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ﬁ-[m]u 1
Gphpnpn hwpgh hwjmuwpmdGbph pwuwlwpgnudp

 §1. bphpnpn Yupgh hawjwuwpmdGhph whuwlGhpp
- HnupybGp hhmhjml pYwghqowjhG hwyjwuwpnuip.

Zau("l* yXg ) +f[x1, . ,x.,,u,(%u-l—."'.aiu ]=0: (l.l)

L=l

a; qnpdwyhgGpp (x,, ) S x,) Ytwntph mwpuompjwl D whpnypnud

wnpwd pmGlyghwblp b, pun npnud a; =ay: GGpwnpmu LGp, np pmap

PnGyghwbtipp hpwlywb LG:

ShunwpytlGp htnbju) pwnwlmuwihG dlg :

Zlaa@?.---.xf):t;, 12
ij= .

npuntin (x?,xg,...,xg) D wmhpniyph npLt YiwnG t: ,

(1.1) hwwuwpnuip Yosgm £ (2, x2,+-x0) ynns thupnwywé
wmbuwlh hwjwuwpmy, bpb wjn Yanmd (1.2) pwnwlmuwjhG duh Yu-
GnGwlwl wmtuph pninp n gnpdwlhgGtpp npwlwG LG, lluui pn[npn
pmgmumllmﬁ bG:

(1.1) hwjwuwpmip Ynymy t hhujbippojwlwG mhumlm hwyjw-
uwpmy’ ["1 yX9,e -,xn) Jtunmyd, tiph w 1) hbmnlﬁ Gpw hunjwuyunwuhiwG
punuwlnuwjhG dLh JulnGulywb wnbupmyi qnpowyhgltphg (n-1) hwwnp
vth GpwGh b6, huYy n-ppp hwiwnwly GywGh k:

(1.1) hwjwuwpmip Yngymd t wwpwpnjujwl nbuwyh hwyw-
uwpmy, tph (1.2) pwnwimuwjhG dLh YwlnGwlwh nbupmd gnGb dbYy
qnpowlhgp hunjwuwp t qpnjh: | '

(1.1) hwjwuwpmuip Yngynud t E puqimpjuG ypw wju ud w)il
wnbuwlh, tph wjn pwqimpjuG wuikG sh llh;xmui wjG hwiwupunwujuw-

- Gwpwp mjw) mbuwyh t: -

"IyGhwjwn t, np bpbp wkuwlyGhpp pninp hGwpwynp nmbuwyGhpg

+h6: Bpb a; qnpdwlhglGpp hwuwwwnmGGbp b6, wuw hun[tuutuplimﬁ
2 :

/



wju juwd w)G mbuwyhG wwwnhwlibin huwpgwus st Yowmhg: Lwwiwuh
h'uulumuxrmuin tihwwwjwb nbuwlh wwpquagnt)G hwudwuwpmd t, uih-
pwjhGp” hhwbtppnjwiwG, hul ghpﬁmhqupqmllmﬁmp_]wﬁn wWwpw-
pnjwlwG:

- §2. Lwuwwinm gnpdwyhgGlpay bplipapn Gupgh
hwywuwppidGlnh pbpnuin hmﬁnﬁmhmﬁ wbuph

_ Tthuwpyhtp hwuwmawnniG qnp&mlmgﬁhpnq hhmhjw[ hwyjw-
uuqmuin
. % du

S TYCILIS 9 H 2.1
Mz_lau ™ ax +.§b' o —+cu= f(x, xz ) _(‘ )

U.[ig(ib(ip inp wilwhu \Imqm]'uwlluxﬁﬁhph

St -ZCHII (c=12,-.n) 2.2)

i=1
qﬁwjhﬁ dLunhnfumpjw@ shengny, nph |C,;| npnzhyp hunjwuwn st qpnjh:
(2.1) hujwuwpdwG dh9 SwuGwlgnn wowbgjwiltpp wpnwhwjnbGp
puwn Gnp impnuwlwGGtph wowbGgywiGuph vhengmy: Fpw hwiwp u
" pmGlYghuiG nhnwnYLGR Ywhd XX, ... X, thnnfuwlwGitphg &,&,,
o & imhnjuwwlGhph shongny.

u=ul Gy kg BBy (e xa ) 0 @3)
Ogqujtiny pwpn $mGyghujh wowbGgiwi YwGnGhg YunwGubp
ou »a_ OJu 0*u o
—_— : 24
oox, 2- a&k 00X k{lch Cigae ok, o, @4
Shmunph[nq wju wowligjwybpp (2. l) hmx[mumptimﬁ gtig’ uunuﬁnui hip
n %
b €, 2.5
. k,lE-—-] ak] agkagl +§ aE_,, +Cu l(&l g )' ( )
nph dbp , . '
‘ . ‘ a,= i'%laijcuctj : - (2.6)

13



bz & wnnighy, np GnyyG wju (2.6) pwGwdlbpm] b6 thnfuymd

Z“u‘i‘j . ) @7

i, jel

pumwllmuw ]hﬁ 4Lh qnpdwlhgGhpp, bpb Gpw by lluunulpl]]r

4 =§Cuﬂ | (=12) @8

wijw hopnjuwywiGhph hnjuwphnidp: Qwlpwhwynts wujw.
gmgymd t, np dhown Yuphth t C; gnpowyhgltipp plwnphy wjlwybu, nf
(2,7) punwynwwjhG dup phpgh A2 +A,77 +-+ 4,72 pwnwymuhGhp}
qmiwph (3, =0, tpp k#¢, L &, =A,), nph qnpdwyhgGhphg jm.
pwpwGympp 1, -1, 0 pyuphg dbyG nt dhyG k: hGbpghwjh optiliph hwniw.
dwjG, GmyG GywGh A, qnpowlhgGhph pwlwyp Ywhimd ynbh pwnw.
ymuwjhG dLp YuwGnGwlwl mbuph pbpnng dLwihnfunipjmbhg: A, gnpdw.
Yhgltph G2wGGEnG k| hphGg htpphG npnznud GG (2.1) hwywuwpiw G wju
Ywd wjG nbuwlhhG yuwnljuwhp: Uuwhuny (2.1) hwjwuwpndp dhau
‘uphih b phphy htanbgus mhunh

Elk agk +IZlb. ag +cu fl(él’ ’én)’ ' (2,9:

npG ty haGg Ynyynud t (2 1) hwjwuwpdw6 YuinGwljw6 wnbup:

<bzwn t wbuGhy, op bpp A,,...A, gnpdwlhgGhphg n; vhyp qpn i
- wiyw Juwnwnbting ‘ ‘ ’
12 _
| o (2.1
npnﬁh[h $mbyghwjh finfuwnphGnudp (2.9) hwjwuwpswG she, Ywnhih t
wquwnyby wnwehl Yupgh wowbgywiGhphg:
Uhpgwuybu, gdwyhG hwuwnuwinm b gnpowlghgGbpny wishG Sh tihyy:
- mwjwi wbuwhh hwjwuwpnd wptijh b phpb) hwabjwy nbuph (bpt
wwhywGhip GwhulihG GyuwlwYynuidupp)
d’u  d%u o’u

—+—++—+cu= fx, X ) i
x: ox: ax’ ( X35 X,) (2.11)

14
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bhuy qowjhG hwunwwmbG gnpowlhgGbpny jmpwpwynp hhulhppn-
wliwi hwjwuwpmy Junpbih t pbpby :
2 2 :
%t%-;gx, +ous= f(x,,x,, X, t) (2.12)

wnbuph, bipp mGhGp (n+1) hwwn wijwiu ginhofuwywGGhp (x,,=1t):

®nhnfuw G qnpbmlﬂngﬁhpnq hwjuwuwpiwi nbhypmd wnh-
pnyph jmpwpwGynip (x, VX3, °) Jtwh hwdwp Yupbih b gmyg wnwy
wllwlu hnhnjuwywGbph wyGwhuh gbpwdning dbunpniumpymG, npp
ptph hwjwuwpnuip wyn Yhwnmd juGnGwlw6 nbuph: Cinhwipuwwybu
wuwd, JuinGwlywh wnbuph pbpnn dLunhnfumpymbp Juwhiwo YihGh
ujjwi Yuwnhg: Uhaw st, np Ywpbih t gl wGywiu thmhnjuwywGGeph
UhLGnyG thnfuwphGnudp, GniyGhuy dh Yanh zpgwywph poinp Yawnbph
hwiwp, npp hbwjwuwpmdp ptph YuwinGwlwl wbuph: Rwjg bpynt
wijwh hmhnpiwlwGGaph nbypnid nuw hGwpwynp t hGmy, tpt
qnpdwlyhgltph ypw npybG npn uwhdwGunhwymdGtp: Lwenpn Wwpwg-
- pwdp Gyhpmd b wyn hupghG: :

§ 3. Gpiym wilwp hnhnfuwlwGhpm] bplpapy '-lmmll
" bwwowpnidbhph phpnuip JubsGwlw nkuph

ThnupybGp hbwnljuwy plughgdwhG bpypnpn Ywpgh hunjw-
uwpmup. _ :
Au, +2Bu, +Cu, +F(x,y,u,ux~,uy)=0 G.D
GhpwnptGp, np A,B,C gnpowyhgGbpp x L y thmhnfuwywGGhph
PnGyghwibp b6, npnGp mGhG shGsL Gpypnpy Ywpgp' ﬁhpwﬁjwl Lu(inﬁq-'
“hunn dwulGwyh wowbGgywybbp (X,y,) Yswh pgwlwypmd (wjunthtnk
wjnuihuh dmGyghwbliph nuup YGywGwykbp, hGywbtu pombywo t,
"C2ny) L wyn 2p9wljwizph ng dh Yhnm dhwdwiwbul sb6 hwjwuwpygnu
0-h: ' o :
(3.1) hujwuwptwbp hwswywnwuuwing b
At? +2Bt,t, +Ct2 . . B2)
‘ : . - 18



pwnwinuwjhG dbp: (3.1) hwjwuwpnuip wigwbhy hGp
1. hhwbppnjwlwG wbuwyh, tpi B> -AC>0,.

2. ywpwpnpwliw6 nbuwyh, tpt B2 -AC=0 ,

3. hihywnwlwl wkuwyh, ipt B? ~AC<0:
Yunnwpbbp ' ' S B
CE=txy)  n=nky) 63
qumruwllulﬁﬁhph thnjuwphGnudp: GGpwnptbp, np &-6 L -G C? rpuup
hmtiuumlpuﬁ $mGlyghwbbp &G, L Gpulg juynpjwbp’

ﬂ]:‘:‘ 5 #0
X,y X ny

(Xe:Yo) Ybunh 2pguiljusjprud:
Oquujtiny u=u(§(x.y), n(x,y))=V(x.y) punn poulighuwgh wowg-
gjwiGbph pwlwdalbphg' htwnmpjuip hwinqymu thp, np (3.1) hwjw-

uwpnuip pGyouGm & ‘
;“v(,,t +21'§vh +E3v,m + f-‘(&,n,vg,v,‘)=0 - (395)
wnkupp, nph by ‘

34

A=AE? +2BE,E, +CE2, (3.6)
C=aAnl+2Bnn,+Cnl (39
B = AE,m, +BE,n, +£,0, )+ CE 2. (3.8)

UGdhowljwb uwnmgnuinyg ndyjwp 3t Gjunti, np _
B2 -AC=[*-Ack.n, &, F: (3.9)

bul uw gntjg t wnwihu, np wiwiu hmhnuwlwGGiph thnfuwphGauip sh

_thnjunud hwjwuwpdwG nbuwyp: (3.3) hnfuwphGiwG dhe dhp wpww-

npnipjwl nwy b6 E(x,y) U n(x,y) tpym PmGyghwibpp: Sniyg nwhp,
np wjn pmbGyghwlbpp Yupbtjh bt pGnpby wyGujhupp, np wtinh nuGkGw
htnbyw) nupbphg Wby m dbyp.

1.A=0,6=0 2.A=0,B=0 3.A=C, B=o:
Ujn nhypmd, wyGhwjin t, np (3.5) dLunhnfugwd hwjwuwpnuip Yni Gl Gw
wwpquiqnyG nbup: Yhurupltp htnljwy bpbp nbupbpp: '
1) B%-AC > 0, hfuybippnpulyué phwp: GGipunptGp, np Jud Az 0, jud
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C # 0: bph tpynwub k) qpn GG, wupu phwnwpyynn (3.1) hwyjwuewpmdp
htiGg upupqugnuyG wnbuph t: Opnywhbnipjwb hwdwp EGpwnphGp, np
A # 0 L nphnwupytiGp htinbijuy wnwehG Ywpgh hwwuwpnuip.

A9l +2Bg,@, +Cg2 =0: ' (3.10)
Uyu hwjwuwnpnudip hwdwpdbp b htinbjw) Gpym hwjwuwpmiGhphG.
+[B+J, Bz-Ac)w,=o, G.11)
: +&B—JB2—AC)py=O: | (1)
Gpt npuytiu §(x,y) L N(x,y) driGyghwtip hwswwunwutuw Gwpwp Ybpg-

GkGp (3.11) L (3.12) hwywuwpnuiGtph npbt NYWMYGED, www A=0L
C=0,huy B =0, npp htintnud t (3.4) L (3.9) ypwjdwGikphg: fpkuia,
(3.5) hwjwuwpnuip YmGhGw )
ven =B vove,vy) G.13)
wtupp: Uydd Yuwwnwpbiny & b n thmhnjuwlwGGlph & = o+, n = o-f
tnfuwphGouip, (3.13) hujwuwpnidp Yptpgh ' _
Waq —Wpp = ¢ (0B, W, w wp) (3.14)
llwﬁnﬁwllwﬁ wnbuph, npwntn w=v(§(a,B), n(e,p)): Lrtlp, np (3.13)
hwjwuwpnuiG £ Ynyymd k£ (3.1) hwyjwuwpiwG YuGnGuliw nbup:
UtGp ytplymd oqunytighGp (3.11) L (3.12) hwjwuwpnmiGpp
" mnuiGhphg: Ujn nudnuiGhpp gunGynud kG hhmh _]U.l[ tnubwyny. Ywg-

upynud GG
§1=B+\/B2—AC k 3.15)
dx A ’
> .
.%:B"“B -AC © (3.16)

. unynpuwlwG wowbg Jw[ﬁhﬁnq hwjwuwpnuibtpp: Uje tpym hwjwuw-
~ pnwiGhpp hwdwpdtp b6 hhnbjw) hwywuwpdwGp ,
A(dy)? - 2Bdxdy + C(dx)? =0: (3.17)

dwiwdw)G A,B L C gqnpdowlhgGtph JwuhG ykpp uxpt[uib LGpwnpn-
pimGGLph’ (3.15) L (3.16) unynpwwl wowbgjuw)Gtpny hwywuvwpnd-
17



Guph hwdwp qgnympymb nGhG Gpwlg hGinbgpwyGhpp’
@,(x,y) = const, @,(x,y) = const, (3.18)

* puwn npmd @,-p b @,p (X,,Y,) Ybinh 2ppwiljwipnis C? nuivh pmGyghwbp

YihGtG: QwnGh t, np (3.18)-h dwlu swubpp YihGhl hwiwywnwuhuw-

. Guwpwp (3.11) b (3.12) hwjwuwpniGbph momuGhp Yuwd, np Gm)yGa t,

(3.10)-h ymomuGhp: Ywpbih t pGnpby wybuhuh @,(x,y) b @,(x,y) imomu-

Gbp, np 9002 20 (x,,,yo).llhmh npbt 2ppwujpmy: hufjwwbu, pwih

np A#0, wwyuw (3.11) b (3.12) hwjwuwpmyiGtphg htwmbmd t, np

I((Pp(Pz )=_ VB’ -AC . 09, 99,
Xy A Koy
Ujuwntinhg, hunfwédw)jG B>- AC > 0
wwjdwbh L-(3.11), (3.12) hwjwuw-
pmuGhph, bph [ =0 npLt Yhnmd, www
I wjn Ybnnd ywds grade, =0, Ywd
grad@, =0: buy, npyhuqh npubp
a1 qnn 3(hGhG, punfwlw £ (3.11) b (3.12)

' hwjwuwpmiGbph hwiwp  qnGhip

Unzhh huGnph wjGuhuh @,(x,y) b @,(x,y) imdnmiGhp, npnGg @, (XgY,) b
@y, (Xo,Yo) wOwhgywiGlipp qpn 3hGhG: (3.18) Ynpbipp Ynsymd b6 (3.1) hwjw-

1 = const

uwpiwG plnipwgph; Ynpbip Yud mgnuhh pmpwqph;Ghp, huy (3.10) hw-
" jwuwpmip’ pGmpwgph; hwjwuwpmu:

Wuwhuny, hhybppnjwlwi nhwpnus (B2 - AC > 0) (3.‘1 8) hGntgpwy-
Gunp hpwlwb GG U hpwphg wwppbp: Uju nhupmyd skGp nuGhlp hpuywé

pGmpwigphyGhph tpym pGunwGhp.

2). B:-AC=0, syuspuspnpuelynli phup: wiGh np puwn bGpwnpnipjwi
3.1 hun[wuwpiiwﬁ A,B L C gnpowlhgGtpp dhwdwiwGwl qpn 366 (X,Y,)

~ Ytanmy, nph 2ppwlwjpmy (3.1) hujwuwnpmuip niqmd bGp ppby Ywin-

GulwG wnbuph, muwnh ud A#0, juwd C20: Fhgmp A(x,,y,) # 0: Uju nhy--
pnud (3.11) b (3.12) hwywuwpmuiGbpp hwdpGymy 66 b QunGnd

8 . : S . ;



Ag, +Bo, =0: ' (3.19)
-’l-dqum st mhuﬁhb np (3.19) hwjwuwpiwG juwswjwlwi pdmyd, hw-
dwéw)G B? - AC = 0 wwjiwGh, pujwpwpny t Gwk | v
' By, +Co, =0 (3.20)
hun[un_lumﬁwﬁg: VLjwwbGp, np ywpwpnpwlwl hwjwuwpswi hwiwp
dblp mGuGp hpwlwb pGnipwgnphyGbph vy pGnwGhp’ @(x,y)=const: Uju
nhwpnud, npybu Gnp wiljulu hinhnjuwlwGGup yopgmd bGp' € = @(x,y),
huy npujbu  YbpgGms bGp C? puuhg Ywiwjmwlywe wyGuhuh pnGyghw,

é “ #0 (XY, Yownh ngmqmjpnui <bwbLwpwp A= 0 hul B

qnpbwlﬂlg[_x pGnmGmy t hnbjwy mhupg. , : R
. B =(aq, +Bo, ), +(Bo, +Co, ), : -
Qwiwdw)G (3.19)-h U (3.20)-h" B=0 (x,y,) Yuwh znpgwljwpnui: buy
C gnpdwljhgp plnniGned £

| =—(an, +Bn,}
whupp, nphg L jwlnpjwGh qpn yhGhmg htunbnud &, np € # 0: Pwdw-
Ghny (3..5) hun[uxuwpnuin C-h ypw’ juinwGuGp : o

m = FEMvve,v,): , (3.21)
Tw by hthg u;wpwpnlwllmﬁ mhuwl[h hmqwuwpdwﬁ YuwGnGwljwG
‘nbupl t:
3) B*- AC <0, Epyspwlmb phyp: GGpunphlp, np A,B L C gnp-
dwihgGupp wGwihnpl dmGYghwbhp tG: Ujn nbupntd Unjwiluynt ptn-
ptuh hwdwdw;G (3.11) hwl[uxuumnuig mGh wlwihinhly momy (x,,y,)
Ytanh 2pgwlw)pnud.

ok, y)=0,(x,y)+ip, (x,y) U Iq>,|+|<p,|#0

"Uju nbypmd npybku Gnp yimpnfuwlwbGhp YtpgitGp & = @, (x,y),
N=0,(x,y): Pwdwtyny Ap, ) + 2B¢, 9, +C(<py)z 0 &mjﬁmpjwﬁ by
hpwlwé L qhqb dwubpp, YniGhGwbp
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. AG Y +2BE, 5, )+CE, F =AM, +28f, 0, e h, F
AE,-m, +B-[, n, +& 0, +C-E -, =0:

Mmpbia A=C, B=0: At? +2Bt;t, + Ct? pwnwlniuwyghé dLh
npn2jw) {h6Gnig hbnumy Lk, np A=C gqnpowyhgGtipp qpn YnunGw6
dhwjG nt ShuyG wyt nhwpntd, kpp

&=§=n,=n,=0: I € ¥ 7))

Puwjg dkGp Ywpnn bGp @(x,y) jmontip Yipg Gty wjbuhuhG, np (3.22)

hwywuwpnuiGhpp nbnh niGhGwE Shwdwiwbwy: Mptse A=C=#0:

lljumhnhg L (3.9) -hg httnlmd &, np juil{np Juip gpn 3k PwdwGbny (3.5)
hwywuwpnuip A -h pw, w6 Ypbpbtp

Vee + Vi =F§(§,n,v,v§,vn) (3.23)

wnbuph: Uw by htGg tihwywnwlywG hwjwuwpiwG yuinGuijwi nbupt:

G pspngrupynrli; LGwpuninp t, np (3.1) hwjwuwpnuip D whpnyph

wwppbp Ywubpnud inwppkp mbuwyh (hGh: hGywbu Gyt &, wjb Yhnk-

pmy, npintin B-AC=0, (3.1) hwijwuwpnuip ywpwpnjwywl ntuwyh k:
Shgnip D wmppnyph wyG Ywnbkph pwqimpimbp, npinbn B*-AC=0,
hwlnhuwGmy b vh 6 wwpq nanpy Ynp: Gpb 6 Ynpp D whpnipp pwdw-
{ind Lt wjGujhup Gpym dwubph, npnGghg dtynud (3.1) hwywuwpnuip
tihyunwlywi mtuwyh b, huy dynunwi’ hhybppopwywl, www (3.1)
hwjwuwpnuip Yasymd b fuwnp nbuwlh: _

~ OphGuwy, Sphynthh hwjwiwpmep' yu,, + u,, = 0 fuwnp nbuwlh t
wikG ¥h whpnypntd, npp wwpmGwynud £ x wnowGgph Yhnbp: y<0 Ytnb-
pnud wyG bhwbtppnwljwl ntuwyh t, hul y>0 Yenbpmd' thupnwfwa:
y=0 -G wwpwpnwlwGmpjwb Ynpa t: Sphymihh hwjwuwpndp hwinh-
wmd t ququjhG ghGwdhjwjmd, pun npnud hhwhppnwywnipjw
whpnypnud wjl hwiwywwwuliwlind b dwjGwihé wpuqmpnilp
:qipwqubgnn ywpdiwG, huy tjhyunwlwimpywb whpnypnd' thém_]-
Gwjh6 wpwqmpjwi 2updiwG: )

&I%

bpp y<0, pGritpwqnhitph bwjwuwpnuiGepp mGté

PR
T
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‘nbupp: ﬁ%hﬂﬁ
-:-x+,/-—y’ =C, , %x—\/—y’ =C,
Sphyndhh hwjwuwpdiwG pGmpwqphy Ynpbipt ba6:
=34 -y’ =3

2 ' 2 y

thofuwphGnulp Sphlyndhh hujwuwpoutp Yebph
|
Veg ———— (Ve =V )=0, E>n
&n 6(§ -Tl) §  'n
JuinGwlwG wbuph:
hul} bph y>0, wyw pﬁmpwqpbz hun[uluwpnuin niGhGnd t~

—-x IJ_
wGwihwnhy mdmdp, L
3
g = 5 X, n=- y3
thnfjuwphGniny Sphyndhh hwyjwuwpmdp phpymd
v§§+vm+én-v,, =0, n<o
JwGnGwlwi wbuph:

Qmu I
Lhujipppjnimt wbuwhh hwdwewpndGhp

§ 1. {hwbppnpmlws whuwlp huwawpnidGhph pipdnng -
[uGnhpGbp

1. Lwph nwwmwbiut huguumpnip
If.wp wubiny hwuljwdimd b6 pwpwy phy, npp wquwn Jwupnp L
mimby, wjuhGpG ng Sh nhswnpmpymG gnyg sh mwhu dLp tinfubihu,
bpb dhw)G wjG sh Yepwptpms kpwpwgdwp: GGpwnpbiny, np 4giwG
mdp zwwn $ha k, juphph b wGnbubg SwGpmpjwG mdp:

41



“hgnp, jwph hwywuwpulpnnipjwG nhppp x wpwGgpa t, L jwpp

- Uy hwppmpjwi dhg phrfjwjGwywl nwwnwindGbp t unwpnd:

Lwlwlkbp x Ynh 2tngmip hwyjwuwpwlynmpjwb nhpphg t ujwhhG
u(x,t)-ny: UjGnihtnl,, nhinwplting qwph tinpp uiwmw[inuiﬁhpg, hw-

, ou .
dwpmd bGp wu(x,t) 2tnnuip L 5;‘--9 w)GpwG thnpp, np GpuwGg pwnw-

ymuhGbpp U wpnwgpyuiGipp hwdtdwwwd hptGg htn Yuphp t
wphwiwpht: LwGh np (wpp sh nhdwnpmy ondwl Gjwwndwdp, wujw
Gpw '_T_(x, t) aqiwl mdp mnnuo YhGh (wphG wwpfwd ynpwihnnny
(GY.2): Lwph udwjwlwa (a,b) hwinjwdp hwjwuwpwlynmp jub nhpphg
tntiinig htwnin, hwiwdw )6 wpjwd GipwnpmpymbGGtph sh Gpluphp’

b 2
L=j l+[gu—]dxsb—a:

X

T
ul.2 ‘

Ltnbwpwp, puin {myh optlph, dqiwb mdh dnnynip 6w hwu-
nwnmb’ ’T(x, tl =Typ: Lwlwlklp wpnwphb nidtph fppnnmpymGp F(x,t),
nph(ip myywd b6 x wnwigphl nuppwhwjwg L qunGymd GG (x,u) hwp-
pnipjul dtg: Gthgmp p(x)-p (wph qdwyhG funmpniG6 t x Yhnmy,
w)Gutu np p(x)dx-p YthGhjwph (x,x+dx) Swuh quiqwop: Lwph (x,x+dx)
hwwnwoh Jpw wenmy k6 T(x +dx,t), ~T(x,t) aquw6 nudtpp,

2
F(x, t)dx wpunwpht mdpl p(x)-dx - ‘aaT;l hGhpghw;jh ndp: Lwdwéuy@

LymwunGh optGph (npl wijwlmd b6 Gwl Ywjwdpiph nhGwdhy
22



hwjwuwpwlynmpjul ulqpmbp) wjn mdbpp hwywuwpwlynmd b6

Jppwn: Uyn mdtph v wnwGgph Yypw mbtguwd wpnjhyghwbtph gnudwnp
hwjwuwntgbGbiny qpnjh, YmbbGwGp.

