lp(S)  u = P [f ] ,

apa ∥ur − f∥p → 0 , erb r → 1 :

Apacuyc: Dicuq p ∈ [0,∞) , f ∈ Lp(S)  u = P [f ] : Fiqsenq

ε > 0  �ntrenq aynpisi g ∈ C(S) , or ∥f − g∥p < ε : N�anakelov

v = P [g] , kunenanq`

∥ur − f∥p 6 ∥ur − vr∥p + ∥vr − g∥p + ∥g − f∥p : (4.4)

Qani or ur− vr = P [u− v] , apa �st �eorem 4.1-i` ∥ur− vr∥p < ε :

Ha�vi a�nelov, or ∥vr − g∥p 6 ∥vr − g∥∞ , (4.4)-ic stanum enq`

∥ur − f∥p < ∥vr − g∥∞ + 2ε :

g-i an�ndhatu�yunic het um �, or ∥vr − g∥∞ → 0 , erb r → 1 ,

 verjin anhavasaru�yunic stanum enq`

lim
r→1

∥ur − f∥p 6 2ε :
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Qani or ε-� kamayakan �, ayste�ic het um �, or ∥ur − f∥p → 0 ,

erb r → 1 :

p = ∞ depqi hamar �eorem 4.2-� ��marit ��: Iskapes, e�e

f ∈ L∞  u = P [f ] , apa r-� 1-in �gtelis, ∥ur − f∥∞ → 0 ayn  

miayn ayn depqum, erb f ∈ C(S) :

E�e µ ∈ M(S)  u = P [µ] , apa bnakan harc � a�ajanum.

ardyo?q M(S)-um mi�t � ur -� zugamitum µ-in: Qani or L1(S)-�

M(S)-i �ak en�atara�u�yun �, apa M(S)-um ur → µ miayn

ayn depqum, erb µ-n σ-i nkatmamb bacar�ak an�ndhat �:

Aynuamenayniv, in�pes ktesnenq hajord paragrafum, ayd

erku baca�ik depqerum hamapatasxan sahmanner� goyu�yun

unen, e�e dranq haskananq �uyl* imastov:

§ 21. �uyl* zugamitu�yun

Sahmanum 4.1: Dicuq X -� g�ayin normavorva� tara�u{

�yun �, X∗ -� nra hamalu� tara�u�yunn �: Kasenq, or Λ1,Λ2, . . .

hajordakanu�yun� �uyl* zugamitum � Λ ∈ X∗ tarrin, e�e

lim
k→∞

Λk(x) = Λ(x) yuraqan�yur fiqsa� x-i (x ∈ X ) hamar:

Ayl kerp asa�, Λk → Λ �uyl* n�anakum �, or Λk -n X -i vra

ketoren zugamitum � Λ-in: Mez handipelu � na mek pa{

rametric kaxva� {Λr : r ∈ [0, 1)} ⊂ X∗ �ntaniq: Ays depqum

kasenq, or Λr → Λ �uyl*, e�e Λr(x) → Λ(x) yuraqan�yur fiqsa�

x-i (x ∈ X ) hamar, erb r → 1 :

In�pes haytni � funkcional analizi das�n�acic, e�e Λk → Λ

�uyl*, apa

∥Λ∥ 6 lim
k→∞

∥Λk∥ : (4.5)

Ayste� ∥Λ∥-� sovorakan normn � X∗ -um, or� sahmanvum � ∥Λ∥ =

= sup{|Λ(x)| : x ∈ X, ∥x∥ 6 1} havasaru�yamb: Normov zugami{
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tu�yunic het um � �uyl* zugamitu�yun, bayc haka�ak� �i�t

��:

�rinak 4.1: Ditarkenq qa�akusov gumareli hajordakanu{

�yunneri l2 tara�u�yun�: Qani or l2 -� hilbertyan tara�u{

�yun �, apa (l2)∗ = l2 : Dicuq ek -n l2 -i ayn tarrn �, ori k-rd

te�um 1 �, isk mnaca�ner� 0 en: Ayd depqum ⟨a, ek⟩ = ak yu{

raqan�yur a = (a1, a2, . . .) ∈ l2 tarri hamar, aynpes or ek → 0

(erb k → ∞) l2 -um �uyl*, aynin�` ∥ek∥ = 1 :

Hajord ardyunq� �eorem 4.2-i lracumn � naxord paragra{

fum n�va� baca�ik depqeri hamar:

�eorem 4.3: Puasoni integral� �uyl* zugamitu�yan

veraberyal uni het yal hatku�yunner�.

(a) e�e µ ∈ M(S)  u = P [µ] , apa M(S)-um ur → µ �uyl*,

erb r → 1 ,

(b) e�e f ∈ L∞(S)  u = P [f ] , apa L∞(S)-um ur → f �uyl*,

erb r → 1 :

Apacuyc: In�pes haytni �, C(S)∗ = M(S) : Dicuq µ ∈ M(S) ,

u = P [µ] ,  g ∈ C(S) : (a)-n apacucelu hamar petq � cuyc tal,

or ∫
S

gur dσ →
∫
S

g dµ, erb r → 1 : (4.6)

� a�oxelov (4.6)-i �ax mas�, kstananq`∫
S

gur dσ =

∫
S

g(ζ)

∫
S

P (rζ, η) dµ(η)dσ(ζ) =

=

∫
S

∫
S

P (rη, ζ) dσ(ζ)dµ(η) =
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=

∫
S

P [g](rη) dµ(η),

orte�  s mek angam �gtvel enq (4.3)-ic: Qani or g ∈ C(S) ,

apa P [g](rη) → g(η) havasara�a� S -i vra, erb r → 1 : Verjin

havasaru�yan mej ancnelov sahmani` kstananq (4.6)-�:

Nman e�anakov kapacucenq (b)-n: In�pes haytni � funk{

cional analizi das�n�acic` L1(S)∗ = L∞(S) : Dicuq f ∈ L∞(S)

 u = P [f ] : Yuraqan�yur g ∈ L1(S) funkciayi hamar petq �

apacucel, or ∫
S

gur dσ →
∫
S

gf dσ, erb r → 1 : (4.7)

� a�oxelov (4.7)-i �ax masn aynpes, in�pes da arvel � ver um,

kstananq∫
S

gur dσ =

∫
S

g(ζ)

(∫
S

P (rζ, η)f(η) dσ(η)

)
dσ(ζ) =

=

∫
S

(∫
S

P (rη, ζ)g(ζ) dσ(ζ)

)
f(η) dσ(η) =

=

∫
S

P [g](rη)f(η) dσ(η) :

�st �eorem 4.2-i` L1(S)-um (P [g])r → g , erb r → 1 : Qani or

f ∈ L∞(S) , (P [g])f funkcian L1(S)-um nuynpes �gtum � gf -in:

Verjin havasaru�yan mej ancnelov sahmani` kstananq (4.7)-�:

Ay�m hi�ecnenq funkcional analizi das�n�acic haytni Ar{

cela-Askolii �eorem�:
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�eorem 4.4 (Arcela-Askoli, tes [2]): Dicuq X -� separa{

bel metrikakan tara�u�yun �, F-� X -um ketoren sahma{

na�ak funkcianeri havasaraasti�an an�ndhat funk{

cianeri �ntaniq �: Ayd depqum kamayakan fn ∈ F hajor{

dakanu�yun parunakum � X -i kompakt en�abazmu�yun{

neri vra havasara�a� zugamet en�ahajordakanu�yun:

�gtvelov Arcela-Askolii �eoremic` apacucenq het yal �eo{

rem�:

�eorem 4.5 (Banax-Ala��lu): E�e X -� separabel, g�ayin

normavorva� tara�u�yun �, apa X∗ -um �st normi sah{

mana�ak kamayakan hajordakanu�yun parunakum �

�uyl* zugamet en�ahajordakanu�yun:

Apacuyc: Dicuq Λm -� X∗ -um �st normi sahmana�ak ha{

jordakanu�yun �: Ayd depqum Λm -� X -um oro�va�, ketoren

sahmana�ak  havasaraasti�an an�ndhat funkcianeri �n{

taniq � (tes xndir 4.1-�): �st Arcela-Askolii �eoremi, Λm -�

parunakum � Λmk
en�ahajordakanu�yun, or� havasara�a�

zugamitum � X -i kompakt en�abazmu�yunneri vra: Masna{

vorapes, Λmk
-n ketoren zugamitum � X -i vra, in�� n�anakum

�, or Λmk
-n �uyl* zugamitum � X∗ -i in�-or tarri:

Menq ays �eorem� kkira�enq hajord paragrafum` C(S)  

Lq(S) (1 6 q < ∞) separabel tara�u�yunneri depqi hamar:

Xndir 4.1: Dicuq X -� normavorva� g�ayin tara�u�yun �,

E -n X∗ -um �st normi sahmana�ak funkcionalneri �ntaniq �:

Apacucel, or ayd depqum E -n ketoren sahmana�ak  hava{

saraasti�an an�ndhat funkcionalneri �ntaniq �:
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§ 22. Hardii harmonik tara�u�yunner�

hp(B)-ov (1 6 p 6 ∞) n�anakenq B -um harmonik ayn funk{

cianeri das�, oronc hamar`

∥u∥hp = sup
06r<1

∥ur∥p < ∞ :

Ayspisov` hp(B)-n ba�kaca� � B -um harmonik bolor ayn funk{

cianeric, oronc Lp -normer� 0 kentronov hamakentron sfera{

neri vra havasara�a� sahmana�ak en: Nkatenq, or h∞(B)-n

parzapes B -um sahmana�ak harmonik funkcianeri dasn �,

 or

∥u∥h∞ = sup
x∈B

|u(x)| :

Menq hp(B)-er� kanvanenq <Hardii harmonik tara�u�yunner>:

Sovorabar <Hardii tara�u�yun>2 aselov  Hp(B2) n�anake{

lov` haskanum en hp(B2)-i ayn funkcianeri das�, oronq holo{

morf en B2 -um:

Xndir 4.2: Cuyc tal, or hp(B)-n ∥ ∥hp normov g�ayin norma{

vorva� tara�u�yun �:

Pndum 4.1: Puasoni integral� a�ajacnum � het yal

izometrianer�`

(a) µ 7→ P [µ] artapatkerum� g�ayin izometria � M(S)

tara�u�yunic h1(B)-i mej,

(b) e�e 1 < p 6 ∞ , apa f 7→ P [f ] artapatkerum� g�ayin

izometria � Lp(S)-ic hp(B)-i mej:

2Tata�u�yunnern aydpes en anvanvel i pativ ma�ematikos G. H. Hardii,

orn a�ajinn � usumnasirel dranq:
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Apacuyc: Nax  a�aj, aknhayt �, or ditarkvo� arta{

patkerumner� g�ayin en: Aynuhet , �st �eorem 4.1(a)-i`

∥P [µ]∥h1 6 ∥µ∥ :

Myus ko�mic, (4.5) anhavasaru�yunic  �eorem 4.3-ic hete{

vum �, or

∥µ∥ 6 lim
r→1

∥(P [µ])r∥1 6 ∥P [µ]∥h1 :

Verjin erku anhavasaru�yunneric het um � (a)-n: Nman � ov

apacucvum � (b)-n. erb 1 < p 6 ∞  f ∈ Lp(S) . �eorem 4.1-ic

het um �`

∥P [f ]∥hp 6 ∥f∥p :

Haka�ak anhavasaru�yun�`

∥f∥p 6 ∥P [f ]∥hp ,

1 < p < ∞ depqum het um � �eorem 4.2-ic, isk erb p = ∞ `

(4.5)-ic  �eorem 4.3-ic: Verjin erku anhavasaru�yunneric

het um � pndman (b) ket�:

Parzvum �, or kareli � pndel avelin. Puasoni integrali

a�ajacra� artapatkerumner� o� �e miayn <mej> (injectiv), ayl 

<vra> (surjectiv) en:

�eorem 4.6: Puasoni integral� a�ajacnum � het yal

izometrianer�`

(a) µ 7→ P [µ] artapatkerum� g�ayin izometria � M(S)

tara�u�yunic h1(B)-i vra,

(b) e�e 1 < p 6 ∞ , apa f 7→ P [f ] artapatkerum� g�ayin

izometria � Lp(S)-ic hp(B)-i vra:
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Apacuyc: Apacucenq (a)-n: Ha�vi a�nelov pndum 4.1-�, mez

mnum � apacucel miayn, or µ 7→ P [µ] artapatkerman ar�eq{

neri bazmu�yun� ambo�j h1(B)-n �: Dicuq u ∈ h1(B) : �st

sahmanman, {ur : r ∈ [0, 1)} funkcianeri �ntaniq� sahmana{

�ak � L1(S)-um  , het abar, na M(S) = C(S)∗ tara�u�yan

mej: Banax-Ala��lui �eoremi hama�ayn, goyu�yun uni aynpisi

rj → 1 hajordakanu�yun, or hamapatasxan (urj )-n �uyl* zu{

gamitum � in�-or µ ∈ M(S) tarrin: (a)-n apacucelu hamar

bavakan � cuyc tal, or u = P [µ] :

Fiqsenq x-� (x ∈ B ): Qani or y 7→ u(rjy) funkcian harmo{

nik � B -um, apa yuraqan�yur j -i hamar`

u(rjx) =

∫
S

P (x, ζ)u(rjζ) dσ(ζ) : (4.8)

Dicuq j → ∞ : An�ndhatu�yan �norhiv, (4.8)-i �ax mas� �gtum

� u(x)-in: Myus ko�mic, qani or P (x, ·) ∈ C(S) , (4.8)-i aj masn �l

�gtum � P [µ](x)-in: Ayspisov` u(x) = P [µ](x) , aysinqn, in�pes  

pahanjvum �r` L1(S)-um u = P [µ] : Nuyn e�anakov apacucvum

� (b)-n: Fiqsenq p ∈ (1,∞] : Dicuq u ∈ Lp(S)  q-n p-i hamalu�

cuci�n �: Ayd depqum {ur : r ∈ [0, 1)} funkcianeri �ntaniq�

sahmana�ak � Lp(S) = Lq(S)∗ tara�u�yan mej: Banax-Ala{

��lui �eoremi hama�ayn, goyu�yun uni aynpisi rj → 1 ha{

jordakanu�yun, or hamapatasxan (urj )-n �uyl* zugamitum

� in�-or f ∈ Lp(S) tarri: Ba�acioren krknelov ver� bera�

dato�u�yunner�, cuyc � trvum, or u = P [f ] : Miak tarbe{

ru�yunn ayn �, or ays depqum petq � �gtvel ayn �astic, or

P (x, ·) ∈ Lq(S) :

Het anq 4.1: B -um harmonik yuraqan�yur u drakan

funkciayi hamar goyu�yun uni miak drakan µ �a��

M(S)-ic, or u = P [µ] :
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Apacuyc: Dicuq u-n drakan harmonik funkcia � B -um:

Kamayakan r ∈ [0, 1) �vi hamar∫
S

|ur| dσ =

∫
S

ur dσ = u(0) :

Verjin havasaru�yun� het um � mijin ar�eqi hatku�yunic:

Ayspisov` u ∈ h1(B)  , �st �eorem 4.6-i, goyu�yun uni aynpisi

miak µ ∈ M(S) �a�, or u = P [µ] : Hama�ayn �eorem 4.3-i, µ-n

drakan ur �a�eri �uyl* sahmann �, het abar` µ-n inqn �l �

drakan (tes xndir 4.3):

Xndir 4.3: Apacucel, or drakan �a�eri �uyl* sahman� nuyn{

pes drakan �:

Xndir 4.4: Dicuq ζ ∈ S , isk u-n drakan harmonik funkcia

� B -um, or� an�ndhatoren �arunakvum � B \ ζ bazmu�yan vra

aynpes, or u(x) = 0 , erb x ∈ S \ ζ : Apacucel, or hastatuni

��tu�yamb u-n Puasoni korizn �, aysinqn, goyu�yun uni ayn{

pisi c �iv, or

u = cP (·, ζ) :