To SN O gy — To sin QY +F(x thx = p(x)ix— (1.1)
Cuwn bGpunpiwo SnunuwnpmpymGabph’
tgo.

sinot-—x-:tgm—i
Jl+tg?a 9x”

wyn yuwwndwnny (1.1) hwjwuwpmpjnihg mGhGp.

d%u Ju(x +dx,t) du(x,t)
pF=T°E[ w ok [T
wjuhlipl’
u . % . -

Uw htifig jwph thnpp pﬂﬁleﬁwllwﬁ nuunwindGtph hwjwuwpmdG t:
bpp f # 0, pupp YYwwmwph hwpjunpuyuwl nwnwindGhp, huly bpp
f=0 wquwn nmunwindGhp: '

Bpb junmpymbp hwunwnmb t p(x)—p, wwyw (wph nwnwi- |
dwl hujwuwpnuip nﬁqmﬁnui L :

—=a‘——+f (1.3)
F 3 T , '
wbupp, nph vt f=—, hulj a° =—- G hwunmwwnmaG t: (1.3) hwjwuw-
P p :
poudp wiywlmd b6 Gwl Shwywg wihpwihG hwyjwuwpmuy:

2. Unwéquhwi donp bphwybwhwt wunmbGauiGhpp

Unwdquliwb dnnh hplleﬁuillwﬁ mwmuxﬁmdﬁhpu GYwpw-
qpynui b6

% 9 (..du
psZ Y - —(ES—X]+ F(x,t) (1.4)
23



e — T e

,!

e ity i, e it 4. 2 ey g s e T e

hwyjwuwpnuiny, nph b9 S(x) — p dnnh plpwjGwlwb Yupgwoph twlb-
ptuG t, huy E(x)-p 3nmGgh dnnnyG t x Ynmy: Shqhwlwh wuwinlybpw-
gnuiGtpp dbq hmpmy b6 htinbjwip. nputiugh jwph Ywd dnph muwnw-
Gmdp ShwpdbpnptG GYwpwqpyh, wGhpwdtn t uyqpGuywl upuhhG
q[nnh(iwl JmpwpwGyymp Ynh v 2bnnuip b u, wpuwgmpymGp (uyqpGu-
YwG wwjdwGGhp) b, ophGwy, dwypbiph nhppp wikG h wwhh (hqpwhG
wwjdwGGhp):
Liwl 4Lny wpnwoyms t phptnh (Shippwéh) wuwnwiswG
hwyjwuwpmdp’ ’
2 2 2
;—:=To g—x—:+%; +F: - (1.5)
UjG phypmy, tpp junmpymGp hwuwnunnmd t, (1.5) hwyjw-
uwpmdp YqphGp ‘
% _ o[ ) ¢ g2 Do F (1.6)
ot? ox?  oy? P P
wnbupny L YulGjwGhGp tpYyywth wihpwjhG hwywuwpm:
Bnwywih wihpwjhG hwjwuwpnmip’
o’u  ,(0%u 9% o%u
52_=a [ax2+ay2+a 2 +f, (1-7)
Z
Gyupwgpnud t Guwb dwjGh mwpwonip hwiwubn Showywjpmy L
hitinpudwgGhuwlwl wihpGhpp” hwiwubtn whwnnpph; Shewywjpnud:
Ujn hwjwuwpiwbp pwjwpwpmd b qugh jpnmpymGp, Gpw 6Gnudp U
wpwgmpniGGtph wynnbGghwip b wjG:

§2. Uthpuhé hunjwowpmdp dhl) wwpmowlmwb thrdunfealjusbh
nlegpaud: Twjwdphph pubwdbp
1. Ymphh lulghpp hwdwubn hwjwuwpdwd bwdwp
Uyqpmu qunGhGp

d%u _ ;9%

o

? 2.n
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hwyjwuwpdwb pojnp imdémudGepp: Uju hwjwuwpdwl pGnpwqphyGepl
G x-at=C,, x+at=C, nunhnGpp: Ywwwpkiny §=x-at, n=x + at himhn-
juwywGGbph hnjuwphbnuip, hhzm t wbuGhy, np (2.1) hmqwumpnuig
ptpynui t

a%v
=0 2.2)
a&on
wnbuph,mp v=1u é N n2a§] Ujn hwjwuwpmip qpbiny
9 faov =0 wbupny, wbuGmdi tGp, np ——-—m(g) npwtn @(§)-G
an| o a5

Juiwjwywl pmGyghw t: hGnbgpbiny wjG pun § -h (-G nhwnbiny
wwpwibwp), mGbind LGp
v= Id&)’g +62 (n)’

npunbn 8, (M) - 6 Juiwjwiwl PmGYghw t: Lwlwlbyny

[o(eXE=8,(), unwims up v=0,) + 8,n):
Yhpwnunwiny GwiuyhG inhnfuwwiGbphG, Yo GhGwbp
u(x,t) = 6,(x —at) + B,(x + at): 2.3)

UJuwllunq, (2.1) hunjwuwpiwG wihG Sh 1monuwi niGh (2.3) mbupp, npuntin
6, L6, -np C?nuuh PmbGyghwbhbp bG: (2.3) — p Yogymd t Fwpudpbph
(oomu:

Grnphp fulingppp GwjwGmy t hbwnbjwnd. C? (t > 0)NC'(t 2 0)
-nuwuntd qunGhy wyG u(x,t) PmGYghwb, npp pwwpwph (2.1) hujwuwnp-
dwlp t> 0 ytphG Ypuwhwppnipjwl Jt9 U htwnljw; uyqpGulwi ujwj-
dwGGbphG.

o =000 Do =01 —<x <t @4)

npnbn @G U ¢,-p MpYwd qmlﬁllghwﬁhp b6 hwiwujunwujuwGwpwp
CR') L C'(R") nuubipmu:

Uju huGrnhpp (ndbnt hwdwp, wyGhwjwn t, whnp t (2.3) pluﬁlu-

dLny Gywpwgnjud (2.1) hwjwuwpdw@ pninp momdGhphg pGuwphy wjG,
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npp pwywpwph (2.4) uyqpGwlwG wwiwGGhphG: (2.4) wwyiwGibphg
nGhGp. .

Oy(X) = 0,(x) + 0,(x), 9,(x) = - a[6’/(x) -8",(x)]: _
hGnbgntiny bpypnpy hwjwuwpmpaiGp’ wnwlng GGp -

8, (x)-0,(x)= ——Jq>. M+, 25)
npwtin C - G- Ywiwjuywb hmumwmm(i t: Wyuwhuny | '

ou6c)=1 0ue)- - o, 02+,

nE=s oW+ [aM-F g
0

Stnunptiny wju pmGyghwbbpp (2.3) - h dhe" mnwlGmy tGp

x+at

U(X,t)- Do (X at)';‘Po (X +at) J‘pl (X)fﬂ. (2'7)

npp Ynyynud t Fwpuipkph pwGwdl:

dbpp wywgmgytg, np pk Unphh fuGghpp nGh nomul, wujw
wj( (2.7) pwGwdlh we Swuh t, wjuhGpl hw)G Gw Jupnn t jhGhp (pionud:

Qdjuip sk mnmqgby, np hujwybu (2.7) pwGwdth we Swup Unphh
huGnph imomuG t: huy riw GywGwymit, nptipb @y € c? (Rl) ¢, eC! (R' )
wujw (2.1), (2.4) Unphp luGghpp mGh monuy, mdnwip vhwyG t b wyb
wnpynud t (2.7) Fwjunipbph pwGwdlny: 8nyyg wnwbp Gwl, np wjn fuGnph
1ndnuip uymG t: bpnp, nhgntp ii(x, t) Pmbyghw

0o = T ZED =30
uljqpGwliwl yuwyiwiGbpny (2.1) hwiwuwpiwG hwiwp Unphh fuGnph
1monuiG t: 8nijg nmwbp, np Juwiwjwlwb €> 0 pyh hwiwp Yupbih t qunlby
&> 0 phy, np biph ,
[Bo()-00(x] <8, [G(x)~(x)]<8 (~o0<x <o),
wyw  [u(x,t)-u(x,t)<e @<t<T):

\

x—lt
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Qwjwiptph pwGwélkhg htanbnwi t, np
[ulx,t)-u(x,t) < l|¢>,,(x —at)- @y (x —at)+ %ﬁ)o(x +at)—@,(x +at)] +

x+at

+_ [l®m)- ¢‘(k]dl<8+—828T 31+T) :

X-at

Ujdu, npukiugh |ﬁ(x,t)- u(x,t] < €, pwjwhwi t Ytpgll) &= l—-l-% :

Wuyhuny, pwywpwpjwd %6 Unphh juGnph modw6 2hvnwim-
pJwG pninp tpbp wwjdwGGbpp, wjuhlGpl 6how k htnljwy phnptdp’

2.1 Plnplut: bph 9o e C2[R!), ¢, eC'R!), wuw @.1), (24)
- Unzhh fuGnhpp npiwd L 2mnwly:
, Ui pwgwhw pntiGp Ynohh fuGnph modwG phqhhwjw G piwuwnp
bBpym dwubwynp nhwpbpmd: _

1. Lwph Ytwnbph uyqplwlywl wpuwgmpymGGtpp qpn b6, huy -
uhqpGuwyjwl 2tingmiGtp Ywb shwjG6 (- o, o) Yupowynp vhowlwjpmy,
wjuhGpG’ @,(x) =0, hul) @4(x) =0 (- o, a) dhewlwyphg pmpu:

~ hGnph monuip wyn ghwypmd jupnwhwpnyh -
a0y = 0 (x —at)+ @y (x +at) 2.8)

2
pwlwdlny, npG hptiGhg Ghplwjwglimu t bpym wihpGtph gnudwp,

npnGghg dtyp 2wpdymu t we, huy djnwup’ dwhu, tplhmub t; a

~ 1
wpwgmpjuwip, pun npmy bpym wihpGtpp uyqpGwlywb dlp E% (x)
PmGyghwjh qpuiphyh nbupp mGhG: Lwph udw)jwijwh '

+ + } -+ }
-0 a x-at x x+at

u.3

X jtunp, npp qunGymy t o Ytnhg we (x > a), ﬁhﬁzb x-a wwhp sh
a

-a
2tnynud, wjuhGpG w)n upwhhG ntin wihpp 3h hwuby x Ynp: Ujuwd %—

wwhhg x Yhwp vjumd b nwnwiyty, wuhlpé ninhn wihph wrwehG
27



Swlwwnp hwulmy t x Ybwp:

il:—q- wwhhg hbwn x Yhnp pupdjwg sh mwnwGyms u(x,t)= 0,
wjuhGpd wjn wwhhG x Yanny wigGnud t wihph tpypnpn Swjwnp: Liiw
wpnnGp mGhGp Gwl jwph SGwgwd Yhnbph hwdwp:

UWyuyhuny, puwn nwpwompju infwi gpghnp wnwpuwiglimu t puwn
dwiwGwyh ;njwy gpghn:-Uju nhypntd wunmad 4G, np nbnh niGh { jpighGuh
uljgpmGpp: -

2. @p(x)=0 L @;(x)=0 (- 0,0) Shgwlwjphg noipu, wjuhGpG jwph
(- o,00) hunnwidh Ynbpp mGhG Shw)G6 uyqpGuwlyw ztnnuiGhp L uyqpGu-
JwG wpwgnipmGGhn:

X-0

hgmp x > o3 uxt) =0, bpb t<>—% | hul bp

xX-o x+o _ @g(x-at) 1 .
— St ,u(x,t)———-——2 +2ax__|;¢1(7~)d?». |

bp t> 2+

htwnn x Yhnp qupdywy sh mwnwbymy, pwjg hwjwuwpwlnnipyuG
uljqpGwlywG nhppnid sh qunlynui: Ywpobu ph wihpGbpp x Yhwnny whg-
Gtymg hbwn pnnGnud b6 pptiGg htwnpbpp:

Lwph dymu Yhnbtph hwiwp GdwG wpnymGp YmGhGwGp: Uhw)G
G2uGp, np (- a,0) Shpwluwijph Ytwnbpp htGg t = 0 uywhhg uljuwd kG
nwunwiynui, dhak np we L dwju qhwgnn wihpGbpp wiglhl o L -
Yhwnbipny:

2.Y%n2hh juGnppp wihwdwubtn hwjwowpdmb bedwp -

U6 YujwGnud £ bbnbjwin. qnlby C2 (2> 0)A C'{t 2 0) nuuhg
w)G u(x,t) pmGyghwd, npp t > 0 jhuwhwppnipjwG b pwjwpuwph ]
u, =alu, +£{x,1) 2.9

1 ¢ |
, Wyw u(x,t)=£ J'(p,(l)i}»=const, w)n wwhhg
-a

‘huu[wuwptiwﬁp L
u(x,0)=go(x), v, (x0)=0,(x), -w<x<te, (2.10)



ulqpGuijwG wwydwGGphlG, punr npmy fe C(t>0), Po eCz(R )

¢y € C'(R") wnywd mGlghwiGhp bG:
Pwywlwb t munuiGwuhpt) @,= 0, @, = 0 niwph, wyuhGpG 1mdty

htunbjwy fuGghpp. .
v, =alv +f(x,t) ’ :
) {v(x,0)=0, vt(x,0)=0 .11
huljwujbu, htgwn £ unmghy, np (2.9), (2.10) fubnph (monaip YihGh

u(x,t)-_—- uo(x,t)+ v(x,t), (2.12)
nip u, (x, t)-(i Gwjunpn fuGnph monuiG t hwiwubn hwywuewpiwl
hwiwp: (2.11) juGnhpp lmbhlm hwiwp nhnmwplytGp dh |pugmghy fuGnhp

w, =alw, -
w(x, ‘B%-O w, (x, ‘Oé—f(x t)l, ©>0: (2.13)
Ujunntin uyqpliulwG wuwpiwiGtpp mphwb [+ {11 llwliijllwﬁ T wwhhG,
wjuhGpG wjn lulinph b9 T-6 Wwpwdtanp L
Uju fubnph imonwip Ygpyh Swpwidpbph pwlwdlny, shw)G wy
uwppbipnipjwidp, np t-h infjuwpbG whwnp t Ypglty t -t. \

] ** t—1) - \
wi(x, {@= — jf (A, t)dk (2.14)
: T L) ’
D djup sk uvinmqhby, np - :
t . [
‘ v(x,t)=jw(x, T (2.15)
[} .

bpnp, | .

_qu(x t)'ﬂ . (2.16)

Ujnwu llnmihg, hwiwdw)G (2.13) tuﬁrmh ulqpGulwG wwiwGGaph' (2.15)-
hg mGhGp ‘ -

t ' t
vV, = w(x,t,-t)+Jw‘(x,t,‘t)d‘t=Jwt(x,t,‘t)h , 2.17)
N 0 0 .
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Al

V=W [(x,t, t)+_[w (x,t,7)=f(x, t)+_[w,,(x,t t)it (i.lb)
<hmbmpmp,

. v . ’ t .
v, —alv = f‘(x,t)+_[(wn —azwn)it =f(x,t),-
wjuhGpG v(x,t) porGyghwb pwt]w[(:wpnui t wGhwiwubn hwjwuwpdwGp:
UjGmhtwnk, (2.15) L (2.17) hwyjwuwpnuiGbphg htanlinud &, np v-6 pujw-
pwpnwl k Gl (2.13) pigpp uqpéwliub wywjdwGGbphG:

Stnqunptiny (2-14)-hg w(x,t,t) dmbGyghwi (2-15)h dhy, uumw-
Guw@Gp (2.11) juGnph monLip’

t x+a(1=-1) ) :
¢ v(x,t)=ij' If(l ndAdy; (.19)
2 0 x—a(t-1)

llbpgwu;hu wtnunpbiny (2.12)-h dbe v(x t) L uy(x,t) @ntﬁq-
ghwGbpp, utnwGnud GGp (2.9), (2.10) Unzhh uGnph PLYmYp

ol )= N1 LT gq, 1 i om0

2 x—ct o x-a(t—1)

Unhh fuGnph |piondp qunGhynt ﬁl.lwpwqpqwb 4alp Yngymy -k ‘I-med'hm
uljqpniGp:

-8§3 .<uuimuhn wihpuphf bunjwmepnedp bphp mepuwdwljut
: jpopojuwijwbbhph phypmd

1. {wwubn wihpuw;hG hwjwowpnudp: ‘llmluhnﬂ: pwmbwdlp
Ulyqpmd gmjg tnwGp
u, =a (u“ +uyy+ua) (3.
hwiwubte wihpwjhG hwjwuwpiwG momdGhph vh puqinpjmb, nph
ogimpjwip Jljwnemgtbp Unphh julGnph lnibmnin: ‘ )
2.1, Lbafsbus: Yhgnip ¢(&,N,6)-6 Ywiwjwlywl pmbGyghw t C3(R3)
nwuhg, wr ntwpmd htunbjwy pmGlyghwl’
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;o E(p)= 1 o1t Mo ’ '
’ 4’“‘£J(§—x)’+(n—y)’,+(§—2)’ ¢-2

bwGphuw@md t (3.1) whpwjhG hwjwuwpswG Momy, npnbn S -6
€-x) +(-y) + G -2 =a’t* upbpwtt: ,
- Uupugnyg: Ywuupbiny
E-x=ata, n-y=atf, {-z=aty (33)
thmhnfuwlwGGbph thnjuwphGmip, (3.2) pmGyghwjhG nwihu bip

E(x,y,z, t)=‘E(q>)= Zt; H(p(x +ato,y +atf,z + at'y)iol ‘ (3.4)'
S ‘

wbupp, npntin S,-p o2 + B? + ¥=1 dhwynp upbpwa t, huy do, = _‘:‘iz_ -G
a“t
Gpw Jwlbpbuh bbdbGwma t: (3.4) —hg mGuGp ‘ . \

Ex "’Eyy +E, =Zt;”(q’§§""|’1m +oy Yoi: (3.5) '
Pugh wjn, |

E, -—H(p(x+auz,y+a$,z+atyho, —JJaQ+B¢“ +y9, bio, =

IE+—H o, +Ba, +w;)b B+ L 69,

4rat
npwbn

4— jj(oupE +Bo, +19, )do 3.7
Q-mmu-Oumpnqpuxqullm pmﬁmdhh hhdwG Ypw '

1-— f I I (@gg + @y + Pyt Bedndg | (3.8)

U.Oulﬁghlm[ @3. 6)—[; puw t-h, hnlﬁhﬁmﬁp

11 11 11, 1 1 1
Bn —-t_2E+;Bt —t—zl""t‘lt =—}'§'E+t—2‘E+FI-FI+;It _;It- (39)
L, wowGgywip bwyybym hwiwp, I hGwnbgpwih sbe wGgGhlp udbphy
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YnnpnhGunGbph’
at2nm

] [[0n+om o bisnodavp:
Ujuintinhg llm(ih(iglﬁog -

2xx \
I,_—”(p&+q>“+<p“) a’t? sinBdOdy = —”‘(p&+(p“+(p,;c)
<hmhmu1hu hwiwdwyG (3.9)-h

azt

E‘n 41t ((pf,ﬁ +Qpy + P )dO'l : - (3.10)

Qunibdwwntbiny (3.10) L (3.5) mpmmhm JnnipymGGhpp, hwinqgymd tGp,
np E dmGYghwl pwyjwpupmi t (3.1) mﬂmm]hﬁ hmt{mumpﬁmﬁn thi- ,
dwl wywgmgyuo k:

bph ¢ € C* (R?), wyw wyGhwyn t, np E(p) pmblyghwjh htan
‘dhllmhq (3.1) wppwjhG hwyjwuwpdiwG 1mtmhi yhwGnhuwGuw Guwb
E(@)-G: R |
. 2.2.@unphik bpb 9y € C*(R°) 9, € C2(R*) wupm -

d o
u(x,y.2.t)= E@, )+ = [E, )] @.11)
$mGlyghwl hwinhuwlmd t (3.1) whpw jhﬁ hmn{mumptim(i hwdwp Unhh
JuGnph (mdnwd

U =9 y.2), o=@ (x.y.2) 6.12)
uljqpGwljwl wwjswGGhpny:

Ellqmqnyg 2.1. jwivwjhg L Ybpp wpywo mll(ihmjm wjnnuihg

“htunlmd t, np (3.11)-h Gpym gmdwplhGpG b pudwpwpmd GG (3.1)

hwyjwuwmiuGp: Uymu Ynndhg, hpp t=0, (3.11), (3.4) L (3.6) pmﬁméhhphg
ymGhGwGp

“(X, Y, Z,O) = (Po (X, Y Z) :
U)Gmihtanb, pwGh np '
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n  [E(@) oE f
_5‘_|1=0 =[ a(:pl)"' at(:po.):ll_o =‘p1(x’ y’z)"'

+32[E ‘ cPo)"'E (@)+E..( (Po)]wo
L pwgh wyn, (3.4)-h h]nhuﬁ Ypw E(cpo],=0 =0, uuqm
—|t=0 =0, (X y. z) PtinptiG wupugmgqtub L:
(3.11) pwGwdlp, Ywinp GnyGa L

H% €.n.¢)

do+

u(x,y.z, t)-

l{nzqnui 4 ‘{hp]uhn:ph pwﬁwdh
' 2. Ujhplitiph mwpwomdp

mat I%(& s 313

UjhpGtph wwpwodwl dwuhG wytih gwjnmb wywnjbpugmy \
Juqibtint hwiwp, npnGp GYwpwgpynud &G YUhpfuhndh pwlwéling,

tGpwnnklp, np @, L @, Pmbyghwllpp qpn G G Yhpgwynp whpnyphg
nnupu, wjuhGpG uyqpGwlywi gpghep YaGuwpnGugywd &t G whpnypnud:
“Hhgmp M(x,y,z) Ytwnp quGymd t G wmhpnyphg noipu: LywlwykGp M
Ytinh thnppwgnyG L dtdwqnyyl htnwynpmpmbGGtpp” G whpmyph S
tqphg, hwiwwwwnmwuuwlwpwp d L D (G4.4): M Ytwnh 2tnnuip (3.13)
pwlwdliny hwpytint hwdwp, whwnp t ytpgGh; M YaGunpning S, ubtipwa
L hwby (3.13)-h Wk tnGnn hGubiqpuiGhpp: '

bnp/ t< ﬂ » Sy udbipwi G mhpmjphg nnipy & qmﬁqnui, hbw-
a

d
bupun u(x,y,t)= 0, puthnp cp.,-ﬁw.-nwmmhnq:mhﬁ t=— wuhhG

S, udbpwa yynpunph S ﬁwl.lhphmjpn, L wihph wnwehb dwl.lwmn YwGgGh

M ytanny: Uhuwd wyn wwhhg shGyl b wwhp S,-6 hwwnu k£ G wh- .
a : :
- pmypp L (3.13) pwGwdbhg Yhtnbh, np. pnhwGpuybu u(x,y,z,t) # 0:

wWapowwby, bpp t > b S. uQ;hfnuﬁ :h mGbGw pGnhwlmp Ybnbp S
a _

o ‘ | I 33 .
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ﬁwljhplmqpp htiwn L (3.13) pwlwdlthg YmGeGwlp, np u(x,y,z,t)=0, wju-
hGpG uyqpGwlwG qpqhnﬁhpn wlgGmui hﬁ M ytwnny, Ywd np GoyGa t

wihph bpypnpn ﬂwl.luunn wigimd t M Yhnny R wwhha: lllhpll
wnwohl ﬂwl.lwmn dwniwGwih nyjwy t wwhpG, mu wjﬁ ﬁwllhphmjpﬁ L,
npp pwdwlmy t w)ja Yhwbpp, npnip wpntl nmwnwiymd G6: bLwjunpy
nuunnnmpjmGitphg plunwd k, np wyn dwibplnyph Yhwnbpp S dwiyk-
punyphg mGkG at-hG hwjwuwp JupSwqnyyl htnwynpmpymG: Uihph
wnw9hG Gwlwwnp hptGhg Ghipluwywglnud k at gunwynny L YhGunpnGp S-
h Upw qunGynn uptipwGhiph wwpniphsp: Liws dLnyg uwhdwGymd twihph
tpypnpn Swliwwnp: Uihph Swjwwh nwpwoiwl wpwgnipymbp hwyjw- .
uwp t a-h: '

R

Ujuyhuny, pun wwpwdmpjwl (njwy gpghnp (uyqplwlwd.
qpghnp) wnwowgind L pun dwiwGwih nluwy gpghn, puwn npnwd whpp
“mGh wnw@hG U tplpnpn SwhunnGhp: {Enbwwbu wtnh m6h {ymqbGup
ul.lqmﬁpn: '
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- § 4: hpwjh6 hadwuwpnip bpim  wupwdunlwb
hnthafuwljmGGiph nhiwpod: Mniwivunbh pmbwdhp

L. Unzhp hiGnpp imémuip Jupkgph uljqpnilipny: Mnvwuunih
pwlwdbp

2.3. Plinphdt: bpt v, € c ®R?), ¥, € C* (RY), wyuw

iy )= Yo(&nhdEdn
" R e o
L (1 wenktan e
"2, € xF -y} @

PniGyghwG, npgtin C -G P(x,y) ubﬁmpnﬁml L at Junwynny 2powi t
hwGnhuwlm

Vi —az(v +v ) . 4.2)
lulhpw_)hﬁ hwjwuwpiwG mdmd b pwjwpwpmd &
vix.y0)=wo(x.y), v(xy0)=w(xy) =~ @43

uljqpGwlwl wwjswGGhphG, wjuhGpl wyn PniGyghw (4.2), (4.3) Unzhh
fuGnnpp momaaG t:
(41) pwGwdtp Ynpyms t "Inuuuun(il: pwﬁlndl.