§ 23. Bergmani harmonik tara�u�yunner�

Dicuq p-n 1 6 p < ∞ paymanin bavararo� �iv �: N�anakenq

bp(Ω)-ov Ω ⊂ Rn tiruy�um harmonik ayn u funkcianeri baz{

mu�yun�, oronc hamar

∥u∥p =
(∫

Ω
|u|p dV

)1/p

< +∞ :

bp(Ω)-n ha�ax ditarkelu enq orpes L2(Ω, dV ) tara�u�yan

en�atara�u�yun:
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Fiqsa� x ∈ Ω keti depqum u 7→ u(x) artapatkerum�

g�ayin funkcional � bp(Ω)-i vra, menq ayn kanvanenq ar�eq x

ketum: Cuyc tanq, or ayd funkcionaln an�ndhat � bp(Ω)-um:

Lemma 4.1: Dicuq x ∈ Ω : Ayd depqum

|u(x)| 6 1

V (B)1/pd(x, ∂Ω)n/p
∥u∥p

amen mi u ∈ bp funkciayi hamar:

Apacuyc: Dicuq r-�` r < d(x, ∂Ω) paymanin bavararo�

drakan �iv �: Mijin ar�eqi �eoremi �avalayin tarberakic

het um �

|u(x)| 6 1

V
(
B(x, r)

) ∫
B(x,r)

|u| dV :

Kira�elov Yenseni anhavasaru�yun�` kstananq

|u(x)|p < 1

V
(
B(x, r)

) ∫
B(x,r)

|u|p dV 6 1

rnV (B)
∥u∥pp :

Anhavasaru�yan erku ko�meric p asti�ani armat hanelov  

ancnelov sahmani, erb r → d(x, ∂Ω) , stanum enq lemmayi pndum�:

�eorem 4.7: bp(Ω)-n Lp(Ω, dV ) tara�u�yan �ak en�ata{

ra�u�yun �:

Apacuyc: Dicuq ∥uj − u∥ → 0 erb j → ∞ , orte� uj hajor{

dakanu�yun� patkanum � bp(Ω)-in, isk u ∈ Lp(Ω, dV ) : Apa{

cucenq, or u-n hamar�eq � Ω-um harmonik or � funkciayi:

Dicuq K -n Ω-i kompakt en�abazmu�yun �: Lemma 4.1-ic

het um �, or goyu�yun uni C hastatun, aynpisin, or
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max
x∈K

|u(x)| 6 C∥u∥ bolor u ∈ bp(Ω) funkcianeri hamar: Het a{

bar`

|uj(x)− uk(x)| 6 C∥uj − uk∥

bolor x ∈ K  j, k = 1, 2 . . . hamar: Qani or uj -n fundamental

� bp(Ω)-um, apa Ω-i kompakt en�abazmu�yunneri vra uj ha{

jordakanu�yun� havasara�a� kzugamiti in�-or v funkciayi,

or�, �st �eorem 1.14-i, harmonik klini Ω-um: Baci dranic, uj
hajordakanu�yun� zugamitum � u-in Lp(Ω, dV ) tara�u�yan

mej: �st �isi �eoremi` goyu�yun uni uj -i en�ahajordakanu�{

yun, or� hamarya amenureq Ω-um zugamitum � u-in: Ayspisov,

u = v hamarya amenureq Ω-um, uremn u ∈ bp(Ω) :

§ 24. Verartadro� koriz

�eorem 4.7-um vercnelov p = 2 , tesnum enq, or b2(Ω)-n hil{

bertyan tara�u�yun �, ��tva�`

⟨u, v⟩ =
∫
Ω

uv̄ dV

skalyar artadryalov:

Fiqsa� x ∈ Ω depqum u 7→ u(x) artapatkerum� b2(Ω)-um

g�ayin an�ndhat funkcional �: Hilbertyan tara�u�yunneri

�ndhanur tesu�yunic het um �, or goyu�yun uni miak

RΩ(x, ·) ∈ b2(Ω) funkcia aynpisin, or

u(x) =
⟨
u,RΩ(x, ·)

⟩
=

∫
Ω

u(y)RΩ(x, y) dV (y)

yuraqan�yur u ∈ b2(Ω) funkciayi hamar: Kareli � hamarel, or

RΩ funkcian oro�va� � Ω× Ω bazmu�yan vra:
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Sahmanum 4.2: RΩ funkcian ko�vum � Ω tiruy�i verar{

tadro� koriz (reproducing kernel):

Ay�m stananq RΩ -i himnakan hatku�yunner�. dranq nman

en erkrord glxum usumnasirva� zonal harmonikneri hatku{

�yunnerin:

Dicuq u ∈ b2(Ω) funkcian irakanar�eq �: Ayd depqum

0 = Imu(x) =

= Im

∫
Ω

u(y)RΩ(x, y) dV (y) =

= −
∫
Ω

u(y) ImRΩ(x, y) dV (y) :

�ntrelov ayste� u = ImRΩ(x, ·) ` kstananq∫
Ω

(
ImRΩ(x, y)

)2
dV (y) = 0,

orte�ic het um �, or ImRΩ ≡ 0 , aysinqn, RΩ -n irakanar�eq �:

Ditarkenq b2(Ω) tara�u�yan or � u1, u2, . . . �r�onormal

bazis: (In�pes haytni �, L2(Ω)-n  , het abar, b2(Ω)-n, se{

parabel �): Hilbertyan tara�u�yunneri tesu�yan hama�ayn`

yuraqan�yur fiqsa� x ∈ Ω keti hamar

RΩ(x, ·) =
∞∑
k=1

⟨
RΩ(x, ·), uk

⟩
uk =

∞∑
k=1

uk(x)uk, (4.9)

�nd orum, �arq� zugamitum � �st b2(Ω)-i normi: In�pes tesanq

ays glxi skzbum, <ar�eq� ketum> funkcional� an�ndhat �, in�ic

het um �, or (4.9) �arq� zugamitum � na ketoren, aysinqn,

bolor x, y ∈ Ω keteri hamar`

RΩ(x, y) =

∞∑
k=1

uk(x)uk(y) : (4.10)
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Qani or RΩ -n irakanar�eq �, apa verjin gumar� �i �oxvi,

e�e ancnenq kompleqs hamalu�neri, in�ic ezrakacnum enq, or

bolor x, y ∈ Ω keteri hamar

RΩ(x, y) = RΩ(y, x) :

N�enq na , or

∥RΩ(x, ·)∥22 =
⟨
RΩ(x, ·), RΩ(x, ·)

⟩
= RΩ(x, x)

yuraqan�yur x-i (x ∈ Ω) hamar:

Qani or b2(Ω)-n L2(Ω) hilbertyan tara�u�yan �ak en�a{

tara�u�yun �, apa goyu�yun uni L2(Ω)-n b2(Ω)-i vra �r{

�ogonal proyekto� miak �perator` Q : L2(Ω) 7→ b2(Ω) : Dicuq

u ∈ L2(Ω)  x ∈ Ω : Ownenq`

Q[u](x) =
⟨
Q[u], RΩ(x, ·)

⟩
=
⟨
u,RΩ(x, ·)

⟩
=

=

∫
Ω

u(y)RΩ(x, y) dV (y) :

Ayspisov` RΩ verartadro� korizi mijocov a�ajanum � �r{

�ogonal proyektman Q �perator�:

Xndir 4.5: Apacucel, or e�e m ̸= k , apa Hm(Rn)-� �r�o{

gonal � Hk(Rn)-in` b2(B) tara�u�yan mej:

(Cucum` �gtvel b e�ayin koordinatneric  lemma 3.2-ic):

§ 25. Verartadro� koriz� gndi hamar

Ays paragrafum menq kstananq verartadro� korizi ba{

cahayt tesq� miavor gndi hamar: In�pes het um � ver� bera�

dato�u�yunneric, dra hamar bavakan � gtnel b2(B)-i or �

�r�ogonal bazis, kazmel (4.10) �arq�  �or�el bacahayt tesqov
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nerkayacnel nra gumar�: Aydpisi motecum� iragor�eli � n = 2

depqum (tes xndirner 4.6  4.7), sakayn n > 2 depqum b2(B)-um

�r�ogonal bazis ka�ucel� he�t ��: Ayd d�varu�yun� �rjancelu

npatakov hi�enq, or § 12-um nermu�a� zonal harmonikner� ver{
artadro� korizner en Hm(Rn) tara�u�yunneri hamar: �st