Uwugniyg: MnmuwuunGh pwGwdbp Jupbh bt vunwbwg (3.13)
Uhpluhndh pwGwélhg, wjuybu Ynyjwd, uypteph uyqpmbpny: Ujn
uljqpmilph tmpymGp YujwGmys t Gpubmy, np Gpp Uhpfuhndh pwGwdth
89 ¢, b @, PmbYghwGlipp, Swubwynpwybu, Yuiumd ymGhuG tppnpn z
(nthnfjuwlwéhg, wyw wyny pwlwélng npnzyng mGyghwl GmyGuybu
Ywhumd sh mGtGw z hmhnowluGhg b jhwlnhuwGu (4.2), (4.3) Unhh
luGnph ymanuip, bpb npubu G(x,y,z) YbpgGkGp Wy(x.y)-n, hul npujbu -
01(x,,2) yi(x,y)-n: Uydd, wGgGtiny pmG wwwgnijghG, Uhpfuhndh
Pwlwdbh wo Swumd qunlynn SwybptmpwhG hGwntigpuip wpunw-
hwjnbGp S,-h wpnjbyghw hwinhuwgnn C, 2pgwbny: Qwh wnfityny .
@ L ¢, pmGyghwhtph woiwlumpmop z-hg, Ywpny bip S, udbpwh
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- YtGupnGp YbpgGhy XOY hwppmpjwl P(x,y) Ybwp L dhwpdbp wpn-
JipuniwG hwdwp S, upbipwyny hGnbgpuGtpp wpnhtiGp XOY hwppnt-
pimGhg ytpl L Gippl quGyny YhuwudpbpwGtpny nmwpwdyjwd hGuntg-
pwGtph: UYyGhwjwn t, np ybphlG L vinnphG Yhuwudpbpwltipny hGntg-
]iwlﬁﬁpn hpwp hwywuwp YihGhG: bGywybu hwpnGh t, S, dwytplm jph
dwybtptiuh do bibdtGwnp hp wpnjjghwjh dgdn tikdkGnny wpnwhwjn-
ynui £ '
_d&dn
cos(n z)
pwﬁwéhm[, npunbin n-p S,-h GnpdunG t (§,1] 0) ytwnud: MphdG, (3. 13)

pwlwdlp llqpl[h (4.1) mbupny:

Yhpngnipynih: dwjptoph uhqpmGpny Ywpbih & MmuwwunGh
pwlwdlhg vnwlwy Fwjuipbph pwGwdlp:

2. UjhpGhph mwpwonuip

hGyutiu hmu'zwl.h ghiypmy, wjlwbu k| wjuntn, wihpGlph mwpwonuip
wlGwnnt wunbpugGhim hwdwp ghowpyblp SwuGwynp nbwp, Lpp
ulqpGulwb gpghnGhpp YhGnpnGwgywd GG hwppmpjwG sh G whpny-
pnud, wjuhGpG y, L y, .‘bmﬁllg[lwﬁbpn hwqwuwp G 0-h G m[mm_]p[lg
. gmpu:

“Qhgnip M(x,y)-n G whpnyphg gnipu qunGynn nplt Yo t: Wy
l{hmp thnppugnyyG L vhowgm)a htqunpmpjmﬁﬁhpn G whpnyph tqphg

ﬁzwﬁwllhﬁp hwlwwywwnwupuwGwpwn d L D: d'wliwﬁwllh 0; g thow-

Yuiph hwdwp C, 2n9wGp G wihpnyph htin pGghwGnip Ynkp zmﬁll, w)n
~ wwwSwneny (4.1) pwGwdbhg htimbmy t, np M Ytwnh tnmudp Gpgwo
dwiwGwyuhgngmy hwyjwuwn t qpnjh, npnyhtinb y, Ly, $mbyghw-
Gbpp hujwuwp b6 gpogh: Sw GzwGwyn b, np uyqpGuwlwe qpghnGhpg

nbn 346 hwuby M Yunp: duwiwGwuih t =_ﬂ wwhhG GpuwGp hwulGmy bG
a

D . .
M ytnp, huy tpp t> 3 C, 2nguGp hp b9 YwwpmGuyh wdpane G

-
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R lnhpm_]pn, L, htunbwpwp, (4.1)-hg YmGhGwGp.

alx, oén)dédn
w0 Z“aa‘H\Ft - -(m-yy
| \vlén)dédn ,
"oma H\/at F-tm-yP “o

Uju nhwgpnud, hGsujbu wbulGnud tGp, dwiwGwlyh P— wwhhg htwnn
a

M Ytnh 2tnnuip qpn 3k, h nmwpptpmpimG tnwywih nyph: Ujuwhuny,
pun tnwpwonipjwG (njw) gpgpep sh wpwgwglinud puwn dunfwGuljh nijwy
qnghn: Yw, np GnyGa L, whpp mGh wnwehG Swlwwn, pwjg ymGh bpy-
nnpn Swiwwn, wjuhlpl {ymghGup ullqpmﬁpn tiplywith nhwpmyd wntinh
ymGh:
‘ Thpngripynil: Lxhp}uhn&h pwlwdlp wjG SwuGuwynp nhupma,
tpp @, L @, ImbGyghwbhpp Ywlumd ymGhG tppnpgy hnthnfuwlwbhg,
GYwpwgnmi b, wjuybu Ynydwd, quubwihé wihpGhp, wyjuhGplG tppnpn
wnwgphl gmqwhtn nuph Yantpp Gyl 2bnnuiGbpG mGLG:

§5. UGhundwubin wjhpujhG bujwuwpod
1. Un2hh juGnhpp: ymunitith uljqporipp
hGywhu gnyg t inpyby §2-h 2-p Yhnnud, pwywlwi t pGGwplyhy
qpnjuijwi ujqpiwjwl ywwjiwiiipny swuiwynp nbwypp qunlhy
C? (t > 0)ﬂ C'(t‘z 0) quund wjb ulx,y,z,t) $mbGyghwb, npp >0 Yhuw-
nwpwompjwl vhy pwwpwph

u, =a2(u“+u”+ué)+f(x,y,z,t) (5.1)
* wihwiwute hwyjwuwpiwbp b .
U =0, u=0 ‘ (5.2)

uljqpGwlwi wwjdwGabpha, npuntn f-p C(t>0).quuh pmbyghw t: bpllt-
10y shwywith niwyph hwiwp wpwd Aymuwdtijh uyqpniGph puwnnnnpniG-
Gpp' htunnipjwip hwinqynud bGp, np (5.1), (5.2) luGnph Mmdnuip
mGbGw htinbjwi nbupp
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t
I.(x,y,z.t)=—l-'[(t—‘t) [fiix+oa(t—)y+Balt—thz+yalt-thedo pr (5.3)
4, s '
nph dtg S,-p Shwynp upbpwjh Swybplmypa t: (5.3)-h be T-h thnfuwpka
twngltiny r=a(t-t) Gnp hGntqpiwl thnhnfuwlwbp LU Ghpuh Swybplm-
pwjhG hGntignwih dbe wGglGtny uptinhy YnnpnhGunGtiph’ mGLGwGp.

. atoxm f[x+ar, y+Br,z+‘yr,t—£]
u(x,y,zt)= . - J'J'J' 2 4 sinBd8ddr (54)
4ma“ 550 I '
UjGnithtwnb, uptphy YnnpnhGwwmbbph thnfjuwpbl dingGhyny .
E=x+or, n=y+Pr, {=z+y (5.5
ntjupnjwi YnnphGunnGbpp, (5.4) wpnwhwjpnmpymbp Yunbih b gply

e
u(x, y,z,t)= yoe J;JH - dEdndt (5.6)

wmbupny, npntin D_-G (x,y,z) YaGwnpnlny b at pwpwynny gmuGna t: dwgh
wnGny, np o+ B? + ¢ = 1, (5.5) -hg unwlmd tGp

r=yE-xf +M-yf +@-z2) :
Ujuwhuny, r-p  ppbGhg Ghpuwjwgmd t (§,n,{) hGunbtgpiwG Ybwnh b
(x,y,z) Jnh htinwynpmpjmbp: (5.6) wpmwhwjnmpymbp Yngm t
nwgnn wynntiGghwy: Uju wljwlimdp ppgunpmd t GpuwGny, np (5.1),
(5.2) paGnph mdvwG wpdtipp hwyytihu (x,y,z,t) Yewnmy, yepgymad t f-h

r
wpdtipp ng pt t wwhhG, wy t-— ; wwhhG, wyuhGpG, w)GpwGny ynwn Gh .

wwhh, nph plpugpnud (§,1,8) Yinhg 2 wpwqnipjwip wpdtihu Ywnpbih
t hwuGbj (x,y,z) Ytanp:
BGhyw Gyl duny Ywpbih b vnwGug

u, =a’(u,, +uyy)+f(x,y,t) (5.7
hwjwuwnpiwG moémuip, npp puwjwpwpmay t
Ue0=0, uw=0 , (5.8)
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ul.lqpﬁ,l{llmﬁ wwjdwGGhphG: Uy indnuwip mGh

u(x, y,ti: 1 l - f(ﬁ,n,C)d&dn

2ma ol <) a2 (t—1f —E-x) —(-y)

(5.9)

mbupp: -

2. Yhwnwjh6 wnpymp:

U)dd nhwwpytGp (5.1), (5.2) Unzhh fuGnhpp wyG nhujpmd, tpp
(5.1) hwjwuwpdwl we Swumd f{x,y,z,t)-6 qunjhg wwpptp t Shwyb
(0,0,0,t) ynnmy, t = 0: Dhghjwwl hiwunny wuwd, wpunwphG mdp
wgnnui t shwjl uyqplwlytnnud: Gpl pGnmGuGp, np f{x,y,z,t)-G qnnjhg
wwpptip t dhwyb (0,0,0) YuGwnpnGny ny vty D, qlnmy, wuw wjn qlnh
2wnujhnp dqnbigGiiny qpnjh b whuwhiwG dEdwgGhiny wpnwphG ntdh
hGuntGuhynipymbp’ uvwhdwlnud dEGp YunwGwGp wihpwjhG hwyjwuwp- ‘
dw ndnuip YhwnwghG wnpjmph ghwpmy: CGnmGLGp, np

f(x’yQZQt)=0, tpp \]x2+y2+2226 (5.10)

u [[[ £(x,y>2, t)xdydz = 4ma?t) (.11)
De

UGnpunwnGulp (5.6) pwlwdbhE b hwiwpbbp, np at > / X2 +y* +2 +¢:
bpp €0, r-p YwuGwynpuwybtiu Yhwjwuwpygh (x,y,z) U (0,0,0) Yawntph
htnwynpmpjwbGp, hwpyh wnGhny (5.11) - p’ juunwbwGp

u(x,y,z,t)= 1u{t-5] | (5.12)

r a

buy, bpp at < ,/\xz +y? +2? —¢, wyw u(x,y,z,)=0: Lklp, np (512)
Pmbyghwl Yuwdwjwlhwh o pniGyghwjh hwiwp pwjwpuwpnd t hwiw-
utin whpwjhG hwywuwpswip U hptGhg Gipywjywglnul £ upbphy wihp,
npp ujuwd (0,0,0) Yinhg nwpwnjmy t a wpuwgmpjuip:
Lhypngripymid: N3 nhun gunngnipymGibpny uvnwgyud wp-
pniipp hwiwwwwnwulwbnid £ hpuwlwlnipjubp:
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§6. Unzhp [ufinph imomuip Jmppbph shengny
Unnuplblp Uy =Ug U e, 6.1)
wihpwjhG hwjwuwpnuip: CenhwGmp wihpwihG hwyjwuwpnuip vhwn
. Yupkih t gpt] wjn wmbupny, bpti dwiwGwulh zluq'mqwllluﬁméjmﬁn
pGunpyh hwswwwwnwufuwb dbm|:
T+hgnip wwhwGoymy t qunGby (6.1) hwjwuwpiw6 w6 momup,
npp pujwpuph
u|!=0=r(xl’x2"“’xn)’ “:|:=o =V("1’x2"“’xn) (6.2)
ulqpGwlwl wwydwiGhphl, npntin T L v-6 wiytpg wiquyd nhytiphi-
gtih $mbYghwblp bl: LywGwlyblp A°-ny GmjGwywl owbpwwnnpp,
A'-ny Lwujjuuh-A owjbpwwnpp
‘ = az az JS az k e k-1 ) .
A = +ax§ + +ax: LA =AR) 0,12, ...):
2.4.ﬁhnphl': Gph

2k+l

z[(z;y"“(‘"' W Y )] o

k=0
2wppp hwjwuwpwswih qmqwﬁhm t, L ipym whqwy pun pninp wijwhu

thninfjuwlwGibph wigud wn winuwd wowlgywd wpptipp hwyw-
vwpwswh gmguyitn GG, wwjw (6.3) 2wpph gmiwpp hwighuwGny t
(6.1), (6.2) Unzhh fuGnph jniomu:

Uspuugniyg: LywGwytGp (6.3) 2wpph gnidwpp u—u(x,, ,x,,,t)—m[:
Ujdd Gyuwwntp, np

o[ (&2 & & ."v o {5 -
u"_g’[(Zk-—Z)! T+(2k—l)'A ] zl:(Zk' T+(2k l)'A ](6.4)

Unu Ynnihg

= [ 42 el ‘ t21:'+| el _
Au = A+ —— AV .
Z;[(Zk)! 2k +1)! ] ©5)
Qwiibiwwnbiny hpwp htan (6.4)-p L (6.5)-p hwinqymu LGp, np (6.3) wpph
qnuiwnp pwjwpwpnd b (6.1) wihpwyhG hwjwuwpdwGp: {6 b hw-
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inqyty, np u pnGlghwG puwjwpwpnud k Gwl (6.2) uljqpGuijwub qwjﬁmﬁ-
GhphG: Ia‘hnpbtiﬁ wujugnigywd k:

Npn) nhwptipnud Unhh juGnph niddwa (6.3) nkupp wybth wwpq
t thGnud, pwG Yhptuhndh pwGwdlny Ghplwjwgywd inkupp: Ophlwly,
bpp Tl v ImbGlyghwbtipp pwqiwlnuibhp G (U ny Shw)G wju nphwpnd):
Un niwypmud fuGnph momudG ty puqiwGund YihGh, npm[hhmh (6. 3) 2wppp
r;um(inui t ytpounynp gnudwp:

§ 7. Chwnml gpywopny] fulihpbbp bhuybppnywlu
bwjwuwpndéhph hmdwp

1. Unphh JuGnph jmdfwG ShwlnipynGp
Uwwgmgtlp Unphh fuGnph puovwl dhwinypjmbp
Uy =u, +u, +E(x,y,t) N (A}
hwjwuwpiwG hwiwp'

u| =0 = ‘Po(xo)’) ’. ut|t=0 = ‘Pl(xv y) (7.2)
uygplwywi wwjiwGGhpny:

2.5, Phnphid: Gph fe C (t > 0), p,e C(R?), ¢,e C¥(R?), wyw

C¥(t > 0)NC!(t = 0) nwumd (7.1),(7.2) Unphh fuGghpp niGh Shwy pmdmud:

Uujegnyg: thgmp u,(x,y) b ®y(x,y)-p Unzhh tulnph iméonuiGhp

bG: Wyn nbwypmud Gpwlg wnwpptipnpymG Ghpluwjwuglng u = u,-u, dmaGy-

ghw( Ypwywpwph hwiwubn hmqwumpﬁmﬁg L qpunjuljw6 uwyqpGuwyw
ujw ]ﬁwﬁﬁhph .

Uy =U, +Uy, U o=0, =0 (1.3)
8mjg wmwip, np u =0 (x,y,t) tnwsuwh nmwpwomipjwl Juwiwjuwlwb
M(xgYot) (> 0) Ynma: YbpgGhlp M ququpny

(x-%xP+(y-y) - (t-t)=0 ’ (7.4)
pGmpwgphy YnGp: Yju YnGny L t = 0 hwppmpjuidp vwhiwGwhwijyjwuo
whpnypp G2wlGwytGp D —ny: UjGnihbink, hGinkqpbiiny

i (“ Uy )

2ut(uu U —U”)=%(Ui +l.l§ +ut2)—2%(utux)—2ay
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GnyGmpymGp D nhpmyypny L hhotyny, np u - G pwyjwpwpnud £ hwdwube
hwjwuwpiwbp, YmGLGwbp

0= Iy[%(ui +u? +uf)-2%(u,ux)—2%(u,u,)}1xdydt . (19)

VywlwytGp D YnGh YnniGwjhG swytiplnypp I'—ny, huly hwipp' 6,-ny:
Oqutiiny Q-wntu-Oumnpngpunuint pwGwdlhg (7.5)-hg Yunwlwbp

0= H l(uf +ul +u} )cos(nt)- 2u,u, cos(nx)- 2u,u, cos(ny)}ic (7.6)
pwﬁﬂ np, hwiwdw)G uyqpwywl ywjiwbh, ¢,— h Ypw v,=u =u=0:
£ampwqph; YnGh YnniGujhG switplnyph Ypw |

cos?(nx) + cos’(ny) - cos*(nt) =0:
Uydi (7.6) hwjwuwpmpjniGp Yupbih t gpti htanljw) nbupny.

H# kux cos(nt)-u, cos{nx))’ +u , cos(nt)—u, cos(ny)f ]cb=0 (1.7
" cos(nt)
T swybplnyph Ypw cos (at)= % , L pwGh np hGwnbgpyud Pmbyghwi
wlplinhww t L ny pugwuwlwC, wwyw (7.7)-hg htnbmud t, np wyG T
dwltiplnyph Yypw hwjwuwn k qunih: buy gu YihGh wyl gbhupmd, bpp
u, cos(nt)-u,cos(nx)=0, wu y cos(nt)—u, cos(ny)=0, Yud
u, — u y —_ u, .
cos(nx)  cos(ny) cos (nt)
Thgnip, £-p YnGh 0GhyGhphg nplt ¥GYG Lk, win phwpnd
| u,= u,cos(£x) + u cos(y) + ucos(ft) = A[cos(nx)cos(¢x) +
+ cos(ny)cos(£y) + cos(nt)cos(£t)] = Acos(nf) =0,
npnjhtinl p-p muuhwjwg t -hG: Punyg, w-G YnGh hpiph Ypw hwyjwuwp
t qumh: Ujn wwwmdwnny, u = 0 £-h pninp Ywmbpnud L, himbwpwp
M(%4,Yortp) ququpnmid u(xy,y.ty) = 0, hyp wwhwGgyntd tp wwwgmgty:
VLluwwntiGp, np Unzhh fulnph imodwG wpdtipp M(X,,Y,.t) Ytinnud
Jwhijwd t ulyqpGwlywi wmyjwiibph shw)G wyG Yntpms mGhgu
wndbtpGtiphg, npnGp pGYwo LG M ququpmy pGmpwgphy YnGh hhdph Ypw:

=\
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2. Unphp ufinph mofwG whpGnhunn uwjejuénipymbp uwiqptmimé -
N wiljwiGhphg

Oqunjtiiny MmwuunGh L Yhpjuhndh pwGwdliphg’ higwmpudp
Yuphih k gnijg wwi, np pt @, L @, ulqpGuliwi myjwiGlpp L Gpubg
wowbgywiGtpn phy thmhnhuybG, wyw hwiwwwinwuuwG puondip phy
iphmpntuyh, himbwwtiu Unphh fuGnph imonuip wGpGnhwwnnptG k julu-
Jwd uljqplulwl nyjuwylbphg: '

§ 8. N3 2hwnmly apYwmopny juinhpGhp

LUnyhh hﬁthn Luyjwuh hwjwuwpdwi hwdwp: Supudwph ophGuijp

hgnip, u(x,y) PniGyghwG Unzhh htwnbyw) juGnph momdG k.

 u,tu =0 8.1)
U] ye0 = Po(x), U, |y =9, (x) (82)
Ujn giypmu, htipn & nbiuGhy, np
e_J; . .
v(xy)=ulx,y)+ ——cos(ax)sh(ny) (83)
PmGyghwG _ ‘
v|,,=o =@,(x) ., vy|y=o =, (x)+e™ cos(nx) (8.4)

ulqpGulwl wwjdwiGepny Unzhh fuGnph momdG k: LwwnbGp, np
(v—uly=0 =0, huy (v- u)yly=0 =e " cos (nx ) guljugud
swihny thnpp L, tpp n-p pwjwiwGwswh dd phy k: UhGsnkin
vV-u= le",IT cos(nx)sh(ny) - (nonuiGph wwpptpnipymGp npnp k-
wbpnud g;lw(illmgwo pyhg utd L:

Ujuwhuny, Lwwjwuh hwjwuwpiwG hwiwp Ynzhh uGhhpp
2hwnwuly npywd gk:
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2. Yhpuypl hwwuwpdwé hwdwp Hhphluibh fufighpp

- Dhunwpyhkbp [0 n]x[O on] (0-G hpnwghnGwy phy t) numwﬁlumﬁ
dhe ‘Hmhlulhh htunbjwy fuGnhpp’ qnGhy : :
w,-u,=0 - (85)
hwyjwuwnpiw6 wjl jmoénuip, npp whpnyph iqpmud puyjwpwph hbwnbjw),
wwjdwGGLphG.

u(0,1) =0, u(mt)=0, 0t s-om, . @86)
u(x,0) =0, a(x,0n) =—1—sin'nx , 0<xsm - 3.7
T o

{b2in t wnbulhy, np (8.5)+(8.7) uGnph hwdwp

u(xt =Lsinntsin nx -

7 J/n sinnom
dmGlyghwG ymomy t: ‘Ljwwnbbp, np n-h puwlwbGhG $&d wpdtpGhph
hwiwp ovwG bqnuphlG wpdtpGhpp gwGlwgwd pyhg thnpp LG, huly
imovwl wpdbpGhpp, npny Yhnbpmd gulijugwd pyhg vkd tG: bpnp,
hwiwdw)G hwynGh ptnptth, gnympymG mﬁ’hﬁ‘p, b q, pGuywG pyuph

oa—Prlo

9y

* hwenpnujwGnipymGGhp, np

— - Abnbwpwp
gy

. . T |
lsin q, | =|sin(q, & - p, ) < — : MpbuG, G wd mpnwGlwE dhe
9y

qnmpjmG mGh (x,.t,) Y, np

|smqkt0||sm qy Xo|

|uqk (x‘o»toj \/Ek_ sing, o ZJq—k_|smqkto||smquD|

D GwGwymd t, np v, (x,t) imovwb wpdbpp (x,,t,) Yownnd gub-
jugwd pyhg ko t, bph qktﬁ pwjwywbhs dbd pGwljwé phy t:



, §9.' Gpim whljwju *nulmluuil;mﬁﬁhpm[ qowjhi -
N hhwhppnjwljwi whumlp pnhwlnp hmt[ymmpnuln

!

- / 1. Qnupuwgh fuGnhpp b Gpu momdp; HYhunwpytGp juGnGuywa
wnbtiuph pipwd tipym wijwh hnpnfuwlwuGibpny qowjhG hpulhppn-
lmllmﬁ wmbiuwih hhmhijhmqmumpnldn
u, +au,+bu +cu=f(xy), - (9 1)

nip a, b, c b f-p D=(0,x,)x(0,yy) nupublyywt D qnull\imﬁ qlnu
npjud wipGhunn .‘bm[illgpmﬁhp bG:

Qripuuyp julinppp: Mwhwioymi t C*(D)N C'(D) nuunuf
qunlib] wjb u(x,y) $niGyghwb, npp pwjwpwupp (9.1) hwjwuwpdwGp D
nurpnubljui dke L pGnymbGh Gpw y=0,0<x<x,Lx=0,0<y<y, Ynnibph
' ypw mpt[wb wpdbplbpp’
| tmﬂ—%u)umﬂ—¢ﬂw 62
blpunphGp, np @, € C' [O,Xol P, € C[O,yO] L ntinh mGh
' 0,(0)=0,(0) hwiwdw)ibgywdmpjwl wwjyswip: LuGp, np Gmpuwh
fuGnph dk9 wmpywd k ¥ty tqpujhG upuydwi (9.1) hwjwuwpdwb Gpym
hunnynn pGmpwqphsGhph ypw: Hhgmp u(x,y) fbmhllghwﬁ wjn luﬁrmh
momiG t: LywlwlbGp

w=va=w: (3
Ya /
Yo (%Yo
?,
' .
% %X
6.5

U._m nbwpnid (9.1) hwjwuwpnuip b (9.2) wwjdwGGhpp YpGnniGha,

45



huwiwwyuwwnmwupiwiwpwp,
v, =w, =f-av—bw-cu, ' 94)
Mo =010 W], o =93 (y) - 99
wnbupbpp:
(9.3) - (9.5) wnGympjmGGhphg wEshgurybu wnwmy kip bptp hGwnbgpuy
hujwuwpmiGtph bwiwlwpg w, v L w pmGhghwGlph Ghuindunip’

. y
u(x,y) =@, (x) + JW(x,n)dn,
0 .

v

y
v(x,y) =9 (x) + I(f —av—-bw —cu)x,n)dn,
9.6)

w(x,y) = <pz(y)+J(f —av=bw—cu y)dg

Qwlwnwlp, nhgnip u, v L w &nlﬁllghwﬁhpg wﬁgﬁqhwm b6 D -h Ypw L
pwyjwpwpnid kG (9.6) hGinbigpu hwyjwuwpniGhph hwswiwpghG: Snyg

wwlp, np ue C}(D)N C'(ﬁ) L hwGnhuwGmy t (9.1) - (9.2) Gmpuwjh

luGnph imémau: bpnp, (9.6)-hg wGshgwubu htinlmd LG (9.3) bunjw-
uwpmpjnGGbpp’ v, =wl

y y
u, =@} (X)+ [ w, (x,n)dn =g (x) + [ (f —av-bw —cu)x,mdn=v ,
0 0

wjGwbu, np ue C2(D)NC'(D) t D-mu pwwpwpnd t (9.1) hunjw-
uwpdwlp’

‘ w, =w,=f-av-bw-ca=v,
Puwgh w6, u $mGYghw punjwpwpn £ Gwl (9.2) bgpuihG uwyiwG- -

Gt =,

ul,,= q>,(0>+ j w(0,1)dn = @,(0) + j(pz(n)in =
= 0.(0)+%(y)- 9,0)= 9,5) |



Uyuughuny, (9.1) - (9.2) @nipuwjh fuGnhpp hwdwpdtp t (9.6) hGntigpusy
hwyjwuwpmiGiph hwiwwpghG: pw hunimp pwywljwG t hhmmqmnhl
wyn hwiwjwpgp:

A (9.6) hwiwlwpgh lmonuin Yywnmgtlp hmgnpqmllmﬁ limnw-
ynpnipymGGliph dhpm}m[ nﬁqmﬁhlm[

o = X, vo = 01 (x)+ J f(xmdn, wo =93+ [fEyHE, 0.0
g o )

p—l (X Tl)dTl o \ |

U, =

°‘—.‘<

y
_ Vo =—£(avp—l +§wrl +c“p—l)("’“)d“" - (98) -

W, = -I(avp_l + bw p-1 +cu p_l)(éq y)dé'
0 |

. p=12,.
U.ulmgmghﬁp htnbjwy qﬁmhuunml[mﬁﬁhpn

N

(x+y)?

S |
("T’), : ’vp(x,y)|SMKPT :

|up(x, y)\ <MK?P

o p ©.9)
. lwp|SMKpu— ,
p!

pninp (x, y)e DL p=0,1,2,... hwdwp, mip

M= max[maxjuol, max| v, |, max|w, |],

K=1+max(|a|+|b|+|c]):

bpp p =0, wylGhwjwn t, (9.9) gGwhwinwljubltpp 6hywn bG: Sniyg

wnwbp, np (9.9) qGwhwwnwlwGitpp WGmy kG 6hpw, tpp p -hg whighhbp
P+ 1)-hG: Wyn jwwnwpblp, ophGuy, Vp+1-h hwndwp: (9.8) nbyniptGn
wnGynipjmGGuphg U (9.9) wihwywuwpmpymGGiphg mGuGp
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|vp+,|sj(|a||v I)+|b||w I+1cllu, D(x,n)dn <

e TN

j,(x +MP(al+1bl+lc(x,ndn <
0 ) :

p+l
<MK [(x +y)PH —x"“']SMK"‘q _____(x *+y)

1]

(p+1)! (p+D!
hG;p u;whw(igqnui tp: (9.9) qGwhwwnwwGibphg htnnlkimd t
Zup, Zv Zw - 0.10)

zmpphph hwqwuwpw zw\h qmqwﬁhmmp Jmﬁp, npnyhbtunk ﬁpwﬁp dwdnp- -

ynui kG D -h Ypw hwjwuwpwywih quiquishnnng

Mi Kp I _ ppekisen. (9.11)
p=0 p!
2uppny: (9. 10) zwpphph qmuiwpGbpp GwGwuykGp, htuliluu;wlmuu-

]uwﬁwpwp u, v L w: Ujn pmbGyghwGbipp wlpGnhwwn L6 D -h ypw: 8myg

ww(p, np Gpwlp pwjwpwpmd G (9.6) hwdwlywpghG: Fw juwnwpblp,

ophGwly, (6} hwjwuwpntdGhiphg wnwehGh hwiwp: {wiwdw)G (9.7)-h
(9.8) hwiwljwpgh' wowehG ntyniptGn wn(igmpjmﬁn gqniiwnbiny pun
p-h 0-hg dhGsl N, junwGwbp

Zu (x,y) = (p,(x)+IZw (x,mdn, N=1L2,..

Uju hlm[wuwpmpjluﬁ 1) wﬁgﬁhlml uwhiwGh, hpp N — oo L oqujtiiny

(9.10) 2wpptiph hwjwuwpw junh gmquidhwnnipyniGhg, Yunwgyh, np (9.6)
hwiwlwnpgh wnwehG hwywuwpmip pwdwpupjud t:

UywgmghGp (9.6) hwidwlwpgh nddwG ShwyntpjniGp

c(o)nc! (B)muunui: Qpw hwiwp pwywlwa t gnyg wwy, np (9.6)-h
hwiwywwnwupiwG hwiwubn hwdwywpgp (@; =0, @, =0,f =0) mGh
thw)G qpnjwijwG momi: Hhgnp (u*, v¥, w*) (9.6)-h hudwubn hwiw-

\
t
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. Ywpgh monui t: LwGh, np up =u¥, v, =V¥, L w, =w* dmbyghwbkpp
pwywpwpnud kG (9.8) ntiyniptGn wnGympynGGeph6, wyw Gpwig
hwdwp nbinh mGh6 (9.9)-h Glwb gGwhwwnwlju GGbp.

+
Cu*(x,y)| s MK (x P'Y) v P=12,..
UGgGtny uwhiwGh, bpp p — oo, unwGnud bGp u* = v*¥=w*=0,nppL
wwhwGoymd tp:

“Fdjun ;& hwingyby, np @mpuwjh jGnpp Mnuip wﬁnﬁqhul-
umphﬁ L Ywhiud f, ¢, L @, wywyiltphg: Ujuwhuny, um;wgmgnlwb t
htwnbjunp:

2.6, @linphit: bph a, b, ¢ L £ pmGlghwlbpp whpGnphwwn k6 D -h
drw, @,eC'[0,x,]. 0, C'[0,,], 9,(0) = 0,(0), www (9.1)-(9.2)
Gmpuwyh uGnhpp yhnwy Enpjwo:

" 2. QphGh pwilughp: HYhnwplbip htnbyuy thbhphﬁghwl wpunw-
hwjnmpjniGp (oybtpunnnpp)
L(u) =u,, +a(x,y)u, +b(x,y)u, +c(c,y)u: 9.12)

Uju wpunmwhwjnmpijul hwiwnd phpbptlghw) wpunwhw)-
wnmpjnii (owkpwunnp) widw Gmd GG |

L*(vV)=v,, —(av), ~(bv), +ovh . (9-13)

{b2wr t uinnighy, np ntinh mGh

vL(u)~uL*(v) =% (vuy ~uv, 4-2auv)x +% (vu, —uv, +2buv),  (9.14)
GnyGmpymGp: GGpwnpblp a, b, Imbyghwblpp wipighuwwn 6 G uwh-
UwGwihwy whpnyph thwldwi Ypw, nph S tqpp Yunp-wn-Yunnp nonpl t
L kGpwnptGp, np u-G L v-G c‘(G) nuuh wjlwhuh pmbyghwGhp kG,
_ pnGg u,, U v, wowGgyuiGkpp wipinhunn GG G-h Ypuw: Ujn niwypmadd,
hGuntgptyny (9.14) GnuyGnipjwG bpym dwubpp G whpmpny L oqunybiny
GphGh hwjnGh pwlwdlhg, unwind tGp -

’
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| H[vL(u) —uL*(V)Kixdy =
(9.15)

— I(uv -vu, - 2buv)dx +(vu, —uv, — 2auv)dy .
npp ﬁmjﬁulhu Ynyymu t G-phGh pwﬁwdh

3. Nhdwbh leﬁllglimli
Uwehifwbnd: R(x,y; £n) pmGyghwi llnzqnui tL ou;hpmmnp[l
NhdwGh pmGyghw, ipt pwjwpwpmd t _
L*(R)=0 o v (9.16)
hwjwuwpiwlpbx=Emy="1 pGmpwugph;Ghph Ypw :
y x - B .
JaGydy’ éb(xﬁn)dx‘ :
=gl = : (8.17)
Rlx:{ =€ ’ |yq =e .
. wwjiwGGphG:
R(x,y; En)-h ubg (xy) Yunp wpqaidtGunh nbp & junwpmd, huy
(€,n) Ybwp - wwpwisbwph gbp: (9.17) ywjdwaGbphg washowugtu unw-
Gmud LGp , .

-

REyEN=1, : - (9.18)
R/Ey: ) = a( Ey)REY: EN), 019
Y R&mEN =dxmREM; En): (9.20)

9.1 ptinptivhg htwnlmd t OhdwGh pmGlyghwih qnympymbp L Yhwyni-
pjniGp, npwku (9.16) - (9.17) @mipuwjh fuGnph lmdnui: bBpt L ouyjipuinnpp
hGpGwhwiwmd owybpwwnp t, wjuhGpG L = L*, www DhiwGh pmGYy-~
* ghwG upitunphly mGyghw | |

| R(x,y; EM) = REM; x,y): - (9.21)
Uju hwinympjnGp pGymGmy tGp wnwGg wupwgniigh:

4. Unzhh julinph pinmGnp npjwopp L Gpw neémdp hdwbh buGulng
<h2tGp, np wihpwjhG hwyjwuwnpiwG hwiwp I gjlumd mumdGw-
uhpywd Unphh juGnpp uyqpGulwl wWwyiwGGepp npymd thG {uwy (x,t)
hwppmp JwG t=0numh Ypw, YJud (x,y,t) nwpwdmpywi t=0hwppnipjwG
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Ynw, Jud (x,y,z,t) punwswih mwpwdnp Jmﬁ t=0 hhujkphwppnp juG Yypw: .
Ujdd dbip GujwnwyG t (9.1) hwjwuwniwG hwdwp nb) wyGwhuhb fuGnhp,
nph uljqpGwlul wwpiwiGhpp mpwd (hGhG (x,y) hwppmpjwG nplt Ynph
Unw: Uyuwhum|, nhgmp £-p (x,y) hwppnipjwG dbg nnnpy Ynph sh wnbin
t, npG mGh htnbjw) hwwnympjmGGtpp _

1) £-p (9.1) hwwuwpswG wikG dh x = const, y = const pGmpwqphsh htn
hwunymd £ dhwjG Sty Ynmy. 2) £-h guGljugud nmd tnwpwd ynpw-
thnnp snGh (9.1) hwjwuwpdwG pGmpwqgphsh nummpymG: Uyuughuh Ynph
hwjwuwpmip Junpbih bt gply L y = g(x) b x = h(y) wbupbpny: Unyph
Mlinppp npymd b htinbjwy hpyy. wwhwGeymd t qunlly (9.})’ hwjw-
uwpdwi wjGuhuh u(x,y) momy (€ Ynph dh 2pewljwjpnu), ripn pwyw- .
npwnph £ Ynph Ypw htnbjwy wwjdwGGephG -
| ] 9.22
7% - RG>
npnbtn ¢, L @,-p £ Ynph Ypw wpjwd ImGyghwitp LG, hwiwww-
nwufuwlwpwp C L C' nuubphg: (9.22) wwjdwiGepp hGwpuyn-

“l, =@y

. du
"popynilG GG mwihu qunGhm g wowGgywin ¢ Ynph Yhntpm: hpnp,

qpiGp (9.22)-h wpwehG wwjiwhp u(x,g(x)) = Py (x) wbupny L wowb-
ghGp wyG '

au ’ a'-'l ’ ’ 4 3
: R D ) = gy 0):
- Ujmntinhg qunGmy tGp
% = w = Qo (X) — @, (x)g'(x) = &X(x): (9.23)
1 X ' '

) (hmhwu]hu, u, wowbgjwih hnhuwpbG ¢ Ynph ypw Yupbth b wowg v,
. wowGgjwyp: Uyuntinhg by quihu hﬁp w)G igpujugmpyubp, np (9.22)-h
. bpypnpn wwjdwGh thnpuwpbG Jupbih t £ Yopp Yhnbpmd wnwy w-h
wowhgjwip puwn npbt mynmpywG, npp sh hwdpGyGnud 2npwhnnh nnnni-
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pjwl htun: OphGuy, npubu wmulhu]l\ niEpnipyniG Jupbih t gbpgGhyg
Gnpdwih nupmpjmGp: Ujdd, wlgGlGp Unphh huGnph imodwGp: (9.1),
(9.22) Unphh luGnhpp Yupbih timatg hwonpwlwG smnunnpmpynGGtph
tnwGwyny wjGwbu, hGyubu MoYtg Gnipuwjh hubghpp, shwyG w6
wnwppbpmpjwiip, np D ninppuGljw6 thnfuwphG ytpgyh G tnwGyjniGwél
" whpnypp, npp uwhiwGwihwliywd t ¢ npny L Gpw dwjpwltntiphg
mwpwd pmpwgphsGhpny (GY.6): Wyuntn pliptGp (9.1), (9.22) Unphh
fuGnph movwG Rhdwbh bnwbwyp, npp wmwthu b owng JuGnph nodwG
pwgwhwjn Ghplujugmip @, L @, uljqpiwlwG nyjuGhpny, ﬁ]lw G, tph
hwjwnGh £ (thdwGh :1>m[illg]1wﬁ

Yo _ ' C
F3 e /
y (xy)
G,
ry
y
Y1 B
x X - X X, '§ '
Gy6

2.7,@unplaf: bph 8, b, ¢, a,, b m f $mGyghwbbnp wlpGnhwn bG
\ﬁ:xl <E<x,, y1.S7 < y, munublyjwé jpw, @, Cz[xl,xz] U
9, € C'[x,,x,], wuwju (9.1), (9.22) Unphh fulinph jmonudp C! (]3) nwund
qnympjni mGh, Shwyb t L wpnwhwymmy £ chiwGh htnbyw) pwGw-
. dlny ' ) \

!
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u(x,y)=%¢o(h(y))R(h(y),y;x,y)+1(Po(x)R(x,g(X);x,yH

411,[[20)__11‘ b%R}i ( (P'__R" a%R)m] (9.24)
rjRER

mp Gx, oL, pE=xn=y; &= x—h(y),n— y'= g(x), pimpu- -
qnhsGbph dhel nGywe G wnhpnyph L £ Ynph hunituu;unnwu]uwﬁ dwubpl
G (GY.6): _

* Uwmgnyg: Thgnp u(x,y) -p (9.1), (9:22) Unzhh - lmf’m‘m
E U (xy)-p D monuiljwb npbt w6 t: Yhpwnbiny SphGh (9.15)
pwGwélp uE,m), v=R(En;x,y) pmGyghwGbph L G, whpnyph
hwdwp, YmGtGwGp

j‘ RfEdn= J(——R§+—ut+buR &+ ( u,— R“+auRLdr|—

—i[[sut'ERg+buR}ﬁ“[5un—2Rq+auR)m] '(9‘25).

Oquutyny (9.17) - (9.22) wnGympynmGGtphg’ dLwhnjubbp (9.25) huw-
uwpnipjwi wg Ywuh wnwehG tplyn gmiwpbhGepp .

d§=lT(Ru§ +uR§)|“;yd§=

=y 2;

j[%ug -%Rg +buR)

X'

= % ,[ (uR) I ﬂ"y u(x )_—(Po(h()’))R(h()’) y, ’ Y) ’

|
. GUwG dLny’

y ' ‘

R ’ A .
|3 -gRavmR] en =2 00, 3) =2 Qo COR(X.E(X)K.),
2 2 E=x 2

Shqunmhlm[ unwgywd wpnmbpGtpp (9.25) pwﬁwdhh dbg LU hwph
wnbhiny (9.22)-p' junwGuwbp (9.24) Ghpljwywgnuip:



Uwwgmgtlp (9.1), (9.22) Unzhh [uﬁqp&\ (ndvwG shwympymGp:
bpb u(x,y) pniGyghw hwiwujwinwuppwl hwiwubn fulinph peomda
(wyuhbpG tpp f=0, o= 0, ¢,= 0, L wyn nhwpnui ® = 0), wyw (9.24)
pwlwdlLpg vinwimy tlGp u =0, ﬁpn hwiwpdtp t ShwynpjwGp:

' ‘hwphm t gnyg wnwy, np (9.24) pwGwdlny npnpynn pmGyghwG
Unphh huGnpp (neomdG k, vwwja tpywp thGhm ywndwneny wj6 pwg
tiGp pnnGmui: lvhun wupugnygp Juphh t qunGby, ophGuy, YL.U.dunh-

~dhpnyh gppmd [3]: Uymu ynndhg, hGyybu Goybg Yepp, Unzhh fuGnph
(modwG gnympymbp wujugmgynul bt wjGubu, hGyubu wuyugmgyl; t
Qnipuwgh fuGgph médwG qnympymGp: Wyuwhuny 9.2 phinpbidh wuyw-
gmjgn huniwpnud GGp wyjwpnywd: Qupbih t gnyg nwg Gwlb, np (neomudG
whpGnhunnnpbG b Yuwhiyjwo uyqplwlub njjwltphg:

W2hbp O-hdwGh (9.24) pwlGwdLhg pjunn dh pﬁxﬁh npuwljwlwuG
| htwnlLwGpGtp: Ujn pwGwdbhg bplnwd b, np Unphh fuGnph imodwG wpdtpp
(x,y) Ytnnui (thnyhG npn2ym t Ex, wnhpoypnud f, @, @; GwhGwlwG
wjwiGph wpdbpGph hengny: Wu Yuuwlgmpjundp 5 xy -0 Yngymud
t (x,y) Yhwmnh wqntgnipjwl wmhpnyp: Ujn wwinSwnny, hph ulygpGwlw@
nyjwiGtpp thn[uhﬁp Gxoyo wnppnyph wpinwphG Ywunud, wujw imomudG
t{ Yehnfurlh ShwG wn whpnyph wpnwphG Swunud: Ujuyhuny quihu
bGp htinbjw| htmLmpjwGp. mibwl axoyo wnhpnypnwd nibgwd Unphh
tuGnph imodwbp pighwGpwwby wuwd Yupbth t Ygh & = x, b n=y,
pGnipwgphyGhph GphwGnipjundp, Ghw JwpmGuympymbp hwﬁqhﬁwgml
qulwquG monuiltp, wjuhGpl ymonuip ny Shwpdtp dlny t 2wpnt-
(iwllllnui pGnipwgnhyGhpny:

£ ynph dwuphG wpywd wjil hﬁpwqpmpjmﬁn, np wjG hwinnud-t
- wikG dh pGmpwgnh;hG dkYhg ny wybih Yinnud twywb t: Gpb wyn ujw;-
dwip fuwiungdh, wuyw Un2hh fuGghpp, nﬁqhwﬁﬁwu;hu wuwd, mond
sh mGhGw: Ahgnip, ophGuly, £ - p nuGh GY.7-nud Gpwd nbupp: M Yhnmd
ndvwG wpdbpp Ywpbih t vinwGwy oginytiny L PQ,M bnwGlyymGhhg, b
PQ,M tinuGimiGhhg: M Ytnnud junwGuGp, pnhwGpuwybu wuwd, (niod-
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dwi miuphhp wndbpGhp: Wynwhun| Yuwnwgyh, np Unzhh juGnhpp znlfih

. (monud: S : f
| ' ~dbpgmu, 1/uﬁhﬁp Lu
Y¢ M S ' by nhippnnnipyni, tiph € '
ol JQ:  ynpp hwipGyGh (9.1) hw-

b

- JwuwpdwG npbt pGnt-
pwqphsh htin, wyw Un-
2hh luGnhpp Ywpnn £ pogn-
pnyhG (niomd gniGhluy,
huy Gpt nuGlGw Ly nuomd,

a7 wujw wjG Shuyp sh hGh:
OphGwy, nhwwpyklp
“Unphh htnljuy fuﬁqppu quit] u, =0 hwjwuwpdwG wyl lmbnuin, npp |

pwdupwph u|,o =@ (x), v |, = @ (x) WuyweGtphG (7 = 0 wyy
hwjwuwpiwG pGnipwqphy t): Lwbh, np wyn hwjwuwpdwG pninp
tmonuiGhpG mGhG u(x,y)=06,(x)+06,(y) wntupp, wyw whwp t
82(0) = ;(x), npp Ywiwjwywl @;(x)-h hwiwp hGwpwynp 4t,

v

‘wjuhGpG, bpp @,(x) #const, wwyw hGnhpp NdmYd ymbGh: MpbsG

luGnhpp (momd YmGhGw hw)G, tpp @, (x) = const = a: Wju niyypmu
mmuomd hpnp Yuw, L nddup & hwdnqyb, np wjG YmGhGw
u(x,y) = Qg (x) +ay +c(y) wbupp, nip c(y)-p ¢(0)=c’(0)=0 wuw;-
dw@GphG pwjwpwpnn l;uniux_]uxl;wﬁ dmGyghw t : Uju phiypmd ky
imonudp shwyp t:

§ 10. lvwnp juGnhpp khwbppojwliwé hujwuwpouiGhph huiup
1. lwnp julinph npjwopp: “FhnwpytGp hhmh Juag hun[wuwpmdn‘
Uy — Z 8506 Uy, +Zb (xth, +c(x,t)u f(x,t),”  (10.1)

iyj=1 i=l
mp ay, by, ¢ b f-p mpjwd pmGyghwbhp ta Qr =02x[0<t<T]

quuimy, huy Q-G x = (x,,xz,'...,xn) n suthw(h Yewmbph mwpwont-
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pjwG uwhdwlunhwy wmhpnyp t L a8;; =a: J \
hgnp Qp quubh hwldwb Ypw wtinh mbGh

iau(x t)§§,2ai§2a const>0 . -(10.2)

i=]

mﬁhml[mumpmpjmﬁn, wjuhGpG (10.1) hwjwuwpmip Qy -h ypw hhybp-
pnpuwG wbuwyh t: Ahnwnpytlp htunlbywy luGnhpp quGly Qr quuiGmy
© (10.1) hwjwuwpiwG w)G a(x,t) momip, npp pwywpwph

u| _, = Po(X), U -(p,(x) xeQ (10.3)
uljqpiwlwl wwjwGitphG L ' .
ulg =y(x,1),  te[O,T] o (104)

tqpwjhG wwyswGhG, mp S -p Q -h bqnpG t: (10.1), (10.3), (10.4) luGnhpp
wGyjwlmy &G fuwep fulnhp: bpp (10.4) tiqpujhG wwjtwGh hnfuwpbi
Jipgymui t

(au+B—) = g(x,t), te [OT) ' (10.5)

wjuwjiw ﬁn llmd wtiih nﬁqhm [imp tqpwjhG wpwydwG, mp n-p S -h GnpdwyG
E, wuw wnwgynn juGnhpp, nupdjw; wijwlmyd b6 fuwnp fuGnhp: Yyn
“fulnphG t ptipymu, oppGuly, mwpwdmpjul vwhiwGwihwy dwuh mm-.‘
. mwmulGtph mumiGwuhpmpymGp:

' 2. lvwnp juinph modw6 shwhnyp)ymbp

MNupgmpjwl hwiwp vwhiwGwhwlytlp htnbjw hwjwuw-
nouiny | ‘

‘ dx
mp xe[0,¢], te[0,T]:
hywnp uGnhpp wju nbwpnmyd mGh htwnbyuy éhmllhpulnuin qunlty
CZ(QT)ﬂCl (QT nwund  wjb u(x, t) $mGyghwG, npp
Q;[0<x<¢, O0<t <T] numm[ilumﬁ dhg pml[mpmph (10. 6) hwyw-
uwpuwGp,

p(x )——i[p(x)%)w('x)u=f(x,t),- ~(10.6)
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o =00,

™ =q,(x), (O0sSxs® (107
ulqpGuiljuiG wuSuG0bpHG L = S
u_ =x®, u_=x0, - (0StsT) = (108)

bqpujhG wwjiwGGtphG: UujugmglGp htanljwy pinpbip:
2.8.@hnphi: bph p(x), p(x), p'(x), L q(x) pmbGyghwGhpp
wpGnhwwn GG [0,£] dhpwlw)jpnid, p(x)2p,>0, p(x)2p>0, q(x)20,
fe C(Qr), 9, € C'[0,£], @, € C[0, £], pugh wyn hudwéw)Gigyud b6
uljqpGulwi m bqpughG wWwpiwlGapp
00 = 1,(0), @u(8) = 1:(0), ,(0) = X(O), 9,(6) = a(0; wum
C*(Qr)NC'[0,T] nuunus (10.6) - (10.8) huwnp JuGnhpp hljhg wibih
jndnd ymGh:
Uupugnyyg: Gapwunntp (10.6) - (10.8) julnhpp mGh bpym u,(x,t)
L u,(x,t) jndnuiGhip: Uyn nbwpmd GpuGg wix,t) = u,(x,t) - ﬁz(x,t) nwpphb-
npmpjmGp Ypwywpwph

p(x )Qz—w—i[p(x)——)+ q(x)w =0 - (109)

hwdwubn hwyjwuwpiwGp, '
W, =0, % =0 | (10.10)

qpnjwllwﬁ uqpwywl wwpdwlGGhphG h , ]
Wo=0 w,=0 (10.11)
qpnjwl;wﬁ bqpwjhG uleliwﬁﬁhphﬁ 5m_|g mwﬁp, np wix,t) =0 QT -mu:

© “thnwpltGp

_ aw aw ’ 2 . .. ;
: E(t)——J[p(x)( o ) +p(x)( ax] +q(x)w]dx (10.12)

tGupghwjh hGunbtqpuip: dwdwéwjG (10.10) uyqpGwlywl wwjdwGGuph’
E(0) = 0: 8n1jg mwGp, wjGmhbwk, np E(t)-G hwumnwwnmG t (10.11)
tqpuwjhG wwjdwGGtphG pwywpwpnn (10.9) hwyjwuwpiwt gwijugwd
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\
indvw G hwiwp: bpnp, wowGgkiny (10. 12)-\13, uwnwimy bGp’
ow & A P
df{‘) = [p( 1SS ) w+q(x)w—a—]dx
hﬁmhqph[m[ th9hG wlnuip Swubpny’ uuuu(inuS bGp

2
| dE(t) I[p( )a_“’_i[p( )__}fq(x)w]—d:wp( )%% .
x=0

U.jumhn]lg, hwiwdw;G (10.9) hwjwidwpiwé L (10.11) bgpujhG upu w6
dE () |
dt

x=f

Gtph, htunLnud t, np =0, mpbib E(t) = const: Lwlh np E(0) =0,

hhmhwuﬂm E(t) = 0: U niyypmy (10.12)-hg niGuGp, np (iiﬁ = %% =0,
X
wjuhlpG w(x,t) = const: Lwlh np Ww(x,0) = 0, wuyu w(x t) = 0 Qr-my,

hG3p U Wwhwlpymy tp wujwgnghy: ‘ ’

3. lvwnp julinph [nuhlun(i whpbnhwwn Juwhnjwonp)nGp
. uliqprGwlwb wlyw)Gbphg
2.9 Phnphid: Yhgnyp u,(x,t) L u,(x,t) (10.6) hwqwuwpﬁulﬁ
hpl;m uomuiGhp LG C2(QT)ﬂC [0,T] nwuhG u;wml;ul(iml, npnﬁp
puwjwpwpmy b6 (10.8) shulnyG tgpujhG wywswGGbphG L -

' Ju
u |t=o = (P(()l) (x), jat_l = (pgl) (x)
' t=0
Ju , ‘
u2|c=o = ‘P(Z)(X), —52— = (p{z)(x): |
=0 ,

bph <p‘”(x) 05" (x) = @o(x), @ (X)-9{” (X)=;(x) wwppbpn-
pjmGGbph L @y(x)-h wnwehé Yupgh wowbgjwih pwgwpdwl wpdbp-
Gtpp pwjwliwlwywh tinpp b6 wikGmpbp [0,£] thewlw)jpnid, wuyw
u;(x,t) - uy(x,t) = u(x,t) ~
wwppbpnipjul pugupdwly wpdtpp gwllugwd sunhny llmsm t Qp
quulmu: :
Uwugnyg: u'= u. -u, &nlﬁughwﬁ wlGhwjin t, Ypwjwpwph
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p(x)a —'—[p( )—)* (x)u 0 (1013)

hwiwubin hmqwumpﬁmﬁg,
v u_,=0 (10.14)

QIme'-lwﬁ hqlnujbﬁ u{wjﬁwﬁﬁhpbﬁ L

3 .
' u|z=o =Qp(x), —| =0,(x) (10.15) -

Ot |0

uljqpGwlwl ww)dwGGhphG: . |

‘HunwplhGp, nupd jug, . N

3 14 auY (¥ 2 | "
= e = 10.1

E(t) zl[p(x){ = ) +p(x ax) +q(x)u?ldx  ( 6).
LGbpghwjh hGinbqpuyp, npp (10.13) hwwuwpdwG witkl sh nuodwG Yypw,

hwiwéw)G (10.14)-h" hGyybtu gni)g wpytg Yupp, hwumwnmbG wpdbp -
mGh’ E(t)=E(0) (0<t<T): dwdwdw)G (10.15) uljqpGulwl wpuydwGGtph

d . (Y ' du ol
(I)l: X{a—] +p(x{§;]z+q(x)u ]dx-
=] pico+pay o0 +acomofax:

Qhgmp M = maX{p(X),p(X), q(x)}: Ujn nhugpnus

E(t)S—][(Pn (x) + 9} (X)+¢o(x)]dx’ B
Jw, pwéh np we ﬁmug thnpp t, munh Vte [0,T], E(t)<€’: Apwhg

Plunud £, np :
{ 2 .
du 2
X — |dx<€”:
lp( )[ — ) :
Ujnuwu Ynnishg, 2Gaphhy htinlyw) hwjwuwpmpjuG’

u(x,t) = u(x,t)=u(0,t) = jgxidx
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yniGbGwGp

.
X %rdxs :
[ Ip(x{au] ] [p( )I"(" g:]dx] sk,

mp K-G nplt hwunwwnmGt, hG;p b ywhwGoymy kp wwwgnighy:
~wnp fuGnph imdnwip npn wwpq nhwpbpnd hGwpwynp t (hGmy
unwiw) hnhnhuwluiibph wiowwndwG (bnipjkh) tnuwbwyny, npht
YJuGrpunuwnwbp VI qjfumyd: Lwph mwnwiiwl hwjwuwpdiw hwdwp
juwnp fuGnph momudp Yupbh t unwlw) Gwl, wjuybu qnzqwo, 2Wpnt-
* GultwG bywGwyny, npny hhiw SEGp Yqpunyblp:

4 lvanp lulgph jprénudp by mwpwdwlmb hahnjpmijwéh
phwypnud
ws) hustusubin hunfwmuupilul huslup
hgnp ywhwGoymu qmﬁhl .
u, =au, . (10.17)
hwjwuwpdwa w]ﬁumuh [momu, npp puu[wpwph '
U, o=0 u,_ =0 OSt<e (1018)
bqpwjhG wwjdwGGbphG L ¢
ul _, =@, (x), u,|_o—q>,(x) OSxS£ . (10.19)
uljqplwlwi u;w]liwﬁﬁhphﬁ : '
(10.17) - (10.19) uwnp pulnphG t pbpymd, ophGuwly, duijptpp
- wipugywd hwiwubn (wph wqwin nmunwindGiph numdGwuhpdwi
hwpgp: : . .
Uyn hvwnp jubnhpp imobim hwdwp, hhwpyb, uwpnn bip ogunby
(10.17) hwjwuwpdwG pnpnp mondGtph
u(x,t) = 6;(x —at) +6,(x +at) -~ (10.20)



pwqimpynGhg, vwlyw)G, npybkugh wju pwqimpyniGhg pGnptGp w)G
{ndnudp, npp pwywpwph (10.19) ulqpGwljwt wwiwGGhphl, whpw-
dtw t, np (ntu (2.6))

11k
=z 0007 ] [o:0dn,

(10.21)
8,(x) = —%(X)—— j (WA

Pwjg, npwip (10. 20) pwlwdlbtph dte mhqwqphlm hwlilup, hwpl;tm[np L
ghwutiGw) wjn pmGyghwGhph wpdtpGhpp x - at L x + at llhmhpnui tipp 0
- €Xx< L0 <t < +oo: Upnwu Ynnihg qu hGwpwynp 3k, npmjhtanbl x - at b
x + at pgniGnud &G gwGlwgwd hpwlwl wpdtpltp, huly @, L @,
InuGYyghwGlipp npwd GG hw)6 [0,£] Showlwjpnul: Uju ndjwpnipjniGp
hwnpwhwpynui t htinbjw) (Gddwjh oqGnipjwip, npp Yoquuqnpotlip
Gwb, wjuybu Ynydwd, YhuwwGytpg juph mwnmwbiwb fuGghpp pwothu: -
2.2.Lhddue: Gpt '
u, =afu,, u(x,00=0,(x), u,(x0=®,(x), xeR' (1022)
Unphh [uﬁt}pl'l ®, U @, uygplwlywl wmfyuGtpp Yabn &ntﬁl;g]’uuﬁhp LG
npLt x; Ynh Ghuniwdp, wjuhGpl <
Dy (xg +X)==Dy(xy —X%), . P,(Xg +Xx)= —tb,(xo—x) xeR)
wuwjw wjn fubnph u(x,t) mOnuip qpn t qwn[inui X = X, wpdtiph hundwp’
u(xg,t)=0, 0 <t<+oo:
Uwpugniyg: Fuwipbph pwGwdlhg mGhGp

Xp+at

Dy(xo— at)+d>o(x0+at) 1 Id’ A)dA .