(3.17)-i` kamayakan u ∈ Hm(Rn) funkciayi depqum

u(x) =

∫
S

u(ζ)Zm(x, ζ) dσ(ζ) (4.11)

yuraqan�yur x-i (x ∈ Rn ) hamar: �gtvelov b e�ayin koordi{

natneric, menq kstananq (4.11)-i analog�, orum integrum� S -i

�oxaren katarvum � B -ov:


arunakenq Zm zonal harmonik� orpes Rn×Rn -um oro�va�

funkcia: Menq da kkatarenq` �arunakelov Zm -� orpes hama{

se� bazmandam �st yuraqan�yur �o�oxakani, aysinqn`

Zm(x, y) = |x|m|y|mZm(x/|x|, y/|y|) :

E�e x-� kam y-� 0 �, apa m > 0 depqum vercnenq Zm(x, y) =

= 0 , isk m = 0 depqum` Z0 ≡ 1 : Aydpisi sahmanumnerov

yuraqan�yur fiqsa� x ∈ Rn keti hamar Zm(x, ·) ∈ Hm(Rn)  ,

baci dranic, Zm(x, y) = Zm(y, x) :

Ay�m arta�enq (4.11)-i analog�, orum integrum� katarvum

� B -ov: Yuraqan�yur u-i hamar (u ∈ Hm(Rn)) unenq`∫
B

u(y)Zm(x, y) dV (y) =

= nV (B)

1∫
0

rn−1

∫
S

u(rζ)Zm(x, rζ) dσ(ζ)dr =

= nV (B)

1∫
0

rn+2m−1

∫
S

u(ζ)Zm(x, ζ) dσ(ζ)dr =
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= nV (B)u(x)

1∫
0

rn+2m−1dr =
nV (B)

n+ 2m
u(x)

amen mi x ∈ Rn keti hamar: Ayl kerp asa�, yuraqan�yur u-i

hamar u(x)-� u-i  (n+2m)Zm(x, ·)/
(
nV (B)

)
-i skalyar arta{

dryaln �:

Gitenq, or e�e m ̸= k , apa Hm(Rn)-� �r�ogonal � Hk(Rn)-in

b2(B) tara�u�yan mej (tes xndir 4.5-�): Owremn, e�e u-n M

asti�ani harmonik bazmandam �, apa u(x)-� u-i skalyar ar{

tadryaln �
∑M

m=0(n+2m)Zm(x, ·)/
(
nV (B)

)
-i het: Vercnelov ays{

te� M = ∞ , stanum enq gndi hamar verartadro� korizi

havanakan �ekna�u: �eorem 4.8-� (tes stor ) cuyc � talis,

or ayd en�adru�yun� iragor�va� �: N�va� �eoremi apacucman

hamar mez petq � galu het yal pndum�`

Lemma 4.2: Harmonik bazmandamneri bazmu�yun� xit �

b2(B)-um:

Apacuyc: Nax nkatenq, or e�e u ∈ L2(B, dV ) , apa ur → u

L2(B, dV )-um, erb r → 1 : Iskapes, erb u ∈ C(B) , da het um �

havasara�a� an�ndhatu�yunic, isk �ndhanur depqum`

L2(B, dV )-um C(B)-i xit lineluc: Ayspisov` yuraqan�yur u ∈
∈ b2(B) funkcia b2(B)-i normov motarkvum � B -i �rjakayqum

harmonik funkcianerov: Myus ko�mic, �st het anq 3.2-i, B -i

�rjakayqum yuraqan�yur harmonik funkcia havasara�a�, he{

t abar na L2(B, dV )-i normov, motarkvum � harmonik baz{

mandamnerov:

�eorem 4.8: Kamayakan x, y ∈ B keteri hamar

RB(x, y) =
1

nV (B)

∞∑
m=0

(n+ 2m)Zm(x, y), (4.12)
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�nd orum, yuraqan�yur K ⊂ B kompakt bazmu�yan hamar

�arq� zugamitum � bacar�ak  havasara�a� K × B -i

vra:

Apacuyc: Fiqsa� n-i depqum (3.16)-ic het um �, or goyu{

�yun uni aynpisi C hastatun, or

|Zm(x, y)| = |x|m|y|m
∣∣Zm(x/|x|, y/|y|)