. 2 Xo~at

@, dnGlyghwsh YhGwnipynilhg hnlnud t, np mmoughﬁ gnuiwpbihG
hwywuwp t qpoh, huy tpynpopn gnudwnpbihG, hpbiGhg GhplwjugGhny x,
Ytwnh Guuniunip uhdtnphy Shewlywjpny b x, Ywnh Gumiunip YhGn
dnuGyghwh hGunbtiqpuy, hwjwuwp t qpah: MpbdG u(xo,t) 0, hGyp
whiwnp tp wwwgmgh:

S u(Xq,t) =
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U;jdd winpununGuip (10.17) - (10-19) fuwinp tuGnphG:
. 2.10 Plinpht: Yhgmp _ o
1)@, € C*[0,£],9, € C'[0,£]; | .
2) 9,(0)=,(¢)= 95 (0)= 03(¢)=0. 9,0 =, () =0:
Ujn niypnud, bpk (10.22) Unzhh luGnph uyqpGwlwi nyfjwiGepp’ @, b
&, Pmlyghwhbtpp npnywd GG htunbjw) dlny c

¢o(x)={ ®x), x€[0¢] ¢1(X)={ o (x), 'xe[0,4] ’
-@,(—x), xe[-£0], -¢(—x), xe[-£0]
(wjyuhGpG’ hwiwwywwnwuliwliwpwp @b ¢, pmbyghwbtph Yhbn jw-
nmGwynipyniGGinG GG [-£,¢] shewlwpnus) b 2¢ wwppbpnipjwip wwp-
~ pipwlwi pmGlyghwbhp L6, www (10.22) Unphh fubnph nodw6 ﬁhqm-
gnuip 0 < x <4, 0 <t < + eo Ghuwpbpunmy YhwinhuwGw (10.17) - (10-19)
juwnp fuGnph nLomu: .
Uuwugnyyg: ©tnptdh 1) - 2) wwjswGGhphg U QO L @, pmby-
ghwGbph uemgdwG dLhg plunti &, np @, e C2(R!), ®;eC'R'):
Ltnbwpwn (10.22) fuGnpp (nuonwdp Yupygh ‘Lmlwﬁphp]l pwlwélny ’

(10.23)

@, (x - at)-;@o(x+at) ’]‘"d, Gydh.  (1029)

Ujniu Ynnihg, wyGhwpn t, np @ -G L @, -p Yl pmbyghwbbp b6 0 L
¢ Ytwnbph Gyuwwndwdp, mptdl, hwiwdw)G 10.1 (Gidwih’ w(0,t)=0 L
'u(f t) =0, wjuhGpG (10.17) - (10-19) fjuwnn fuGnph tqpuighG mmjﬁ;uﬁﬁhpn
pml[wplupl[wb t6: Wyuyhum) 2.10 phnphﬁﬁ wwwgnigwd ko

1. Hpyppngnipynil: Gpt (10.17)-(10- 19) luGnph bqpuiphG upwsiuG-
Ghph thnfuwnbG YupgytG v, (0,t) =u, (0,t) =0, wwjtwGlkpp, wwyw
uwinwgynn fuwnp fulnhpp upbih b ndt) Gdwa Ly, Shwj ulqpGw-
JwG wfywilbpp wyn ghwpntd hwplwynp t ywpniGuyby qnyg dlny:
Mwpgblp (10.17) - (10.19) puaunp pulinpp (niddwt phqhlulul plwupp:
QYmnwpltilp x t hwppnipjwi dbg 0S x < £, 0 < t < + oo Yhuwptmnp: U6
pwdwlhip Swubph hhmhjlul Ytpwy' x = 0 L x = £ Ynbphg nwGhGp .

u(x,t) =

6 - ",



hwiwwwwnwupwiwpwp x - at=0 L x + at =£ pGnipwqphGlpp ShGgl
hwujtjn x=0 L x=¢ mnhnGph htwn, vinwgywod hwindwG Yuntphg b
wnwGkGp hwliulun_umulu[uulﬁ pGnipwgnphsGlip b wyG: Uynuhum] Yhuw-
2tpunp Ypwdwyh tGpwwmhpnypGph’ (1), (D), (1), ...: Lwph judwjpujwuG
X, timp 2tinmuip dwdwGwyh t wwhhG, npnpymd £ (10.24) pwlGwdlny:
bpb t-G wyGpw( thnpp L, np (x,-at, x,+at) dhowlwjpp nhinbu gmipu sh
byt [0, /] dhowlw)phg, www x, Ytnh ztnmip

tl\

v VI
Iv
m 1!
('.")_
; \
0] x,-at x, xz—at / \ x,tat x
o, x tate Z-x,-at
VY. 8

X, +at )
Po(Xy —at);%(x. +at) +La [ordr: (x.0e:

. . . x,—at
bph (X,,t) € (1), wuw t-G wyGpwh ko k, np x,+at >7, huly x,-at >0:
- Uyu nhypmy x, Yt 2bniwG hwiwp mGLGp* ‘

u(xl st) =

u(xz,t)-""’("2 —2)- (w0, jwm— faa, 1025)

2 2\—lz-m
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npnjhbunl @ L@, qmmugpiuﬁhpn uéﬁm kG £ Yhwnh Gwwndwip
(2{-x,—at Ybwp x,+at Yhwnh u]uihmp]ll]ﬁ |4 l]hm]l ﬁllunnliuuip)
(10.25) pwGwdalp Jupbih t qpby

u(x,,t) =0,(x, —at)-0,(2¢~x, —at) 3 (10.26)
‘nbupny: MiptdG, t upwhhG x, Ytn GG hwub) tpym gpghnGbp’ dbyp x,-at
Ytanhg zwp_chlhuitl a wpwqnipjuwip wg, huly Wnup' 2/ —x, —at Ytnhg
2updyty t wy L, hwuGkiny pwph £ dwjpwytnhG, thnhut) t mygmpymGa
~nt hp Gowlp’ wwhywbing puguwpdwy dEdmpymbp: UjuhGpl waljw k
winpunupédmd ¢ Ynhg: LdwG Gplunyp wtinh mGh (IIT) whpmyph
Ytnbiph hwywp, wingpwnwpdmdp YihGh x = 0 Swjpwytnhg: (IV), (V),
(VI), ... mhpmjpGtph YtwnbpG GG quihu wyG wihpGhpp, npnGp dh pwGh
“wlquwy kG winpunupdtb) jwph owjpultintiphg:
dtpp wpywd xiwmnqmp;mﬁﬁhppg htunlmd t, np dwjptpp

wipwgymd jwph mwmwﬁnuiﬁhpr_n wwppbpwlwb LG % wwppb-

nnipjwip: -
p) lvuep fufigph ménufp wéhunfwebne bwjwuwpiwG bunfmp

Dhgnp wwhwGoymu £ qunlby
‘u, =atu, +f(x,t), 0St<4e, 0Sx<S¢  (1027)
hwjwuwpiwG w)l u(x, t) momuip, npp pwyjwpwph | _
ul, =%(x), u| =), 0sx<¢ (10.28)
uljqpGului L , .
ul =10, u_ =p,(t), 0St<+e  (1029)
bqpwjhG wwjiwGGhphG (,,}, € C*[0,400)) ;. .
Yunnwpbtiny npnGhih niGyghwjh

u=ven O+ O-po] 030

thnfuwphGnudp (10.27) - (10.29) JuGnhpp Yptpydh v pnillyghwh Ghunn-
twip qpnjwljwb bqpujhG wwydwGGpny fuGnph: bpnp, (10.29) tqpw Jpq
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wuwjiwGGph 2Gnphhy v-G Ypwwpwph
' v =0 v
wwjydwlGtphG: Uyqpuwlw yuwypiwiGhpp Ypnmaua

v =P (X) -}, (0)—§[u,(0)—u.(0)]= Po(X),

=0 (10.31)

xst

Vo=@ 0-a OO -pOlem - a3
nbuptipp: UjGnithtinl, mbnunptiny (10.30)-hg u -G (10.27) hmdwuwpﬁwﬁ

dbg, unwlnud LGp ) -
ve =av, +f(x,10), (1033)

mp
f(x,0=f(x,0)-p{ (©) -% HORH0); (10.34)

&ty t inbuGhy, np pwywlwa t nuunuiGwuhpb; quoywlwG uyqpGwywa
WuwpiwGGupny nbhwypp, wjuhlGpl’ pwyjwljwb t mdty htnbjw) uighpp.
u, =a’u_ +f(x,t), 0Sx<f O0St<+oo {
; u_,=0, w| =0, u =0, u _ =0: (1033)
hujwwbu, tpt wju julnph MAOSwGp gmuiwptlp hwiwutin hwyjwuwp-
Uwb wyG imdnuip, npp pwijwpwpnid b judwjwywi uyqpéwlywi nt gpn-
Julwi tgpwjhlG ww)swGGhph, wyw Jhuningytlp ytpp wuywdh dbe:
(10.35) puGnhpp motim hwiwp wuwgnighGp hbwnbjwy EdvwaG:
2.3. Lbslifue: Gpt
Vi =a2v“ +K(x,t), v|t=0 =0, v,[t=0 =0, —oo<x<+4oo (10.36)
Unzhh julnph F(x,t) $mGyghwa YhGw t x, Yhnh Gundwdp, wyw wjn
luGnph v(x,t) [ménuip qpn b guinGnud (x, ,t) onmd:
Uuwgnyg: §2-nui gniyg tGp wyby, np (10.36) Unzhp fuGnph
|nonuip qpymu t (2.19) pwlGwdélny
1 t x+a(t—1) . '
v(x,t) = —2—J' [Faodde: (037

0 x—a(t—1)
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Ujmntijhg YmibGwip \
' t Xp+a(t-1)

V(X,t) = —I—I IF(A,‘t')dld‘t =0, . -
2 0 x,~a(t-1) ' :
npnyhtint hGintigpndwG showluwjpp updtwnphy t x, Yanh Gunndunip L
F(A,7) pmiGyghwi Yt t x,-h Gunniunip; Liddw 6 wujugmgywo t:
' 2.11. Phnphd: Yhgnp fx,t) PmGYghwl whplnhun t Q0 <x < ¢,
0 < t < +vo0) Yhuwptpunm b f{0,t) = f{£,t) = 0: Wyn niwypm, tipk guwGlywgud
t € [0, +eo] huiwp F(x,t) pmllyghwb npnpwo t ytphG Yhuwhwppmpjwb
ko htunbjuy dLny'
f(x,t), 0sxs/?

= 10.3
F(x,t) {—f(—x,t), —£$x<0 (10.38)

b 2¢ yupptipmpjwip wwppbpwywl $mbGyghw t, wupwm (10.36) Unphh
fuGnph (nodwb Ginugnuip Q Yhuwtpunnud Yhwinhuwlw (10.35) jpwnp
fuGnph (oonu:

Uwwgnyyg: F(x,t) dniGyghwb, wybhwpn t, YihGh whpGnhwin
ybuphG Yhuwhwppnipjuwd ke, himbwpwp (10.37) pwlwdling npnpjwod
v(x,t) pmlyghwl Yypwyjwpwnph (10.35) TuGnph nhptintiGghw; hwjwuwp-
dwlp U uyqplwlwl wwpiwGGiphG: Uynu Ynnihg, hwiwdwjl F(x,t)
dmGyghwjh Ot ¢ Ywnbtph Guniwdp YGnmpjwub, 2.3 Eidwihg plumd
t,np v(0,t) = v(£,t) =0, wyuhlGpl’ v(x,t)-G Ypunjwpwph (10.35) fuGnph
Gwb Gqpujhl wwjiwGGiphG: Btnptdl wwywgmgywo t:

LatiGp, np (10.35) fuwnp fulnphG t phpt[nili, ophGwy, dwjptpp
unipugywd hwiwutin jwph nuwnwGnibGtph uGnhpp:

2. Fhpnygrupynil: 6pti (10.35) iqpuiyhG wywjdwGGtph thnfuwptiG ybpgyta
u, (0,t) =u, (0,t) = 0 wwyswiGkpp, wwyw vinwgynn fubnhpp MoLm
hwiwp hwpywynp t fx,t) PmGyghwb wpmbwlyt) qniyyq duny:

~ownp bnhpp Yupth t not) Gl thinhnfuwwGGtph wigunn-
dwh (bmipjth) tnubuyny, nphG vhGp JulnpununlwGp nuuplipwgh
ytpomu:
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5. lvwnp jufinhpp ¥bY juhwbh jhuwwwpuwdmpymb ghuypnd
Qhgmp wywhwigymy L quGhy
u, =a’u,, +f(x,t), x>0, t>0 (10.39) -
hwyjwuwpiwb w6 mdnudp, npp pwywpwph
“|:=o = Qg (X), u,|'=o =@,(x), x>0 (10.40)
ulygpGuywb L \ . _
ul =k v (1041)
tqpujhG wwpdwGGtphG: : N
<tpw t wtubh), np u = v+ p(t) npnGhjh dolGyghwjh pnjuwm-
phGnuiny™ (10.39)-(10.41) juGnhpp ptipymud t qpnjulwG tgpughG ww)-
dwlny juGnph:
Ulyqpmd nuunmiGuuhptp f{x,t) = 0 nhwpp: WjuhGpl jnotlp

u, =a’u,, x>0
. uL.o =(P0(x)! u‘lt-o =(P|(X), X >0
..u|x.° =O‘ t>0

(10.42)

JuGnppp: Ogquytyny 10.1 (kvdwjhg’ widhgwubu hudnqynid bip htnb-
Jup pinpidh §2wnnipjuil gk, _
2.12,Pknphak: thgmp 1)@, € C2[0,400],, € C'[0,+o0];
2) @(0) = @g (0) = 0,,(0) = 0: Uy nhauypnus, tipk (10.22) Unpph fulinph
uyqpliwlwG muwGpp’ @, U @, dniGyghwbhpp hwinhuwlmd Ll
hwiwyuwnwufuwGuwpwp @, L @, Inbyghwitph YhGwn wpnibw-
ynpyniGGtipp R!-md, wuw (10.22) Ynphh jubnph nodwb Ginugnuip
QO S x < +00,0 <t < +400) puquinipjwl Yypw wwihu k (10 42) ulinph
|ndnwip, wjuvhGpl’

u(x, )= D, (x—at) -;d)o(x + at)
{wiwdw)l ¢, U @, pmblyghwbtph l.lwnmg\iw(i dlh, (10.43) pwGwalp
Yuipbih £ gpby Gwb htanbjuy Yhipuy, '

Z jq)l(x)dz, x>0,t>0: (10.43)
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tpp t< X,
a

Xg+at

a(x, t) = Qo(x— at)+(po(x+at) J‘P.(’»)ﬂl :

2
bppt>X, - (10.44)
a |
a(x,t)= Q,(x+at)— - Q,(at— x) I‘Px M.
t4 | A .
q _
t= X k Q
. a \
o () b
|
/ i X

8y

x4t 0 x-at/ - x X, xtat ¢ x
‘ ot | | |
viy9

(10.44) pwGwdlLh dhghluwehml pdwupp Yupqupuwlhym hwiwp, xt

X .
hwppmpjul Q wowehlG pwenpnp pwdwlhGp t=— pGmpwuqphiny
_ a '

/

Q, L Q, ipym waGljn Gwdl whpmypGhph: Gpp t < X ,wyw (x,,t)e Q,
a ' :

L x, —at >0 (huy x, +at Shan npulwa t):

UjuhGpG, bpp hwyywd uyqpGwlwl wwhhg, 2w thd dwdwbuy sh
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w(ghy, wjn nhwpmy x; 4G bk x, —at Ytwnhg we qGwgnn qpghnp L
X, +at Ywnhg dwfu qGwgnn qpghep: u(x,,t) 2tnnuip, npp hwyym bGp
(10.44) -h wnwohG pwGwdlny, hwGnhuwuGmy t haGg wjn ipym qpghnGtph
gnuiwipp:

X : '
buy tpp t> =2 wyu (X,,t) € Q,: Ujuwd wyn wwhhg' x, jn
a .
b6 hwulimd x, +at L at — x, Yuwntphg 2wpdnn qpghrGhpp, punn npntd
at — x, Ybwnh gpghep, 2wpdjtiing dwhu L hwuGkiny (wph dwh dwjpw-
YbwhG, wnpunwpdéty t, wjuhGpG thnfubi t hp Jwpdiwb npnapymGG m
G2wGp hwjwnwyh b t wyuhhG hwuby t x, Yanp: Yydd wiglhGp wlbhu-
dwubn hwijwwupdul hwidwp (10.39)-(10.41) fuGnph (mddwGp, nph ke
(t) =0: {bw k wbubhy, np Jupbth b vwhiwGuwhwlyyb wyG nbhupny,
tpp @, =@, =0: Uyuyjhuny, pujuljwa t mdt|

u, =a’u, +H(x,0), u| o =0 u|_ =0 u| =0 x>0,t>0 (1045)
JuGnhpp: Oquytny 2.3 (bidwjhg L (10.37) pwGwdélh’ hwinqgymu bip
htunljwy pinpbdh 6wnmpjwG dhe.

2.13 Phnplat: “Yhgmp f(x,t) ImGyghwl wGplnhwwn t x,t huppmpjwG
Q(x 20, t 2 0) wnwohG pwnnpymd L §0,t) = 0: Ujn nbhwypmy, tipk F{x,t)
ImlGyghwG hwlnhuwbGma t f{(x,t) dnGyghwjh Yabwn JwpmbGulympjmbp
puwn x-h 0 Y Gjuwwndwdp, wuyw (10.36) Unphh fuGnph
t x+a(t—T) .
v(x,t) = 2—] jF(x,t)dxdt ' (10.46)

0 x-a(t—1)

imoiwG Ghnugmip Q-punnpnniyd YhwlnhuwGuw (10.45) fuGnph nidnudp:

Uydy, (10.45) fuGnph imdmip wpnwhwjnbGp fix,t) pnmGyghwjh
wpdtplGtiph dhongny: +pw hwiwp GuwwnbGp, np (10.46)-h hGuinbqpuip
Jupbh £ wwwhbpuglhy (x,t), (x-at, 0) L (x+at, 0) ququpGtpny
bnwGlynGny nmwpwoywd YpYGwyh hGnbgpwi: bGmbgpiwG w)n wnh-

pnypp pwdwGhbGp bpbip Swubph’ (x-at; 0), (0; 0), (0t — f) ququpGhpny
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hnwilyjwa; (O't——) (x;t), (2x; t- ququpbtpny tnwGljui L

©0), (0; t-2), (2x; t-2), (x+at, 0) ququpGtpny ubnuth (ﬁu.w):
a a
(10.46) hGintgpwip wpnhtiGp’ puwnn wyn bphp Jwubpny nwpwoyud
pGwnbtgpwGtph gmuawph:
Lwju, Gjunntlp, np ‘
3
t |

Uly.10

X 1 t x+a(t—t)
bpp t< =, u(x,t)=—_[ _[f(l,t)dldt:
a 2

0 x—a(t—1)

t—— -
. a 0
Pulitnp t>2, u=—>- | [fC-h i

0 x-a(t-1)

X
a X+l(t-’t) x+a(t—T)

I Jf(M)dMH—Z;I [fQ,DdMdt
0 0 X x-a(1-7)

Jwd wnwohG gmuiwpbihG dLbwihnfubinyg L dhwgGhiny bpypopnh hiwn,
mGbGwGp
0



t—

B 1 x+a(t-1) 1 t x+a(t—t) A
st =o [ [fOddde+= [ [fOuvdMde: (1047

~ 2a 0 a(t—t)x 2a _X x-a(t—1)
a

t

Qmpu I

Nwpwpnjulmi mbuwlh hwjwewpouitbp
§l Qbpdnipywb mupwddnb hwwuowpnuip

MNwpwpmulwb nbuwlyh hwjwuwpnuiGhp hwwhiwlh hwégh-
ynui b6 gtpiwhwnnppujwlmpjwb L nhpmghwjh Gplnyplbp numd-
Gwuhpbipu:

QhwnwpybGp nplt whbn YwpdhG: Ypw (x, y, z) Yhnp obpd-
wuwnhtwlp dudwlwyh t ywhhG GouwGuytkGp u(x, y, z, t) -nyY: 6pb wyn
dwmiGh mwppbp Ywubtipp niGhG6 nwpptp gipdwunhdwGGbp, wujw Gpu
2w nwp Ywubphg 9tipiwuwmhdwGp Ythnppwlgyh ny zwwn nwp Jwub-
nhG: dtpgltlp G2ywd dwpdGh dte nput S dwybpmjp L GQwGwlytGp
AS-ny Gpw thnpphy bidtGunp Swltpiup: EpiwhwnnppuijwGmpjub
"~ mbunipjwl hpdwG Ypw, S dwltptivh AS dwitiptiu mGbgnn LititGnny
wglnn otipdmpjwl pwGwynipjniGp At dwdwGwlywihgngnd mnphn

hwitiwwnwlw &t AS-At-hG L % Gnpiw) wowbgyuihG, wyuhGpG

AQ =-K%AS-At =-KAS-Atgrad u.  (Ll)

mp K -6 GipphG 9otpiwhwnnpnuljwimpywub qnpdwlhgl k, huy n -p
etipinipjul mwpwdiwb Yonnip manywo dwlykplnyph AS dwltiptu
niGtgnn ftdkGunp GnpiwiG t: Gapwnpnud LGp, np YwpdhGp hgnunpny t
eipdwhwnnpnujwGmpyui Guwmiuwip, wjuhGpl K gnpowyhgp Yuhu-
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Ywd t dhwyG swpdGh (x, y, z) jiwhg b Juwhujwd st dwlbplngph umjjun
Jtunwd Gnpiwih ninpnipjniGhg: nptqhuqh wpunwobGp etpdinipjwb
nwpwdiwl hwjwuwpmip whin dwpdGh ke, YtipgltGp Gpw dhe Yw-
dwjwlw6 v ownjwy, npp vwhiwlwthwipwd t S thwy nyoply dwibpb-
ynypny, L htinbkilp etpinipjwl pwGwlyh thnthnfunipjwip wjn Swywintd
(t,,t,) dwiwlwhwhwunwdn: (t,,t,) duiwGwlunihgngntd V dwp-

dh6 YdwnGh ghpdmpjwi

Q, -—fdt”l((x Y, z)—
pm(imllmpjm(i npnpS limllhplmuph GtpphG GnpiwyG L:
ShunwnlytiGp Swwih At EiitGn: Uju bitnibGnh gpdwunhéwGp
u(x,y,z,t,)-hg uhGsk u(x, y,‘z,tz) tinfubint hwdwp wihpwdbywn k
AQ, = [“(X, Y.z, t,) —u(X,y,z,t, )}Y(X, Y,.z) p(X,Y,z)At

otipimipjwG pwlwynipyniG, nip p (X, y, z)p Gyniph jpnmpymGa t, huy
Y(x, ¥, 2) -p’ etipdniGwympyniGp: Uyuwyhuny V dwjwih ghpdwumhswbp

" u(X,Y,2,t,)-hg 0hGsk u(x,y,z,t,) thajubin hwdwp hwphunfop YihGh

= J.H[u(xv,w)fr, z,t,)-u(x,y,zt,)]ypdr
otipimpjuG pm(iml;m\f;jm(i wd

o-laffpde -

blpwnptlp qhmmplltlnq limpli(ih U9 Jub 9bpiwhG wnp Jnlp(ihp
Uyu umpynipGhph etpinmpjuG puwGwlympyniGGtph fuinmpimlp GuwlwltGp
F(x,y,zt) -n: Uyn nlingpmd (t,,t,) dwdwGwlwihgngmd shpiwjhG wn-
pympGliph Ynndhg V -hG npynn Yuwd GpuGhg Yjwhynn gbpinepjwl puGw-
YnipyniGp hwywuwp YyhGh'

[ dt J’ J’ J’ F(x,y,z,t)dt:
Il_]dli JuwquitGp 9tpdwyhG pulw(iuh hwjwuwpnuip wnwGdGugywd V
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: bun[qu hwiwp: Uyhwjpn t, np Q, =Q, +Q,, wjuhGpG

jdtmyp dt = -jdtﬂx do + Idsz(x y,z, t)dt,

Jud oqun[hlm[ Oumpnqpulqullm pwGwdlhg, dlaulqmluhlm[ hpl.umm
hGwnbgpuwin’ YnGhGwuGp

jdtjﬂ[yp—-dw(xgmm) F(x, y,z,t)d‘t]
LwGh np hﬁmhqum wnwl qunlynn ImGYghwG mﬁnﬁnhmm k, huy V
owyunG m (t,,¢t,) shewlwipp uiwjulwé bG, muwh ﬁultunplm ihGh

6h2w, dhwjG bpb hGnbigpuih iy quabyny pmbGyghwG hwyjwuwn (hGh
qpnjh’

at
Yund, np GGG &

auaauaLauaau

ypé —div(Kgradu) ~ F(x,y, z, i) =0,

B9 kP2 k® |+ 2 kP |+ Fix,y2,0): (12) -
Par T o Nax [Ty Koy [T ol Ko JTERY20: (12

Wju hwjwuwpnuip Ynyymd t wihwdwubn hgmnpnuy SwpdGh gbpdwhw-
nopuwiwimpjuG hwjwuwpnud:

Gpb dwpdhGp hwdwutn £, wujw ¥y, p L K dhdompymG6hnp YihGuG
hwununnmGGbp b (1.2) hwjwuwpnwip upbih t qpby

du az az az ' .
5 ‘a[ ] [ay’ }.-[ ]+f(x’y’z,t), (1.3)

wmbupmj, mp
- fﬁ, £(x,y,2,) = DELBY., -
» L4

bph phunwpyny SwpdiGh dhe shwb 9bpiwjihG wnpympGhp, wjuhGpt
F(x,y,z,t)=0, wujw unwimi tip stpdwhwnnppujwimpjuG hwiwutn
hwyjwuwpmip -
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@=a azu d*u  d%u e
ot oyt | | ‘
UwulGunjnp piyypnud, tpp epiwunhdwlip uhjwd st z nnpnhGwnhg,
Jud tpt dwpdhGp 2wwn pwpwy hwiwubtn phptin L, wupu (1.49) hwau-
vwpnuip punimd t hbnbjugp
Q7|28 az" #2u (1.5)
ot o |
Jdbppwubu hwiwutn dnnh dhy ghpliwhwnnmwllwﬁmpjmﬁ hwjwuw-
pouip YmGhGw ' ' ' ' '
. , o ,
u_gpdu , (1.6)
a  x
wnbupp: ’bzh[ip, np ytpohG tpym piyypmd tGpwnpyma t, np phpbnh nt
dnnh dwlbtplnypGlph L wpwwphG Showyw)ph li[lgh stpdwihinjuw-
GuympimG ;Yu: | »

Nhpmgqhwjh Gplunypp GmjGwbu Gyupugpymd t (1.2) ghpdw-
hwnnpx}lullwﬁmpjw[i hwyjwuwpminy:

Shqhjuwjwb GHwinwnmiGtpp gnyyg ta unu]_hu np dwpiGh
Ytantiph 9tipdwuwnhdwlp spn2tint hwiwp pwywlwa st Shwya (1.2)
hwjwuwpnudp, wGhpwdtzn t Gwl mGkGw) dwiwlwljh uyqpiwyub uw-
hhG dwpiGh ympuwpwbyynip Ytinh gipdwunhbwbp b, ophGwly, tqpuighG
wikG bh Ytwnh sipdwunhdwbp cwdwGwyh wikG sh wwhhG: GqpujhG
unjjuip Ywpnn k (hGby Gwl wyp pGnyph:

1) UwpiGh S tqph Ypw Yupnn b wpjwd (hGh) 9ttwjhG hnupp'

du
-K—, ywi np GmjGG t,

] on y [ uny |
ou : .
-~ | =‘{’(xy ,Z,t): 1-7
onl, = y L7n

2) bpt wpiGh L wpnwphG Showyw)ph Shel wnlw t gtpdw-
thnjuwGwympimb, wyw hwiwdw)é LymunGh hwiwwwnwuwb

optGph L tGipghwjh WwhwwGiwG optGph’ kiqpnid npym k
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%+hu ¥, (x,Y,Z,t) - (L8)

mhuph wuwjpiwb: Wuwhum|, hqnunpnw whGrn dwpdiGh dhe omimpjwuG
mwpwdiwb fjuinhpp ngpymad k& hbnbgwy Yhpy'
quGhy (1.2) tpdwhwnnpnujulimpjwl hwjwuwmiuG wiG m-

onuip, npp pwyjwpwph

) ult-o = (K-X, Y! Z) ' Lo (19)
uljqpGwui wwjdwbhG L : o
a%ﬂiu =¥(xyzt) I\(I.IO)

- - s
tgpw)hG wwydwGhG, mp @, a, B L -6 mpYwd PmGyghwGbpt bG S -h
Ypw: L2Jwd pninp mtuwlh GgpuihG ywpiwGGtpp (1.10) bqpuyhG -
wwjswih dwuGunp nhuptpG kG: '

§. 2. Qpswhuwnpppuljuwinpjut hmdwaebn bujwuwpiwb |
ipuoiwb kpuwnpbdnuih uljqpnilipp .

Yhgmp Q-G n-yjwhwGh x=(x,,x, ...,X,) Yhnbph mwpw-
ompjwG uwhiwGuihwy whpmyp £ L S -p Q -h fuwnp we Yunp anopy
bqpG k: Q'T -nY GawGwytGp (n +1) junhwlh mwpwdmpwb vug hnipny
T pwpdpmpjunip quup’ Q; = Q% (0, T) : Lpw vwlbplmpp punjugwd
t SX[0,T] YynnuGw;hG Swytiplnyphg U Q% {0} m Qx{T) hhdphphg:
I'-ny GywGwlbGp qiwGh YnniGwjhG dwitptnyph L unnphG hhdiph
Shujnpnusp’ T = Sx[0, TIUQ%{0):

3.1. Phnphid: Gpt Cz(QT)ﬂC(aT) nuuh u $mGyghwG
pwjwpupmi

2 2 2
L(u)s%l:——a [gx—?+g—x%+-'"+gx%:]=0, @.1)

- gbpiwhwnnpnuiwnmpjwlé hwiwubtn hwjwuwpswGp, wyw wyG Q-
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quwéh bgph ' dwumd pGymGmd £t pp M =Supu’ dhowgm)G L
\ Q.,

m = mf u’ thnppwgnyG wpdbpGhpp:

l!lqlagnug: UwhdwGunhwyytlGp showgm)Gh ﬁwuh wwwgnygh
pbpnuiny, npmjhinnk thnjuwphGlyny u-G - w—ny showgnyGh wujugnyy-
ghg Yuwnwgyh hnppwqgnyyGh wywgniygp: LywbGwyuGp Supu-G
M,--nll: bGpunptlp’ u-G hp WhowgnyG wpdbpp I-h Ypw sh nﬁq;nﬁmﬂ,
w) pGnmGmd & hGg-np,

P,(x%,x%,..x%,1%) e Q. UQx(T}

Younmu: <bn £ gnyyg nwy, np wju bGpwnpmpymbp phpmd k hwljw-
untpjwi: bpnp, ghnwpyhGp

v(x,,...x,,t‘):u(x,,...k..,t);i-M—Mr [(x,—x, )? +..(x, ~x9) ] 22
InullyghwG, mp d-G Q2-h mpwliwqhbﬁ L: l"-]l Yunbpmd

A
] T ) A
O
T 4

- o R

41 - Xz'
- { )
LY.11
V(XI,...X.,t)ng +M_Mr=2n_er+_N1<2n_lM+M= ,

2n 2n 2n 2n
npnjhtnk puwm  bGpwnppmpjwG My <M: Ujnwu Ynnihg
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v(x{,...,x¥)=M: nbwpwp v $mGyghwt hp Slmv * dhdwqmjG
wpdhm GnyGwbu sh pGopmGnui I'-h qu Munh v &m(illgrlnuﬁ hp udkdw-
qm)G wpdtpp pGnmGmy t hGy-np
P,(x,,x,,...,xn,t)e Q, UQx{T} Ytunnui:

Uyqpmd bGpwnphlp, op P, € Q,: Lwbh np wju nhwpmu P-p
dwpupimdh Yn t v Q)m(illghwjh hwidwp, muwnh wyn Yhnnui % =0,
d%v a%v o

E‘Tso Fy =~ <0, mpbul Lv)P)20: R

hgmp, wjdli P wwinlwéms t Qx{T}quuth ytph bhipht:
Uju nhiwpmd 3_t(P') 20: {wpyh woGbny wjG hwiquiwbpn, np P,p
v(X,, ..., X, T) pmuGlghussh husswp Swpuhvinush tan b, wehpudbnwpun
9%v 9%v ‘
5——(P|) <0, I3 —(P)s0: <hmhwpwp, wjnuihuh P, jwnmd

nupdjw L(v)XP,) 2 0:
U.jll unwgywdoh hhiwG qu 2D-hg l.lmﬁh(im(ip P, l.ltnnmli
' L(u)= L(v)+M Mr a2 50:

Puwjg, yvw hwijwumy t L(u) = 0 wwjdwbhG: ©tnpbul wu;w-
gmgyjud t:

T Uwwgmgud ullqpmﬁpn hﬁwpwdnpmpjmﬁ L wnwihu hl.uu
nwwnbim gtpdwhwnnppujwinpjui hwjwuwpiwlé hwdiwp fuwnp
huGnph (Ywd wonwehG tqpuighG fuGnph) Provwl shwympynmGp b
JuymGmpymip: Ujn hulnhpp dkwlbpyymd b htnbjywy Yepy. wwhwG-
oymui £ C¥(Q,;) N C ( Q_T ) nuumy npnGby wyl w (x,, X,, ..., X,, t) PmGY-
ghw(, npp pwjwpwph
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2 2
L(u)-a—‘tl- [§—+ +au]k,x2,...,xn,t) - (2.3)

ax2 ax2
tpiwhwnnppuiwmpjwé hwjwuwpiwbp Q; quubimy, ‘
U|mo = ®(X}, X240 Xp) (2.4)
uljqpiwlw6 wwjdwGhG Q mhpmpmu L ' '
| uls = @(X,X5, e, Xy ), t€[0,T] - (2.5)

tqpuijhG wuwjiwGhG: GGpwnpynui t, np @ L ¥ pmbYyghwbtpp wGpln-
hunn &G, punn npmd GpuwGg wpdtipGlpp S-h Ypw hwipGyimy bG:

bpnp, tpt u, L u, PmbYghwbhpp (2.3) - (2.5) uGnph tpym
monuiGhpG LG, wyw GpwGg mwpphipmpnp’ v = v, - v, Ypunjwpuph
L(u) = 0 hudwubtn hwjuwuwpiwGnp b gpn YnunGu G'r quubh tqpp T
dwumu: {tnbwpwn, hwdwdw)G tpunptidnudh uyqpmbGph u-G6 jhuwjw-
uwpyh qpnh Q; qqulmy, nphg L htmmlmy t (2.3) - (2.5) juwnp juGnph
moiwl shwiympymbp: '

UjGnihtnl, tpt juwnp fulnph tpym u, L u, MoNuiGtph wp-
dtpGbph wwpptipmpjwG dnnmyp tiqph I Swund tinpp t € ngpwijwG pyhg,
www puwn tpunptiinuih uliqpmGph Iu, —u2| < € wikGmphp 61' qu-
ﬁnui, U npwGny hul pwnp juGph NEevw wepGnhwn jwhwdmpymGp
uljqpGwlw m tqpujhG wywjdwiGbphg wuyywgmgywd t: ¢

UtiGp, np wju juGnph motwE qgnynmpymGp {ipih hbwnwqunud,
thnhinfjuwlwGGhph wiuniwi quGwyny:

§3. Uinzhp uGnppp
1. nzph futinph apywdpp: thgmp R3*' -p hpbiGhg Gbplwjugnui & n+1
swpwGh (x,, X, ... , X,, t) Yantiph YphG YhuwmnmwpwdmpymGp, wjuhGpt
(X5 Xy ... , X,) € R*L 0<t <+eo: Unphh fuGnhpp npymu t htnbjwy Yepy.
quib C2(R™)H)NC (ii:+l ) puuntd w6 u vwhdwGunhuly $mGyghwa,

npp pwywpwph
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d%u d%u '

L(u)-—— 2 —+..+ =0 (3.1)
i o

“hwwuwptwép R - mf U :

Ultag = QX3 Xg5esXg) (3.2)

ullqp(iuxllw(i wwjiwbhG, mp @-6 mpjud wﬁnﬁqhunn ot vwhiwGwhwy

$mlyghw t R® - nui:

2. Ynzhh juinph imomudp: ¢ PnubGyghwjh Ypw nakiny |pwgmghy
uwhiwGwhwynuiGlip’ htin t hwingyty htivbjw) phnptidh 62nmpjuG
ubg: : -

3.2 Punphi: Gph | '

Zaz" A"cp(x,, ©Xg) (3.3)

- 2wppp hwyjwuwpw;swih qmquuihm t R+ -nu! bt poy t mwihu dby
wlquwy puwn t - h, iplm wiquwy pun Jmpwpwbyjnip x; - h whnuwy wo
winwl wowblgmuibGbp, wyw Gpw gnuiwpp (3.1) - (3.2) Unzhh huGnph
InuonuiG t: _

Uyu ptinpbvp Jupbih t wujugnighy 6hon wjGwbu, hGywtu I qtuh
§6 - h 2.4 ptinptiiG t wuyugmgyty:

Cunn ntiwyptipmd Unhh fuGnph modwa (3. 3) wnbupp pwywljwGhG
hwpdwnp t, pwG w)G wmbupp, npp unmwlwlp pGrhwlnip nhwpnul:
OnphGwly, tpp $ pmllyghwb puwqiwbnu t, (3.3) ponuda t puqiwGnpud -
t (zumpﬁ nwunind t Ytpewnp qpnuiwnp): ‘

CanhwGmp nbwypnd (3.1) - (3.2) Unphh fuGnph monwip mGh
htinbjw) mbtiupp’ »

LUB NI WO J J qual,az, 0 J_)
E=x P+ +(E,-x, ) : (34

Xe 4t dE, ...di,,
UwugnighGp wju pwlwdélp, ywpqmpjul hwiwp, wjl nbupmd, bpp
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= ]: UjuhGpd,. lmbhﬁp Unhh hbwnbjw puGohpp. :
qmﬁh1 CY R? DN R+ ) guumd wjG w (x,T)‘uwhliwﬁwqiml.l PnGlyghwd,
npp pwyjwpwph

, * 3.5
Yo ®YER ©3)
hwyjwuwpdwGp L o

U)o =%(x), xeR' (3.6)

ulqpGwlw6 wwjiwGhG, mp ¢(x)-p wiplnhwwn L uvwhswiwhwy pmly-
ghwt R'-my:
Ulyqpmu qunGhGp (3.5) hwjwuwpiwG )
u(x,t) = T()X(x) 3.7
wnbuph mOmuGtp: Shnwnptny (3.7)-p (3.5)-h dtg L w(igunnh[m[ thnthn-
pwlwGGGtpp’ vnwGny bip

0 _X'0)_

a?T(t)  X(x) ,
mp A? - ppwlwlG hwuwnwnnG t: Uyjuntinhg , :
T" () +a?2>Tt) =0, X" (x)+A2X(x)=0: /

bGwtgptiny wjn hwjwuwnppwiGbpp U T(t)-h wpmnmwhwpnnpjw she

dwuGwlgnn hwunmwwnmbp pymbunyg hwjwuwp dtyh’ uvnwGmyd bip
T(t) = e™* ¥t X(x) = AcosAx + BsinAx;

A U B hwunwwnmGGbpp Ywpon b6 Yujudwd (habg A - hg: ©

QuiiwdwjG (3.7)-h gwGwgwd A(A) L B(A) ymGyghwGhph hwiwp

)= e *[AQ)cosAx + B(A)sinAx] - (3.8)
JhwinhuwGw (3.5) hwjwuwpdwG momd: Uydd (3.5) - (3.6) Unzhh ]uﬁqpln
ntdonuip thGuptGp

u(x,t)= je"’*" [AQ)coshx+B)sindx]ldh  (39)

whupny: bulj win hGwpundnp YihGh, bpb qnympimb mGhGwG wjGuhuh
A(A)u B(A) dmGYyghwGbp, np (3.9) hGnbgpwip 1) thGh bujwuwpwgwih
qniquibw; 2) hGwpwynp thGh wdwGgl; by wlqwy puwn t-h, bpym
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R "Sadiie i

wlqud puwn x-h h(imhqpm}_h GwGh iy L 3) pun[mpmph 3.6) ullqp(iul-.

Yuil upujdwaGha, wjuhﬁpﬁ

!

ox) = j [A(A)cos Ax + B(A)sin xx] di: (3.10)
Qjdd hunibiunnbGp u—rju hGwbqpuip @(x) mGyghwjh dmpjbh hGnbg-
pwih htwn'

X Q—l—#dlm cosvl -x)E =
)= [ oot -re= 1
=— J [cosA x J o(E)cos AEAE + sin Ax J¢(§)3m Madﬂdl

U.llﬁhux Jun I: np (3. 10) hun[umummp Jmbp pun[ulpuquuxb YihGh, tpt npu;hu
A(A) L BQA) .‘pm(illghw(ihp Ytipglhlp’

A(x)——I 9(®) coshE dE, B(A)=-—I WDSAEE (D)

Uy Ylipy wuwb yopp ﬁzqum Guwwnwyh huniuxp thnpdwpyiwG h(ipuxllux ’
tG \i[nu )G (3.11) InGyghwlGlpp:
Stnunpbny (3.11) $oiGlyghwbhpp (}.9)-11 ubg’ ymGhGuip’

1% .. 'F
u(xt)= _2;‘[ e *tdA J O(€) cosA(E-x ) d&;
‘Pnl“hlml‘hﬁmhfmﬁulﬁ luunqn L oquigbyny

1 (E-x)?

+o00
e™ cosk(E,-x YdE = e “t
] sl
pwﬁwéhhg hhzmmpjmlip unwlmy tGp, np

" u (k) = J ¢(§) =c (3.5.) & (.12
"l-dtluxp zt ummth, np
TR - (3.13)
2a\mt ' '
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PmGyghwl puwjwpwpmy t (3.5) hwqwuwpﬁwﬁg Ujn pmGyghwib wb-
Jw@nud b6 (3.5) ghpiwhwnnppulwmpjuG hwqwuwpﬁwﬁ PmlGnuw-
dblwnwg nedmui:

8nyg wnwlp, np (3.12) hGwnbgpuip pwjwpwpmy t (3.5) hunjw-
vwpiwlp: Hw hwdwp pwjuwljwb t gmg wwy, np (3.12) hGunbqpuip,
hGsuwjtiu Gwl pninp wjG hGinbgpw)Gbpp, npnGp vwnwgymy b6 Gpw dLwlwb
wowlgnuiGtphg (tpym whlqwy puwn x-h, dbY wiqwy puwn t-h), bwjw-
uwpwywth qmquitn bG: 8nyg nwbp wybihG' np (3.12)-p mGh pninp
" jupgh wowGgyuibtp L GpwGp Ywphih t wnwGwy hGnbgpwih GywGh
mnuy ultnuﬁgnuiﬁh[mq buljwybu, wynuhuh wowbgnuiGhphg Yunwgyh

_E-x)? , A
k J AT € A )
mhuph hﬁmhqulﬁhph qnuSwp Quinwphym] '
| e S
2a\/_ t>9)
llmllmluwllwﬁh llmluwllhﬁmﬁn (3.149) hﬁmhqnwm lmﬁnmﬁh '_ e
m+l

i=(22)""¢ 2 kj ¢ x+2a0/D)a"e da  (3.15)

wtupp: Cuin hﬁpulmmlpjwﬁ‘ (-; dmbyghwG vwhiwblunhwy t: Fhgmp
|Pj<M, w)n qhu;pnui (3.15)-h bGpwhGw:bgpwiwihG pmGyghwb Yqlw-
bunmfh M jof* e™* &nlﬂqghw yny, npp hGwnbigphbgh t (oo, +o0) -nud: MipbuG -
(3.15) hGwnbgnuip hwyjwuwpwgunh gmquibtw t, bpp t2t,> 0: Ujuuhuny,
pwGh np (3.12)-h bGpwhGunbgpuiwihG pmGyghwl pwywpwpmi t (3.5)
hwjwuwpiwbp, hbwbwuybu (3.12)-n npnayng u (x,t) pmGyghwa (3.5)
hwjwuwpiwG |MmOmG t:

Utiq uGmu t gmyg wwy, np wyn pmGlyghwa uuihﬁwﬁu;mwl.l tL
pwyjwpwpmy t (3.6) uljqpGuwlwG wwjdwGhG: dwdwdw)G (3.12)-h mGhap,
np

$ou ' 2 ’ ]
n(x,t)=%‘[ o (x+2a0Vt) e ® do . (3.16)



D B o A

lljumhq]lg htipumpjuip vnwlnd bGp vwhiwGwihwympymGp: bpnp

[u@xb|s —= J'|<p(x+zaaf)|e'“ das—J'e do =M,
npnyhtntb

1 % dot
| T [e¥da =1 (317
U)Gnihbwb, wju hwt[wuwpmpjwﬁ bpym dwubpp puqiwwywmyting
®(x) -nY b hwGbiny (3.16) -hg’ YnGhGuGp

1x9-0= 7= | lotc+220)-000] ¢ e
b6 - |

: |u(x,t) ¢(x)IS Ilcp(x+2aaf )-9@)[eFda:  (3.18)

¢ (x) ;)nlﬁllg]'ll.uj]'l uwhiwGwihwympymbGhg mGhGp
o (x+ 2804/t ) - () S 2M: | (3.19)

‘ Ujnwu Ynnihg, (3.17) hGunbgpwih qniquihnnpijub huniwdw )G, Judw-
- JulwaG € > 0 pyh hwiwp Ywpnn bGp qunGli wyGuhup N > 0phy, np

%Ie"’zdasg, Ie

WH"'}

- {bwnbwybu (3.18)-hg YmGlGwuGp

N : ‘ \z
ha(x,0) - @ (%) < 2+T1.J' |¢(x+2anI)-q>(x)| e ® da:

'C(inph]n[ o(x) dmGYyghwjh wipGrhunmpywi, hpp t-G pujwiwGuswih
dmn k qpnjhﬁ L tpp jo <N, mGhGp

|¢(x+2aaf) (p(x)|S——
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- Wyn ghwpm (3.18)-hg unw Gy bip

22:-:1”_,,: 26 17 :
julx,t) - S—+—— leT doa<—+-— *do=¢€,
%0 -¢ () 3 3xm 3 31:__-!:.e

wjuhGpl* _ . B N
’ hmu(x t)=ex: .

-u‘]uumum[, wwywgntgywd t htnljwy) pinpbdp’
3.3 phnphat:

| . i 1 -:
,t = 4a‘t
u(x,t) ltp(&) e &
qmﬁhghmﬁ hmﬁ:ﬂlumﬁx}lﬁ t (3.5) - (3.6) Unzph ulnph lmbnui';

3. Ynshp julinph jmddwh wiplnhwen |
© jwjuquonipymbp uhqpuwlws $oiblghushg

- Hhomp ux,) L u (x,t) bpynt (neOnuiGtp GG (3.5) hwjwuwpdwG,
npnGp hmdmu;mu_liuu]umﬁmpmp pwywpwpnid GG n(x,0)=q)(xW
u (x,0)= (i) (x) ullqpﬁml;ulﬁ wwjdwGGbphG: Swiwéw)h (3.16)-h

u(x,t) u(x, )—TI(p(x+2w\/_ )- (p(x+2w\/_ )1 da (3.20).

b [ () - @ (%) <€ hulj nus GmyGa t, np
|p(x +2a0t ) o(x +2a0t )| <&, wyyw (3.20)-hg Yhtuabp, np

[ (x,8) - wxb)] <€ - J' je da=e U.juumum[ Unzhh fuinph lmonuin

wlpGnhwnnpbl t juhujwd ullqpﬁmllmﬁ pnillyghwyhg:

Unyhh tuGgph (nedvwG pwGwdlbhg htinlmd t, np 9bpdnipyniGp
annh biplpw)Gpny nwpwdyn t ny pt hGs-np Japguninp wpwqmpjunip,
wj] wyGpwppwyhl: bujwwbu, nhgnp uyqpGwlwb ghptwumhtwbn



npuljui £ o < x < B dhowlwjpnud L qpn t GpwGhg noupu: Uju nhwpmud,
htimuqu wwhbtphG 9bpdwuwmhdwGp npogtiny (3.5) pwlwdlnyg, Ymbh-
iwGwp o

1 &-x)’

B L 0
)= [ 0@ —m=e “*d&

Ujuintinhg hhmhmli t, np nppwG | thnpp |hGh t-G L nppwG ) htinm |hGh x
Ytwnp (o,P) shewlwjphg, gbpimp)mGp wyn dhewlw)phg t Jwdwlw-
Juwidhgng htwin hwuby k£ x Ytwp, npmjhbwnl u (x,t) > 0: N
LbGp vth Juwplnp hwGquiwbp Lu: Unphh julnph 1mbnui\(i nGh
pninp Yuipgh wdwbgywiGbip puwn x -h b t -h, whljwhu wyG pwihg, @ (x)-p
nmGh wowbgyuGhp pt ng: Wju thwuwnp wnlw st, ophGwly puph nwnwG-
dwl hujwuwpiwG nedmdGhph hwdwp:
4. Qupiwhwhnppuljwbopjwl hwyjmuwepiwb
IoinwibGunwy modwb Phghfwlhmb piwuvwnp
Qhgnmp ¢ (x) uygpGwlwb gbpywumnhGwbGp bwyjwuwp t qpojh
(X, - b, x, +h), vhowljwjphg nnipu L v, hwuwnmwinmG wpdbp mGh wyn
thowlwjpnud: WyuhGpG, dwiwlwlh uygpGwlywl wwhhG dnnh wjn
wbtnudwuhG hunnpntiinyg Q=2hcpv, gtipinipjwG pwGwlmpjmE, gbpiwu-
wh6wbp pwpdpugt) t ve-ny: Ujn nhypmd dwdwGwyh judwjulwe t
wwhhG x Ytnh etpdwunhGuGp’ u(x,t) hwyytiny (3.5) pwGwdtny L
oquiybyny vhohG wpdtiph ptinpbshg” YymGuGwGp

Xo+h _&=x) x+h  (E-x)?
_ Vo s _ Q 1 ol 4B _
u(x,t) = —_— e W =< . _ e 't dg=
) I . 2aVwt : cp2avat 2h L ¢
. E,—x
=L. e 4ﬂzl .
cp2a«/1ﬁ

mpx, -h<g <x,+h: .
<hdw, tph dblp dquntigGkbp h-p qunjh, wwhwwGliny hwnnpn-
ynn Q ebpimpjwG pwwympymbp, wyw vwhiwlimd ymokiwuGp t=0

8s-



wwhh( x, Yhnmd nbnuapjud gbpiwghG wnpymp: Ujg wwinGwnny,
bph h ulqrwlt Q = cp, www t = 0 winkhG x llhmh sbpdwuwnhbéwbGh
hunjwp JuunwGwbp
I T - R B~ SN
u(x’t)_lll%cpza_.\/ae _23.\/1;e = F(x, t; x,):

, Wuyhuny, F(x,t; x,) - pmGnuitGnu) jménuip’ cwiwGwlh =0
wlGpuppnud dnnh x, Ynmd mbanunpyjwd cp etipinipjul puGwlmpjunip
wnpjmph Ynqpihg wowgwgywd ghpiwumhSwGwjhG pwpfumia t: dmb-
nuikGumu mdvwb qpubhyGopp dwdwbwlh wmwpplp t, <t, <t; < ...
wwhtiph mGbG GY.12-nd wunbpywd nbkupbpp: LYwd Ynphpny L
OX wnwigpny vwhdwlwthwlywd swykpbulbpp hwjwuwp 6 shyh

+o0 l ) (x!_x)l D

- 2a3m T
Wyn Gpwlwlymd t, np dnnh he oipdmpjul Q=cp pwliwlympimbp whthn-
thnju t dGnui dwdwbGwlyh pGpugpnud: LY.12-hg tplmd t, np hwdwpjw
unipnre dwljbpbiup qunbymud t (x, - €, x, + €) dhewlw)ph ybplp, nip €
puwjwljwGuwswt thnpp phy t, bpt thwya t-6 GoryGujtiu thnpp t: Fw Gw-
Guymi t, np =0 wwhhG uwnipnn9 9bpimpjwl pwlwiympymbp nbnu-
Jujjwd t x=x, Yinm, wjuhGpl’ qnpd mGulp wylipwppwihG Yhwnwjiha
obipimpjwG wnpymph hban: :
7
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5. Unohh jubinph prénuip whwdwubn hmt[mumpll_mﬁ hwdwp
 9jignip, wwhwlgynwi t quiby C2(R2)NC(R?) puumd w)b

u (x,t) uwhdwlwhwy pmbyghwa, npp Rf-nui pwjwpwuph

2
3‘: =ang‘2’+f(x,t) (3.21)
huwjwuwpdwip b _ .
u(x,00=09(x), xe R! (3.22)
| ulqpGwlywG u‘lw JdwGhG, mp fe C( Ri )b @e C(R,) wnpywd uwhdwGunhwly
InGlyghwGhp bG:
3.4. @ hnphit:
too 1 ¢-x)! t 4o
= 4a?
"(”t)'l PO e dt;+£lf(§.r)x
1 G¢-x)
————=c “'t ddr 3.23
x2a,/1t (t-‘l:)e 5 ¢.23)

PInGyghwG (3.21) - (3.22) Unzhh fuGnph mdéma k:

UujwgnygG vinwugynd t oqurugnpdtiny A jnuwdbih ulqpnilpp, Shown
wjlybu, hGywbu wnwgt) Gip (wph MwwnwGiwi wihwiwubn hwyw-
uwpiwG hwiwnp Unzhh fuGnph imonuip:

\ 6. Unphh julinph jmoéswmb dhwympymbp
/} 3.5. Phnphil: (3.21) - (3.22) uGnhpp mGh Shw)G dEY mdnud:

" Uwwmgnyg: Ahgmp, u, (x.9) U u, (1) (3.21) - (3.22) Unzhp luGnph
bpynt mdMdGtpG GG: Cuwn wwjdwbh GpuwGp vwhdwGuhwy b6: GGpwn-
phGp |u, (x,t)| <M L|u,(x,t) | <M: Unnbwypmd GpuGg wnwppbpmpynGp’