∣∣ 6
6 |x|m|y|mhm 6 Cmn−2|x|m|y|m

kamayakan x, y ∈ B \ {0} keteri hamar: Ayste� hm -� Hm(Rn)

tara�u�yan �a�o�akanu�yunn �,  menq �gtvel enq (3.12) an{

havasaru�yunic: Ayspisov` (4.12)-i aj masn uni zugamitu{

�yan bolor pahanjvo� paymanner�:

N�anakenq (4.12)-i aj mas� F (x, y)-ov: Yuraqan�yur x ∈ B

keti hamar F (x, ·)-� B -um sahmana�ak harmonik funkcia �,

masnavorapes, F (x, ·) ∈ b2(B) :

Ay�m fiqsenq x ∈ B : Lemma 4.2-ic a�aj katara� qnnarkumic

het um �, or u(x) =
⟨
u, F (x, ·)

⟩
kamayakan u harmonik bazman{

dami hamar: Qani or <ar�eq� ketum> funkcional� an�ndhat

� b2(B)-um, isk harmonik bazmandamner� xit en b2(B)-um, apa

u(x) =
⟨
u, F (x, ·)

⟩
bolor u ∈ b2(B) funkcianeri hamar: Ayspisov`

F -� verartadro� korizn � gndi hamar:

Mer motaka npatakn �` gtnel (4.12) �arqi gumar� bacahayt

tesqov: Dra hamar hi�ecnenq (3.20) bana� � Puasoni korizi

hamar, �st ori bolor x ∈ B ,  ζ ∈ S keteri hamar

P (x, ζ) =

∞∑
m=0

Zm(x, ζ) :

Ayste�ic het um �, or x, y ∈ B keteri hamar
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∞∑
m=0

Zm(x, y) =

∞∑
m=0

Zm(|y|x, y/|y|) =

= P (|y|x, y/|y|) =

=
1− |x|2|y|2(

1− 2x · y + |x|2|y|2
)n/2 :

Puasoni korizi oro�man tiruy�� �ndlaynenq het yal � ov`

P (x, y) =
1− |x|2|y|2(

1− 2x · y + |x|2|y|2
)n/2 , (4.13)

erb x, y ∈ B : (4.13)-ic er um �, or P (x, y) = P (y, x) bolor x, y ∈
B -eri hamar, baci dranic, P (x, y) = P (|x|y, x/|x|) : Verjin ha{

vasaru�yunic het um �, or x ∈ B fiqsa� keti hamar P (x, ·)-�
harmonikoren �arunakvum � B -i vra:

Verada�nalov (4.12)-in, nkatum enq, or`

∞∑
m=0

2mZm(x, y) =
∞∑

m=0

d

dt
t2mZm(x, y)

∣∣
t=1

=

=
d

dt

( ∞∑
m=0

t2mZm(x, y)
)∣∣

t=1
=

=
d

dt

( ∞∑
m=0

Zm(tx, ty)
)∣∣

t=1
=

d

dt
P (tx, ty)

∣∣
t=1

:

Ayste�ic  (4.12)-ic stanum enq

RB(x, y) =
nP (x, y) +

d

dt
P (tx, ty)

∣∣
t=1

nV (B)
: (4.14)



Ays parz nerkayacum� �uyl � talis stanal RB(x, y)-i ba{

cahayt tesq�:

�eorem 4.9: Dicuq x, y ∈ B : Ayd depqum`

RB(x, y) =
(n− 4)|x|4|y|4 + (8x · y − 2n− 4)|x|2|y|2 + n

nV (B)
(
1− 2x · y + |x|2|y|2

)1+n/2
:

Apacuyc: �gtvelov (4.13) tesqic, petq � parzapes ha�vel

(4.14)-�:

Xndir 4.6: Dicuq n = 2  uk(re
iθ) = r|k|eikθ , k = 0,±1, . . . :

Gtnel aynpisi ck hastatunner, or {ckuk} hamakarg� lini �r{

�onormal bazis b2(B)-um:

Xndir 4.7: �gtvelov (4.10)-ic  naxord xndric, stsnal ver{

artadro� korizi bacahayt tesq� miavor �rjani hamar:
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