L)) (X, t) =u (X,t) - (X,t) l]puu[wpulph
2
~ %t@ =220 G2
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hwdiwubn hwdwuwtnﬁwﬁn, 0(x,0)=0 uyqpGwlywl ywjdwbhG L
joo(x, IS | n,(x,1) | + v, (x,t)] £ 2M wihunjwuwpmpjubp: Hhnwpyhlp
Qur ={(x,t): IxKL, 0st<S T} mpyqublmép: '
dbpgGhGp
| v(x,t) = 1—};{(x—22+a2t)
dmGyghwi: {byw L winmgqby, np wiG pwjwpwpmy t (3.24) hwyjw-
uwpdwlp L v(x,0) 2 aXx,0), v(zL,t)22M 2 |uX:tL, t)|: <bnbwpwp,
yhpwnbyny (3.1) pbnpbsp (tpunpbimdh uyqpmbpp) v(x,t)-ox(x,t) L
v(x,t)+ o(x, t) dmGyghwGbph hwiwp, YmGuGwbp Q 1 mwaGlyjwa
Ybwmbpms  hbwbjw); qGwhwwnwlwGGbpp’  v(x,t)- o(x,t)2 0,
v(x,t)+ w(x,t)20: ujumhqu htunlum t, np )
jox(x,t)| < v(x,t) = 4—};{ ﬁ"'azt » (x,)€ Qr:
L°| 2
Qhgmp (X4,te) € R2 JuswywlwG Yhun t: dbpgGhtp L %
pybnp wyGpwG ¥bd, np Q, 1 3 (Xq,tg), b huniwéw)l unwgywd qhw-
hwwnwlwGh @ (Xq,t,) ] <€, nip € -p juiwywywG npuwa phy k: NipbdG .
®(xq,ty)=0, qwﬁ u,(xgstg)=u,(xg,tp) :f0tinpbuiG wu;tygmgt[wdt:

§ 4. lvunp juGnppp bl junhwbh Yhuunwpudnipjwb hwfup
‘thgnp, ywhwGoyma t qunGhy

u, =a2uu+F(x,t) x>0,t>0 4.1)
: hwt[wumptiw(i wyG (n1onuip, npp pwjwpwph
ux,0) = ®(x),/ x>0 @42
uyqpGuljwui L o
u(0,t) =0 L 4.3)

bqpuijhG wwdwGGbphG:
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bph (4.3) wwdwGh hinfuwpbG YupgGhGp u(0, t) =p(t) wywjdwbp,
wuw wyn nbwpp Yupbth t phpby GwiunpghG u = v+u(t) thafuwph-
Gowdny:

3.6.0nphul: Hhgmp F-p L $-G wiplnhwn uwhdwGuhwly dny-
ghw(bp 66" hwiwwwwnwuwbuwpwnp Q(x >0, t > 0) YnnpphGwwnwjhG
wnwehlG pwpnpnynud b x > 0 npujwiG YhuwwnwGgph Ypw, pwgh wjn
@(0)=0: UWn nbypmy, bph (3.21) - (3.22) Unphh juGnph fix,t), P(x)
nyjuGhpp hwGnhuwlimy 46 hwiwwwnmwupwiwpwp F(x,t) L O(x)
PnGlyghwGbph Yhlw pwpmbGuympymGibpp Ri mi L R'-nu puwn x-h,
x=0 Jbwmh GHuwndwdp, wyw (3.21) - (3.22) Unphh huGoph MOVwE
Ginugnmup Q-h Ypw wmwihut (4.1) - (4.3) uwnp fuinph jnudmdp, wjuhGpl

+o0 (g-l)2

1 —_

)= 4a%t
u(x,t) j(p(&)ZaJ_e dt+

&=

t 4oo
i f ( 4a (1) d d‘t
+£i (R )T: & 4.4)
Qupugniyg: U4Ghwjin t, np (4.4) pnGlYghwG pujwpupmi t (4.1)
hwyjwuwpiwbp L (4.2) uyqpGwlw wwjiwih(: Ukq dGnd £ gnyg nwyg
dhwjG (4.3) hqpujhG wuydwGhG pwwpwpbp: (4.4)-hg mGLGp
gz

w0.0= [ 9O L et
wt
K ' f 4] (t-'t)d dt. ‘
i ” G ——— n(t ¢ gdr. 4.5)

{uniuxdmjﬁ ¢ U f dmGyghwGhph YGwmmpjui v(0,t)= 0, hGp
wwhwGoymd tp wwwgmghby:

Ui (4.4) pwGwdlp gpblp nupuyh F L @ nyjw)Ghph Shengny:
Qpw hwdwp, (-eo, +eo) wnwlgpny hGnbqpwiGbpp mpnhtGp (<o, 0) L
(0, +o0) Showljwjpbipny hGintigpwiGbiph gnuiwph
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0 ' (E-x)? (E—x)?
o oo e o L e

(&-x)?
1 e #(D
+] | f( 1:) dt +
'[ '[ & ,/n(t 1:) a5
&-x)*
1 e 4lz(l—1)d§d,t .

F
+'¢[ ‘([ &1 T_Za g
UnwohG L tppnpn hGubgpwiGiph db9 &-hGunbtqpiwG thnhn-
luwlwGp thnjuwphGtyny (-€)-ny L oquadtiiny ¢(-£) =-&(E), £(-€, 1)=F(,7)
€ > 0) hwywuwpmpymGGtphg' ndjwnp sk vinwGwy, np

= §-x) §+x)’
,t = | S W 4%t _ 4alt +
u(x,t) { ® - = e

[ _¢-x? E+x)?
e #'() e 4D |gEdr:  (4.6)

e

+ j j FE, 1) ————— Jn(t—_t _
,\\

Qnmiju IV
ELBMSUYIN, SEUNYh LU UUULARULBR
§ 1. Ejhwwmuljwé nwbuwlh bujwuwpiué phpynn GghpGbp

1. Unughnfwp shpdwuwmhfwGmihb Jhéwih Swuhb jubnhpp

III gjjuh uyqpmu gnyg k wnpyty, np hgnunpny hwiwutin whin
dwpiGh ik opimpjuG nwpwotwG hwyjwuwpnmip pipdwihG wnpjmp-
Gbph pwgwlhwympjwb nhuypmy’ mGh htnbjwy wbupp.

u,'=a2(u“+u”+u,z): (L1



T

Ujdd tGpunptGp, np dwdwGuih pGpugpnid dwpdGh gublijugud
(x,y,2) Ynh 9bipdwunpdwlp dGmd £ wihnhnhu: Wn ghypmd w,=0 L
(1.1) hwjwuwpmdp pgmGmy t '

u, +u, +u, =0 (1.2)
wnbupp: LYwd wwjdwlGepmy u(x, y, z) gpdwunhwlp npnbint hwdwp
hwpYunnp st ghnbtiGw) uhqpGwlyub ghpdwumhdwp, wj; puwjuywi t
qghwnbGwy, ophGwy, tqph Yewmbph 9ipdwuwmhdwbp, Ywd ophGul °

dn
ﬁmthhunq Jhunnp dwidwGwynid wGgGnn 9bpdmpjwb pmﬁml{mp JnLGp:

2, Jubiniiynn hinniyh 2wpdnuip
Shnwplblp jubniynn htnmyh jujmbugywd wpdmip:

(-KQ] gtpunipjwG hnupp, wjuhGpG wijwy dwlbplotph Shwnp

Uhgnip, htnnuyh Juindnusp dpplwyhG st, wyuhGpG’ V(x,y,z) wpwgm-
pymlp wnmnbtlGghwywjhG Yblpnnp b

V =. gradp (1.3)

Qutniynn htnniyjp hwdwp p-6 hwuwmwwnmbG t: {Gwnbwpwp,

P +divp—\7 =0 wlhqbhmpjwG hwywuwpnishg, YniGhGubp
divgrade = 0, Yuwd

P + 0y +9, =0, (1.4)

wjuhlpG’ wpwqmpjul wynnblighwip pwywpwpmd t (1.4) hwjwuwp-

dwp, npp tihywwiw6 nkuwyh ywpqugnyyG hwyjwuwpnud t: (1.4)

hwjwuwpiwGé 6 pujwpwpmy Gwb dgnpujub uanh ymnbGghwip

b iwpwumnmunnhly qunh wninbGghwip wjé Yanbpmy, mp quiqyud

Juw, uid hwiwywwnwuhuwwpwp Qbunpuluwb thgptip shwG:

§ 2. Lmyjwuh hunjwuwprnip

ConmbGjwo £ A (nbpnw) uhdymmy GywGwyby hbnbjuy Gpypnpy
Qupgh swuGwlywl wdwGgyuGipm| nhptiptGghwy owybpwwnpp’
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9> 9’ 0’
A= + 7 Hom ,
an? "ot T gt
npp Yngymui t Lwujjuuh ou;hpmmnp, huy
2 2 2
Au—gx—‘:+gxz +...+gx—‘2‘= 0 @
l{nzqnui t Lwujjuup hmqmumpnui ’

1. Luyjwup hajwuwpdwb fp pwbh jmonuiGhpp
Vwlunpy wywpwgpupmi gmjg npytighG Lwwjwuh hwymuwp-
dwl pwywpwpnn $hghwlwb sh pwlh StompymGGtn: ‘ ‘
Ujdu piptiGp wjn hwjwuwpiwG momiGhph Lu dh pwlh oph-
GuyGhip: -
1) UyGhwjwn k&, np Lmuumuh hujwuwpiwbp Ypwjwpunh gublijugwud
" wnw@hG wunhSwGh puqiuinud’ a,x; +a,x, +...+a, x,:
2) UGdhowlwG uvinmgmuiny htizw L hwingyty, np
1 : :
ExX,y)={(n-2)Ix-yI*?’ n>2 Q2
. -lnlx-yl, ' n=2

PmGyghwl, mp [x —y|= \/(X1 —y )2 4.+ (X, - ¥,)? , puwpupnui £

Lwuyjwuh hm‘qmumpﬁm'ﬁn pt pun (xl,xz,...,in )+h, pt pun

(Y15¥25+5Yn )-h: PRnp, bpp X # y , mGuGp’
i)—E=—Ix yI™ 4+nlx —yl™?

(xl - Yi )2 ’
htunbwpwp’

. L . :
AE=-n|x~-yl™ +nlx-yl™? Z(x-‘ ~y;)?=0:
i=1
Lwbh np E (x,y) dnillyghwb uhitnphl k x U y Yhnbph Gjuwn-
dwip..wujw wjG Ypwydwpwph (2.1) hwjwuwnpdwbp, Gwl puwn y - h:
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. «Q‘:‘W”‘v—" -
-

(2.2) pmlyghwi yngymu k Lwujjwuh hwjuwuwpiwG thliqunih[ilhml Jud
nwppujwl momy: bpp n=3, w6 hptGhg Ghipjujuglimy t x (Yuy y)
llhmﬁui wtinunpywd dhwynp thgph wninhGghwip:

3) “hgmp S-p R nwpwonipjwt nnnply thuly fu puig hhulhp-
dwibptmjp t, L p.(y)-n Gpw Yypw wnpjwd wlpGnhwwn pmbyghw k: Uyn

‘nhupmy -

u(x) = [E(x,y)u(y)ds, @3
S .

dmbyghwi, mp dS,-p S dwybpbmyph dwybpbuh tdkGnG b, puyw-
pupmy k (2.1) hwjwuwpdwGp S-h Ypuw yquGynn wdkG dh x Yhwnnwd:

- Uyn htanbini t w)G pwGhg, np E(x,y) $mblghwG pwywpwpns t Lwwy-

jwuh hwyjwuwpdwip b np wowGgdwl qnpdnnmpymGGtpp Ywpbih t
Jwwwph) hGnbgpwih Gawbh wwy: (2.3) PmbGyghwb Yngymu bt wupq

- 2tpnh wnnbGghw:

4) Ujdd GohGp Lwujjwuh hwjwuwpiwG lnlonuiﬁhph lih dhd
pGunwGhp:

4.1, Phnphid: Gph 1) t(x,,x,, ,xn_,) l. v(x,,x,, ,xn_,)

- pmllyghwGbpp wijbpg nhpbphlghih ba,

“oq 2k+1

x - -
2(— l:(2k)'Akt(xl' N "") (2xk 1)|Ak V(xp, --l)]_(2-4)

2wppp huxquxuuxpuxzunh qmquibw t L punn wibl vh X4, X,,..,X,
thnmhnjpwlwGh tpm whquyd winwd wp winwd wdwlgywd Jwpptipp

“Gm)Gybuy hwjwuwpwiwth gniquitmn b6, www (2.4) 2wpph

u(X;,X,,...,X, ) gnuiwpp hwighuwGmd £ (2.1)-Lwyjjwuh hwjwawp-
dwi pmomu: : ‘

Ujn pinptiih wywgnyygp Juinwpymy t szm wjGubu, hGyubu
2.4 pbnptih wwywgmygp:’

bph, dwuGwynpwpwp, Thv &mﬁllghmﬁhpn pwquiwinuuiibp ba,
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iuulm 24) qnuSulm;(im JGwbu puqiwbnu YihGh:
2. LwpuinGhl PnrGyghwbbp: Lpwbg dh pwih nwppuljus
hunnljmupymGihpp:
1. Usshibwsinul: u(X,, X, ..., X, ) doiGyghwG Ynyynus t hwpinGhy
D vwhdwGwihwly wnhpnypmy, bpt Gw niGh vhGsk bpypnpn upgh whpln-
hunn dwuGwiw wowlgjuiGhp (u € C%}(D))uD wnhpnyph pninp Ybunk-
pnwd pujwpwpnd b Lwwjjwuh hwjwuwpiwGp: ,
UGdshowlwl vinnignidny Ywupbih t hwinqyby, np bpt u(x)
(x =(X;,X3,...,X,)) pntllyghw@ hwpinGhy t D whpnypnd, wyw

v x P u[#) e

PnuGyghwb GnijGuybu hwpdnGhy t wyGwnbn, mp npnpyud b
‘ LwbGh np wiytpg htnm Ytinnul wowbGgyuh qunuhwpp wih-
dwuw t, www wjl ghupmy, ipp D nhpoypp wyupnGuynud t wGytpg
htinm np, Ybpp G2wd uwhdwlnuip 6nmdwé Yuphp niGh: _
2. Uwhdhwlinnd: Qund bG, np u(x) dnufijghwG hupinGhy twybpg
htinm Jtwnh 2pewljwjpnid (wyuhbp [x| < R thwly qlGnhg gnipu, mp R4
pujujwiwyunh dud t), bpt (2.5) pwGwdlnyg npnygud v(x) niGyghwb
hwpinGhy £(0, 0, ..., 0) YLiwnh zpgualjurjpm, puwn npnud wyn Ynmy nliu[hu
v-h wpdtp pGnniGynud & Gpuw vwhiwGwjhG wpdtpp (GuwnbGp, np x b
) ¢

IxF nbipp uhitnnphy b6 dhunjnp udbpuyh Gundudp): |

UyGhwyn t,np y= xP thnfuwphGwG hbnbwGpny mGuGp
' ' X

u(y)dyi®® I_ylz— :
y
3. Vwhdwbinud: u(x) dniGyghw G wliywGnid 4G hwpinGhy wlybpg

htnm jbhwnp wwpniGwynn D mhpnypmy, bpb 1) wyG niGh $hGyl tpypnpn
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YJupgh wGpGrhwwn wowmbGgjwGap D whpnyph pninp yopowinp Ynbpmd
L wjn Yhwmbpmd puyjwpupmy bt Lwwjwuh hwjwuwpdwGp; 2) u(x)-p
uwhdwGunhwy t n = 2 nhypmd L dquumy t qpnjh, hpp Ix |00 ny

1>, upp n > 2:

nrunun, pwé | x

thgmp D-6G R* mwpwdnmpjwh nplt wmhpmp t pujujubuyunh
nnnpy S bqpny, huy u(x) L v(x) PmGYghwGhpp hwminGhy b6 D-md L
wuwnlpwGms 46 C'(DUS) quup6:

<{bun t vinmghy htunbjwy GmyGmpymGGhpp’ \
| &9 du) &ovau
2&7[“%}%5:5:'
- 0 du ov

=0:

2ol Von U5

hﬁmhqphlml wju ﬁnljﬁmpjmﬁﬁhpn D whpmyjpny L oqun[hlml QGwnu .
Ouwnpngpunuim pmﬁmébhg hmnimu;mlnmu[umﬁmpmp unwimd bGp

jv(y) NY) 4 IZ 26)
Dl—l
I[V(y)a“(” ()a"(y’ 6=0; @n’

' s
mp v-G S-h wpunwphG GnpiwgG t: Uju pmﬁméhhpn Unyymd bG GphGh

pwlwdlbp:
Uj6 nbwpmd, tpp D whpmypp wwpniGuwymd t whjbpe htinm

Yytwnp, npubugh (2.6) L (2.7) pwGwdlbpp E6w6 6dwphw, pGwywG

wwhweki, np bGpwhGnbgpwiwihG wpnwhw jmmpjmﬁﬁhpn LhGud
pwgwpdwl hGunbgpbih:
Oqunytiny (2.6) L (2.7) pwGwdlLbphg’ hbynmpjwip wnwgymyd LG
hwpinGhy $mGyghwGhph vh 2wpp mwppwuG hwinympimGGhp:
1) bph u(x) pmhlhghwa hwpinGhy t D whpmpmd, ue C'(D) L
hwjwuwnp t qpnjh whpoyph bgumyd, www w(x) = 0 Gwl D nhpmjpma:
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llju hwwnlmpymGp htiinlnui t (2.6) hun[wuwpmpjmﬁhg, bph ﬁpw ‘
dho pﬁqmﬁhﬁp u(x) = v(x): bpnp, uuq f}ﬁu.lpnui . 6)-hg nGhGp

IZ[ )dt Iu(y)aua(vy)do, | @8) .

pi=l
U'Jmu 'am#ihg. nwﬁh np u(x) =0 mhnmjph tiqnoud, wyw

| Z[ax ] dz=0: -

D i=l

LbnLwpup, %:0,#1, 2, .., h,, x € D, wjuhGpd u(k);n hwunw-
OX;
- wmmb t D -nud: Puyg, pwﬁh np uy) = 0 S-h qu, wuju huniwdw_)ﬁ
u(x)-h wipGniwvinmpjwG u(x) = 0 D-h Ypw: , ‘
2) bph ue c'(D) Pmbyghwl hwpinGhy t D mhpm_)pmli L Gpw .

du(y)

av ,
u(x)-p hwunwunmG & D-md: Uyu hwnympmbp wuyjpugmgyn k Ghzm

. Gwunpnh GdwG, bphk (2.8) hwjwuwpnmpjwG sh9 hwyyh wnﬁhﬁg, np

[in[niwl wowligyuy G t hinjwuwn qpojh D wnhpmyph Gqpmu, wwyw

3) C! (l_)) nuuhG wwinjwbnn D whpnypmd hwpdnGhy $mGy-

ghwjh Gnpiwi wowbgjwih hGnbgnwip whpoyph S bqpny hwijwuwp ©
qnojh: 4 '

bpnp, yupgGhiny (2.6)-h dtip npwbu v pmbyghw .val, unwlnd

top | B

duly) . o P

do=0: . 2.9

! v ,, - e9

9



'.3. {updnGhYy Pmbyghwbbph hGunbgpw) Ghplujugnuip
" 4.2.8hinphd: Gph u(x)-p hwpinGhy PmGyghw t D mhpnypmd b

wwwnlwlmy C'(l_)) nwuhb, wwyw wjl Geplwjugimyd t htwnbjw)
hGwntgpwiny’

\u(X)=LI[E(x y)a“(") —u y)aE(x’Y)]do, (2.10)
) ov

ns

mp E(x,y)-p Lwwjwuh hwjwuwpiwG pmbnuitGmw) nmomaa t,

n

1 272 -R®-mu Shwynp upbpwjh SwibpbuG t, huy I-6 Ejbph

—{n ) i
i
quiitw-$millyghwb t:
Uwugnyyg: D wnhpnijphg noipu qgliGp x YhGnpnnyg L e wnwynny

K,(x) qmbnp: YywGwykGp S,-ny wynqGnh Swybplmjpp’ |y-x|=¢€:
Oqunybiny 9phih (2.7) pwGwdébhg” D, =D\ K,(x) wnhpnyph hwdwp b
ytpgltiny npwtu v Lwujjwuh bujuwuwpiwG pmlnuitGunw) momip
E(x,y) o' YmGhGubp

J[H - Ju(y) l(y\aHx,y)] J[H Juy) l(y\ali(x,y)]

o, =

(2.11)
) ‘IHx,y) ,[‘(y ai(x,y)
g
Lwth np S, -h Ypw
p —1 a2
L E(x,y) =9 (n-2)e"?’
-Ine , D=2,

a7



1

. Emy e T @12)
_ . ' ov _1’ ln‘.'—_2’

. . , j /
- www (2.11)-h we Jwuh tpypnpn qmﬁwphﬂll: hwdwp mGhip
Il(y) JE(x, )')

= ju(y)do—— uy,)-et e, =uly,) 0, >0,ux)

‘ tpp € — 0, npnyhtink uw-G wipGnhunn t, huy y,eS, (e""co,, - Se -h
“dwljbpbuG t):
(2.11)-h wnweohG gmuiwptihh hwﬁwp,zﬁnph]'nq (2.12)-h wnwehGh

';ls % - umhliwﬁquwljmpjwﬁ (ue C'(]S.) ), mGbGp ™"

IE(x, y)g%d‘?‘ < KIdo=K-e""w,, =0, tppe->0:
s, . .

Ujuyhuny, whghbiny uwhiuGh(2.11)-h dhe, YmGuGwbp 4
![F(x. y) a"a(vy? ju(y)w}io =0, u®),
“nphg t) mnwgymd t (2.10) pwlwélp: ' '
4, UhghG pywpwbwljwbh dwupl pwGwdLbpp
4.3.0knphd: bpt K, (x) (ly—-xIS€) gmbnp wipnnonyhb
pahwd t u(x) pmGyghwsh hwpinGhympymb D wmhpnypnid, wuyw wyn
PmGlyghwih wpdtipp qlnh x YhGnpnGnmd hwywuwp t Gpw S:ly-x| = €
udtipuazh Ypw mGtguwd wpdtpGuph dhehl pYwpwbwlywGha:
Uwugnyg: dwiwdw)i (2.9) L (2.12) hwqwuwpmpjmﬁﬁhph‘
(2:10) pwGwdlhg unwGmy bGp

—
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PR T T e T

u(x)=

— [u(y)de: @.13)

n S, ) . '
Wu hwjwuwpmpjwub we limun u-h S,upbipwjh Ypw mGhgud wndtpGlph
vhohl pywpwlwliwbi t: Uyuyhuny, pinpbdG wuyjwgmgywd t:
(2 13) pwGwdlp gptiny S,:[y-x| = p < R upbpwyh hwdwp -

p“'u(x)A—'—ju(yxio

llS

nbupny L hGwntgpbiny pun p-h 0<p <R li]lgwllw Jpny umunﬁ\ni hﬁp

u(x) =

Jutyx, @14

O, R" xR

nip dt-G dwiuh bk b puy SoR

-0 ly-x| < R-np qfinh dww6 t:

(2.14) -p Gm)Gwbu Ynpimy £ shohlG pywpwlwlywbh Swuhl pwlwdl, -
npnjhtinb Gpw w9 Ywup hptiGhg GepYuwywgimu k u pmbYghwih qGnma
mbgwd wpdtpltph shohG pYwpwlwlwbp:
5. Epumpinudh uljqpnilpp »
(2.14) pwGwdlp hGwpwynpmpymG t mm\]\u" unwlwim hwpinGhy
@nlﬁljghwﬁhph th Juwplnp hwnympjmG, npp hwjnGh k hwpﬁn'ﬁhll
.‘])hlﬁllghwﬁhph hwiwp tpunptivnuih ullqpmﬁp wiywip:
4.4, ﬁ'lmplu& bpb u(x) $mGyghwb hwpdnGhly t D whpnypmd L
hwumunnmﬁ sk, wuyjw D wmhpmyph ng Gh Ynmd sh Juwpnn plnniGl ny
M= Sup u(x) - dtidwanyl L ny t[ m= mf u(x)- qmppwqm_]ﬁ wndbp-

xeD

Gbpp:
. Uuypuegnyg: Gnp M = + oo, Jund m = - eo, wuju pinptith wylinmip
wlyGhwyin £, npojhtanl D whpnyph llwﬁm_]wllmﬁ Ytanmd ulx) pmay-
ghwG plnniGnus £ Jepgwinp wpdbp: buly pp M<+eo, bipuinptip hwljw-

o



nwyp, wjuhGpG nhgmp u(xy) =M, x4 € P :‘l-lluimpllhﬁp K.(xo) D
qmnp: K, (xg)-h jmpupwGyymp x ybwnnws u(x)=M: bpnp, tipk npLt
ye K, (xo) jtanm u(y)<M (u(y)>M wlhwyjwuwpmpjmGp pugwn-
ymud t), wyyw u(x) pmGyghwih whpGnhwwnmpjwt )Gnphhy u(x)< M
Gwl y YuGuwpnGny Sh thnpphYy qGnnud: Yhpwnbiny (2.14) pwGwdélp
K. (x¢) qlinh hwiwp’ junwGubp M<M wGhiwun wihwjwuwpm-
pimGp: Muwh, w(x)=M K, (x4,) qGnh pninp Yhnbpnud: Uydd wujugm-
gtGp, np D whpnyph guGljugwd x Yhawnm u(x)= M: thgmp £-p x, b x
Ytwntipp ShwgGnn nput Ynp & pGlwd D-h v b d-G wyn Ynph m D whpmyph
tqph vhel tnwd htnwynpmpymGa t: Gapwnntp e<d: K,(y) qfnh y
YtuGwpnGp wpdbiny ¢ Ynph Ypwjny ufjuwd x, jtnhg dhGsbk x Ywnp L
oquykiny ytpp ummgi[uxb w)G thwuwmhg, np y-h jmpupwlyymp nhppmd
K, (¥) qlnh pninp Ywnbpmd u =M, unwGmd tGp u(x) =M: <hmhwpm1i,

‘u =M wipnn9 D wmhpmypmy, wjuhGpG, u ImGlyghwG hwunmwnmé t D
wmhpnypnd” hwijwnwly pinptdh wwjydwh: MpbdG, pinptith wnwghG
dwul wwwgnigywd t: ‘Lbpw bpypnpg Ywul wuugnigynd t GiwG dlny:

_ LhypngnipymG: Gph pugnighsy hwjnGh £, np D mhpnypmd u(x)
hwpinGhy PniGyghwl wipGnhww t D-h hwliwh Ypw, wjuhGph
DUS -h ypw, wuyw wjG wwpwwnhp nﬁthﬁnui t hp ybdwqnyyG (hnppw-
qnG) wnpdtpp DUS -h hGg-np th x, Yhwnnws: Unjugmgipud 4.4 ptopbidh
hwidwdw)G’ x,Ywnp sh juwpnn (hGe D-h GbpphG Yhn, hbmlfuxpmp Xo€S:

§3. bqpuhG fulighplitp

Uh 2wpp dhqhlwlywG hphmjpﬁhph nwunuiGwuhpnipymGhbpp,
hGywbu Gyt t § 1-mud, pbpynud 66 Lwyjwuh hwjwuwpdwG- hGs-np
momiGhp quGhma wyjw wjipnypmd, pun npmyd wjn MmomdGhpp
. wmhpmyph tgnmu wbwp b pwyjwpuptG npn wwjdwaGhph: UwuGwih
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wdwlgjwGbpny hwywuwpnudGhph wbiump w6 §be YhGwnpnGwywG whn
t qpuamu htifig w muﬂmh [mOnuS(ihph gnynpjul L d]uullmp JwG hwpgbph
[monuip: . |

1. Gqpwjh6 julinhpGiph npywdpp: Yhgnip S-pR° mwnwbmpjwﬁ
h npLt nnnpy thwly Swybplngp t: D* -ny G2wGwlbGp wyn Swybplngpny
uwhiwGwihwlgwd yhpgwynp whpnypp, huy D-nf’ whvwhiwlunhwy
whpnypp: Hhgmp £,(x), £,(x) b £,(x)-p S Swybplnyph ypw wpdwd wipn-
* hwwn pmbyghwlbtp tG: .
~ w) Hhphluibh GhpphG junhpp: GGl D* mhllnupmﬂ hwpinGhy

L ﬁpw D* hwydw6 Ypw wipGnhunn th u(x) pmbyghw, np@D mhpmjp]l
biqph ypw pinméh wpgwd f,(x) wpdtpbppy
ulg =f,(x): \ @)
£) Vhpklutth wpnwphG fuGnhpp: SwnGby wyGwhup Sh u(x)
dnlyghw, npp thGh hwpinGhy D--my, wﬁnﬁqhwm“ D -h Ypw b
pwywpuwph (3.1) tqpuijhG wwjdwGhG:
q) Lhydwlh GhpphG julinghpp: @it D* -mu hwpinGhly dp u(x)

cu
‘pmbyghw, nph -5.; wowmbgjuip S-h ympwpwlyymp l;humui wnwpwd

wpunwphG tnpiwih nupmpjuwdp hwjwuwp thGh wmpwd  £,(x) pmel-
ghwjh wpdbphG wjn Yhnmy

) . au 4 .
]} . . | n s_- f,(x): (32)
J 1) vhydw6h wpuwwph6 uGnhpp: ity D~ -nud hwpdnGhy
m]ﬁu]]\u]l u(x) dnilGyghw, nph Gnpiwy woOwGgyun wmhpnyph tigpmad

puwpwph (3.2) wupswGhG:

| Ahphtubh b LbjowGh fuGnhpGbpp wiwGnd 66 Gwl hwdwuw-
wwuluwGwpwn wowehb U Lippnpn hqpuighG tunhplbp:

t) Gppnpn bqpujhG fubnhpp: @wnGhk; D* -mud hwpinGhy b Gpw
thwipfw ypw whpinhuur wJﬁthUh u(x) pnilljghw, npp whpmyph tiqph
101



i

. | |
[$+a(f)u]s/=f3(;) I X

wwjdwGhG, mp a(x)-p S-h Ypw mpqmb w(pGnhwwn q:n/ﬁhgluu t
(a(x) > 0):
© LiwG Auny dLwYbpupimd & bppnpny wpmwphG bqpuighG julnhpp:
2. %hphuith juinph (pddwb Shwhnipymbp
4.5. Phnphkid: Yhphjuith GbpphG fuGnhpp ynGh dhlhg wybih

Ypw pwliwnwnh

jnomud: . :
| Uymgnyg: bpb.u(x) b v(x) pmGyghwibpp Hhphjukh ShlGnyG
- juGnph MOMIGEPG GG, wuw Gpwlg w(x) = u(x) - v(x) mwppbpnipjnibp
"~ hwyjwuwnp t qpnjh whpnyph bgpnud, wyn Wwwndwnny tpumnphdnudh
uljqpnilph hwiwdw)G w(x) =0, wjuhGpa’ u(x) = v(x) wipnne whpniypnud:
’ Liwlwybu htunmpjudp Jupkih & gnyg wnwy, np hphjuikh
juGnph (nudmuip wipGnhwwnnpb6 b jujujwd bgpuhG wwyswéh f, (x)
dPniGlghwjhg:
3. thphjuibh junph S-phh Pmbhghwb e
4. Uwhshwfinnd: D mhpnyjpmud Lwwjjwuh hwyjwuwpdwG Fhphju-
{bh futnph QphGh $miilghw ynaynuit x b €€ DUS bplym yhinbph G(x.E)
&mﬁllg[uuﬁ npp pwyjwpwpmi k hhml;.]uxl bpym uquutimﬁﬁhphﬁ
1) U6 mGh
G(x,8) = E(x,8) +g(x,£) (3.4
wnbupp, mp E(x €) -6 Lwyjjwuh hunjwuwpiwl nwppuwlw6 (dmbnu-
thGnwy) lmbnuiﬁ t, huy g(x,&) -G hwpinGhy Q)mﬁllgluu t D mhpnypmy
plb puwn x-h, p puwn E-h:
2) bpp x Yund § Ywnp qunGym t wnhpniyph S biqph Ypw, wyw
' G(x,&)=0: (3.5)
<tpw L wnbudhy, np G(x, £) >0 D nhpnijph pninp Ynbpaus: hpnp,
nhgnip x4 € D:dbpglhlp 8>0p[u|g wjGpw( thnpp, npw) K5 (E) qmibnp
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26w hGh D wihpmyph dbe L sywpmGwih X, Yeup, p) Gix, >0 K5 (E)
thwy qlnh Ybnbpmy (YbpehGp plums k wyl pubhg, np G(x,€)— +ee,
tpp x—£): YhnwpltGp D, = D\ K, (§) whpmypp: Uju nhpnyypmd G(x,

€) hwpinGhy $mbyghw k L bigph Ypw pGrymGmy k ng pugwuwljuG wpdbp-
Ghp: <tinbwpwp, hudwdéw)G tpunptsnush uyqpmGph' D; mhpmjpmd

_G(x, ) > 0, mpbiG G(x,, &) >0, wjuhGpG’ wipnng D -ntd G(x,, ) > 0:

LvY.13
G(x,y)-QphGh $mllhghwG mGh Gwl htanbjwy Ywplnp hwn-
YntpymGp, wyG uhdtanphy t x L y Ynbph Gunndwdp:
Wu bwnympymGa wywgmghin hwdwp D wnhpnyphg nnipu

qglp K;s(x) U K;5(y) thnpphy qGnbpp b dGwgud dwup Gawlwytlp
\‘Ds -l'll.l: »l ’ ‘

v(2) = G(z, ) L u(z) = G(z, x) '

ImGyghwGpp hwpdnlGhy GG hwﬁmﬁ;mmumtuwﬁmpwp D\K,(y) L

D\K,(x) whpmypGhpmy: Uppwntiny Sphbh (2.7) pwGwadlp Dy
wnhpnyph U v, u pmGlghwitph hwdwp ymGLGwGp

| J[G(z, y) 9G ‘%x_) G_(z,x)-——aG;’ y)]d =
o - 103



I*I Ga.n2ER 6, )aG(z”’)]a

- Lw h np (z,x)=G(z,y)=0 S-h ypw, wjn hwqwuwpmpjmﬁn .
Jwpbih t wpun.quhl htwnbjw) dLny

J[G(, LD g, )aG" 3

Sl

- j[G(z,x) xe. DG,y )aG‘z X

U.Jumhn wdgﬁhlml vwhdwGh, tpp 8 - 0, hwzl.]]n wnGbiny, np
G(z,x) = E(z,x) +g(z,x), G(z,y)= E(z, y) +g(z,y), n; Sud ndju-
poipjuwdp winwmd bGp G(x, y) = G(y, x): '

4. Hhpplugkh Julinph [onuip ‘Hlllﬁll puulilghuyh Thengny

4.6.0knphsk: bph vl = f bapuighl uw yiwGny Hphfuiih Gappht
Gnhpp Cl(ﬁ) nuund mGh momd, wyw wjG Ghpljw jugynd t
o aG(y,x') L L
tn(x)= —.mv;'s[f(y)Tdc o (3.6)

/.—,

pwGwdlny: '
Qupugnyg: wswdéwjh 4.2 pinptish -
1 oE(x,
o)=L j[a(x,y)a“_(y)_u(y)ﬂ]do: 6
Ujnuu llnmihg, Yhpwetiny QphGh (2.7) pwﬁwdhg abl
g(xy) = G(x.y) - E(x,y) dniGlyghwblph hwiwp, mGkGp

J[g(x,y) b)_ (y)ag("")]do (38

0=
’ mn S
Gnudwpbyny (3.7) b (3.8) hwywuwpmpimGGhpp' JunwGwGp

u(5)= - [| 0ty -u5) 2

Lw6hnp- G|s =0L u|s =f , wjuntinhg vinwGmy LGp u(x) dniGyghwyh
104 -




(3.6) Goplywywgnuin: _ :
. - ‘Hhpngnipynih: Uupugnygh pGpugpnud plnmGbghlp, np

gls =~E(x, y) bamujht wwjutny prfuth ptappe C'(D) nwunus
ﬁmj Gujbu mGh ymom: .

U)dy, oqunytyny 4.6 ptnphihg, umwﬁwﬁp ‘]-hph[ulhln uGnph
imonuip, tipp D inhpmypp qmGn t:

5. Mhphlujbh fubigph pocdncdp, bpp whpnypp qmén kb

2hgnip, D-G Shwynp qmﬁqﬁ t, huy x L y-p wyn qGnp Yhwnbp bG:

8m g wmwlp, np

| G(x,Y)= E(x,y)-Ef x|y
Pniblyghwt Shunnp qlinh hwiswp hphtujbh fuGnph SphGh PmGlyghwa

e

' GmyGmpywG g(x,y)= [xly,l ‘ -n, hpp Ixl< 1, Iyl < 1, hwGnhuwGaus
t hwpinGhy pmlyghw’ pti ° puwn x-h, pb “pun y-h, hul bpp |y| 1, mGhGp

xly ——=.
o ﬁ' i

\;<hmhwpwp, (3.9) pwGwdélny Ghphwyugyud G(x,y) mGlghwa pujw-

 puwpnud t SphGh $niGyghw (hGhint popnp wwhwG9GLphG:
' bpp | yl=1, hwiswéw)G (3.11)-p, mﬁhﬁp

(3.9)

hul.]wulhu, 20nphpy

My Iy ~2xy+1f =

v

ly-x| =I"|2, - G.11)

| NG
Glxy)_ s Y()' ") x| [|X|y‘ ],____'1"|"|2 .
ov i=

Foit |

-.
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Iljumpuml, (3.6) pmﬁmdhn wju lhuuﬁmll)p nbupmd pinmbGnud t htwnl-
Jwy wbupp’

1 .
u(x)=—— ) 1= ——_f(y)o: (12
Oy jyjut |y — x| s
(3 12) —n 4nyymd £ MmuwuunGh puGudl:

" b $hiGp skGp wupugmghy, np Vhphtuibh fuGnph lnlbnlﬁn wpynud
"t MmwuunGh pwGwdélny, wy hwiwdw)G 4.6 pnptuth’ gnyg & wnpjud
pGnpwitGp, np tpt wyn fuGnhpp ¢ (ﬁ) nwunui mGh momd, wupw w)l
Ygpyh MnmuwuunGh pwGwdlny: |
Ujdd gniyg inubp, np MnuwuunGh puGwdélnyg Ghphuyugywd u(x)
PImGyghwa, hujuwwbu hwGnhuwGnud t Ghphtuibh uGnph monuip: pw
hwiwp pwyjwlué t gnyg umuy, np wyn u(x) .‘bmﬁllg]nu(l mGh f(xo) uwh-
+ dwlp, Gpp x—x, € S:

S hunwuplytlp ‘]-hpmulhh hhlnh_]lll]_ ﬁmuﬁmqnp tuGnhpp. qnllyg
dhwinp qlnoud dh v(x) hwpinGhy $mGyghw, npp hGh wipGnbunn wyn
qinh thwlyiwG dpw L bqpnud pujupwph vis =1 wwyiwGhG: UYGhwjn
t, np v(x)=1 $mGyghw wyu fuinph momd t hwlnhuwimd L u;uuhllmﬁnui.
t C' nuuhG thwy gnmu: <bnbwpwp, hwiwdw)l 4.6 phnphtih wjn
mdnuip Ghplujwg ﬁh]]'n L htunljun wbupny

=1 [ —£|—do: - (3.13)
Do pyjly =" - .
Puqiwyunnbinyg wju hwjwuwpmpymGp {x,)-ny b hwbiny (3.12)-hg’
JuunwGuGp | ‘

u(x)- f(xo)-— J[f(y) % L. PPN
O, |yt |y "l .

hwtlwuwnmpjmﬁn Ujdu nhunwinplyGp K5 (x,) gnilnp: S-Shunjnp upbpwjh
w)l dwup, npG pGy6md t wyn qGnh dbe, GowGwyklp S,-my: KwbGh np
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- fy)p mﬁnﬁqhmm k S-h Ypw, wwyw JudwjwlwE € >0 pih hwwp fuptih
t 8-G Ytpg Gty wjGpwG Yinpp, np gwlywgwd ye S, hwiwp Ghow (hGh

I£(y)—£(x,) <§v (3.15)

wihwjwuwpmpimbp: Uju juuwwlgmpjwdp, (3.14) hwjwuwpmpymbp
qptiGp htnbjw) wmbupny

o)=L s{[f(y)—f(xo)lﬂ'_j‘llidof;

~|x | . (3.16)

+— I[f(y)-f( JE
Iy-XI

Uju hwjwuwpmpjwl w9 swuh wnwhG qnuimph]pﬁ, hwidwdw)G (3.15)
L (3.13)-h, YqGwhwwunjph hhmhjml ybpyy'

016 "| a‘ e 1 1ol

2 o, "IY-XI

el 1-|x ___E; G.17).

2 ®, s Iy x|
Qﬁmhwmbﬁp (3.16) hwjwuwpmpjwG tpypnpn hGinbgpuwip:dpw huuimp,
nhinupytGp K,(x,) gniGnp: LwGhnp x-pwbnp & inintgltGp x-hG, wujw
YJuwnbjh t GGpwnpty, hp xe Ky(x,): Un niypmd ly-x| > 8, tipp ye S\S;:
UyGhwjwn t, np f{y)-p uwhdwGunpwy t S-h ypw: Yhgmp |f(y)|$ M:
fhmhmpmp

J[f(y) f(x o)]| - 0‘ M<E (3.18)

y- xl 0),8“ 2

bpp x-p puwjwlwGwiauh dnwn t x,-hG: Ujuyhuny, (3.16) hwjwuw-
pnpyniGhg, 2Gophhy (3.17) L (3.18) gGwhwwnwlwGGtph, mGGmd bGp
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lu(x)-f(x,) <€,

O ,./\

. hGsp wwhwGeymu tp wuywgnighy: '

Ujdu, ndjwp st wnwGwy Hhphluibh fuGnph imonuip judwjulwi Ke(xe)

qGnh nbwypmyi: buljwuytu, tpt u(x)-p hwpinGhy $mabyghur t Ki(x,)
qlnmy, wGpGnhwwm t Gpw qlwl.lliwﬁ' Yypw L pwjwpupmi k

4 u(x#s ( )=f(y)hquma wjwSwGhG, wujw v(z)=u(x,+Rz) poiGlghw
.. R\*

yihGh hw;:lin(ihl.l | <1 qlinmy, wGpGnhunn' Gpw huliwG Ypuw b jpujw-
nuph v(z)s ) =£(xo +RE) (& = 1) bapuuyhi upuapiwGhG: MupbiG, b

dwdw)l (3.12) pwGwdlh

*

{twnbLwpwp

u(x)= v( ] [X R -h- X;’lzk"'f(xoarng)do/{.

DR (g [RE —x +x,["
y=x,+ R§ thnhnfuwljwGh llm[uwp[lﬁnuillg htunn, wnwGnd GGp

1 IX xo| . |
u(x)= f(y)do 3.19
mnRsRL) : |y—x| (3:19)

- MnuwuunGh pwGwdlp K (x,) aGnh nhwpma:
6. thphjuibh julgph moénuip Yhuwnwpuwompimb nhuypmd

“HhwwpytiGp w)G nwpp, tpp D whpmypp x> 0 Yhuwwnw-
pwonipjniGG k, hul imomdp thGunpynd £ vwhdw Guhwl $mGYyghwblph
npuumy: ‘thgmp x-p b y-p wyn JjhuvwnwpwompjwG Yhwnbtp ta6, huy
Y =(Y1>"*»Ya1s=Ya) Ytinp y Ytanh uhdtanphlyG t y,= 0 huppmpjuG
GYwwndwip: LwGhnp-g(x, y)— —E(x y') PmGyghwl hwpdnGhyt (tpp |
x,>0,y,>0) i puwn x-h, U’ puwn y-h, pugh wyn E(x,y)- E(x y)=0,tpp
y.=0, unqw

G(x,y)=E(x,y)-E(x,y’) - . (320
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LT AR

PnGyghwb phnwplyynn jhuwwnmwpwonipjwub huniwp Q-phGh pmblyghwi
L -

‘Blpwnphlp, np Hhphhuibh fuGnph u(x) ;muotwG hwiwp 6hon t

. (3.6) pwGwdlp: 3w hunjwbGwpwp wmulhu k, bph pwjwjwGwswih dhd

Ix |—h hunfwp
A |l
|U(X1 < n’ n+l ?
W o | "
nip A-G U h-p npujwl hwunwnmGGhp b6 Upwl huniwywwnwubuwG
bGpwnphGp, np ul ya~o = f UqnuyhG wwjiwth fys7...y,,) $miGyghw

1= 1;29"'9na

puwyjwpwpm k |f | < BA“ wlhwyjwuwpnpjwbp, bpp

8= \/ y2 +---+y2 | puwlwGwswih dbd t: LwGh np

- 3Gxy)_ ARy Ya K, ot
. ¥ |y o

—— x

2
k)'1 —xl)2 +- +(Yn—l "xn-l)z"'an
bpp y, =0, unqw wnbnunpbiny wjyG (3.6) pwGwdLh ﬁhg, JunwGwip

“Hhphlutbh juGnph modwG hwdwp'

X ..r[ ] f(Yl’ “ Ya MY, - @Yy
Culx)=—27 I - @3.21)
n? =0 [(YI‘xl)z"'“ +(Yn| n-l)z+x:F

‘llnummn(ill pwlwdlp:
bqpujhG wwyiwlhG pwyjwpwplyp Jupbih & gmyg wwy 6hown wjGuybu,
hGswtu gniyg wmjbg qGnh nhwypnui:
7. Lhnulhyh b {wpwhh papbdGhpp
4.7. @ bnphk: Gpb u(x) pnGyghwb hwpdnGhy k R® nmwpwdmpyub
db9 L wikGmphp puwgwuwlwa sk, wuw wyG hwununnmG k:
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" Owmgnyg: Lwih np, bpp [x|<R, lyl=R, dhan b6
R—|x| Sly—x] <R +|x| wﬁh_tut[th;uwpmp]mﬁﬁhpn L pun wwjdwGh
u(y)2 0, wyw - )
u(y)R-[x]) u(y)(R= ~[xf*)  wGXR +}x) -
o RR+xY" ~ oRly-x" =~ ®R-]x|f" :
Uju wlhwyjwuwpnpymGp hGnbqphiny SR(O) uq:ohplu_]m[ L oqml.[hlml
‘Ilnuuuunﬁh (3.19) pwGwdlhg’ junwGwubp

—

R-x l ~u(0)<u(x)<SR™ ——— R+[x -u(0) | (3.22)

TRy R

wﬁhwt[wuulpmpjmﬁn Jwiwjuljud R> 0 hwiwnp: llﬁgﬁh[m[ wjumbq
uwhdwGh, tpp R — oo, juwiwjwluwl dhpuwd xe R"-h hwiwp unwblmd
tGp u(x) = w(0): Bhnphliﬁ wwywgnigywd t: :

4.8. @ linphid (Lpnuppp: Gpt R-myd hwpinGhy u(x) PrGyghwa
uvwhiwGunpwy t L[hpl.hg (GtpplLhg), wyyw wjG hwuwnmwinm t:

Uwwgniyyg: Yhgnip u(x)< M: Lulh np M-u(x) pmGyghwa
hwpinGhy t R"md L pwgwuwliw@ 3t, wyw, hwiwdw)l ﬁwlunﬁxi ptin-
ptih, M - u(x) =M -u(0), wjuhlpG’ u(x) = u(0), hGsp whwnp tp wywgn-
ghiy: . ,
" 4.9.Phnphid: Yhphiuibh fGnhpp x> 0 Jhuwwwpwompjwa |
hwiwp vwhiwGwihwly pnGyghwGhph qwunui :h Jupnn mﬁhﬁw[ ukiljhg
wytih 1monui

Qupmgnyg: “hphfuibh fuGnph Yudwjwhwl u,(x) b u,(x) bpym
(mnuiGhph v(x) = u,(x) — u,(x) unupphpmpjmﬁg llplul.[wpwph v(x)=0
‘hqu_]hﬁ wwdwGhG (bpp x, = 0): FhmwpykGp

| w(x)={v(x"m'x")’ X 20

_v(xl""’xn~l\""xn)’ Xn s0

$niGyghwa, npp YihGh hwpdnGhy L~ x, > 0 - JtphG yhuwwnwpwdnpywa
Ubg, L~ x,< O— unnphG YhuwnwpuwonpywG te: WykhG, w(x)-p YhGh
hwnpinGhy wipnn9 R® mwpwompjul dtg: huljwwybu, ghnwpytGp

3
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T SEETE

htwnbjw) hwpinGhy PmGhyghwb K, qGnmi

R? =[x
W)= gl [ R e
sn Iy"x|
bnp x,=0,
-, 1 R? -|x/ 1 ~R2x[’
w @)= [y g L (1) N o,
ORg - oRg Ty

m'p Sk L Sz hwlwuyuwnwupuwGwpwp YephG m unnphtG Yhuwudbpu-
GupG b, hul Y'= (¥, ¥a ---Yaas *¥o)- Y Ynh uhdtunphl YanG & y,=.0
hwppnpjul Guwwndwdp: Ujniu Ynndhg, pmﬁh np |y-—x| |y -xl
(npoyhbwt x, = 0), wyw , _ : ¢

v g [ o " [0 R -0

| “oR ly -x/’
Wyuwhuny, yiphG l;]xumq(irm tiqpnui W (x) = w(x) Jdwidwdw)G Fhphtu-

‘1bh hulnph povwb shwympjwb: w'(x)= w(x) JbphG Yhuwglnnus:

Lowb dtny YmGhGuGp, np_w(x)-g hwidpGyGma t. w'(x-) hwpinGhy

Pmiyghwsh htwyn unnphG Yhuwqlnnud: {totwpwp w(x)-p hwpdnGhy
K; qnmuy, judwjwlwG R-h hwiwp, wjuhGp6’ wipnng R® nmwpwompjwb

" ftig: Lwhh np puwn wpwpswh wix)-p uwhswGuhwy t, wuyw hwuswéw)6

Lhnujhyih ptnptath wjG hwunmwmm t: fuyg w(x)=0 x =0 hwppmpjwb
pw, wjuhGpl w(x)=0 wikGnipbp R"-nui nb mplni[i u,(x) = u,(x)
l&lmphliﬁ wujugmgywd t:

Oquijtiny tpunptiimsh uyqpnilphg b "lmmuun(ih pwlwdlhg’
hhzm E uinwlw) dwpbwyh hbwbjw) phoptndh wujwgnygp:

4. I0.ﬁ‘hnph¢l ({mpliwg): Gpb D nhpnypmd hwpdnGhy L D-h
Ypw wlpGghunn u,(x) $nGyghwbph hwonpruwywGnipymp hmqu:um-‘

. pwgunh gmquidtan Einhpnyph biqpo, wuyw w)yG hwwuwpusuh gniqu-

dtwn t wipnng D whpmypnwd b vwhdwGwjhG pniGyghwa GoyyGusbu
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‘hwpdnGhy E D mhpmypma:

Uwpugnyyg: Cun wwjdwGh™w,(x) hwonppujwlnmpjmbp hwyjw-
vwpwwth gniquitn E whpnyph S-bqph Ypw: Fw Gwlwymd t, np
Juiwjwlwa € > 0 pih hwiwp gnynipynG mGh wjGwhuh N pGwlwi phy,
np -

u,(x)-u.(x) <€, xes (3.23)
htGg np p2N L m2N: Qwiwdw)G tpunptdnidh uyqpnilGph (3.23)
wlihwywuwpnipimbp jywwnwpgh Gwlh D whpnyph Ghpuh jantpmyd: Ujn
~ nbypmuy, pun Unzhh qmquihnnipjub uyqpniGph, v (x)-p hwjwuw-
pwjswih Ygniquishnh D whpnypnud hGg-np u(x) pnblyghuh, npp YihGh
whpGnhuwn D -h Ypw: UupuugmgtiGp, np u(x)-p hwpdnGhy t D-nud: “thgnip
X¢-G D wnhpnyph nplt Y t: LtpgGlGp Ky(x,)cD qnilnp: LwGh np i, (x)
YmGyghwbGlpp hwpnGhy &6 D-nus, www GpwGghg wikl ﬁhlm Jwnbih
t GapYw pugGly MouwuunGh hﬁmhqu[nq
do: - (324)

1
Uy (x) =
mllR SR y x 7
Ujnw Ynnihg, pwGh np u(x) hwonpnwlwbnipniGp hwjuiuwpuywih
gniquihwmmy £ D-md, wuju (3. 24)-]1 b9 w(ig(ih[m[ uwhdwGh, tpp k—eo,
ynGGwGp

-x- x°|

x—x,|"
o)=L & Ju et - . o go:
y—
Ujuntinhg htunlimd L, np u(x) PmGlyghwa hwpuin(ihl.l t D wmhpmpnti:

Ptnptdl wuwwgmgywud t:
8. Hhphjuibh wpwwpht jubnhpp

“thgnip S-p dh tay nnnpy dwibplingp b, L Gpw Jpw mpwd t sh
f(x) wplnhwin pmbGyghw: MwhwGoymy t qunGly S-hg nnipu qunGynn
D whpnjpmy wjGwhup u(x) hwpinGhy $nGlghw, npp 1hGh wﬁnﬁl}huim
* D~ Upw U pwiwpwph | ‘ -

ug=f (3.25)

112 /



hqu JhG ww Jﬁwﬁhﬁ
Umu Gg pGnhwGpmp)nGp lewlunbiog, Ywpbght hﬁpwqphl, np x=0

ybap quGymd t D* whpoypnid: Qunawpbing x'= —xz— hGytpuhnl
: g X _
dLunfinfumpymGp, S tqpmy D- whpnypp Yuwpunwwwnybipgh S’ hqpny D’
uwhiwGwihwy wnhpnyph Ypw:
“hnwpyttp D’ whpmjpmd

v(x") |x’|"" | '| . o '_(3.--26) '

hwptinﬁhll &ntﬁqghwﬁ Qwdwdéw)b (3.25) hqu JhG wwjydwGh -

' .

viy)=ly1"™ |,|2 yes: e

bpb v(x") PmGyghwG, (3.27) tqpujhG wwyiwGhG pwqwnwpmb
~““hphtutth fuGnph (ménuiG & D’ whpnypnud, www

ax)= |x|2.-n

JhwGnhuwlGw %Yhphfuith wpnwphG fuGnph momdp’ (3.25) bqpujht
L ww Jtiwﬁm[ - |
. spanrapymib: LwiGh np ’Lhnhlulhh GtpphG tuGnhpp smGh dbyhg

-wiybith (oomd, wwyw Ybhpp wuwdhg hhmhnui L, np wpmwphﬁ fuGriphpt &
sméh duyhg wqhm [monud:

)G dwulwynp nbypnud, tpp S-n thwynp udbkipwb t @a. 25)

bqpujhG wwjswGny hphluikh wpwnwphG fuGnph (monusp wpynud t
- htnnbjw pwGwdliny

' X
)=t [ f(y)| - : © (3.28)
bl Y x|
hul, tpp S-p x, YhGunpnGny R 2wrwynny udbpwi &, wpnwphG tubnph
(pwonudp mtGmd £ hhmhjwl wnbupp'
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x—xo ~R? . '

=—— : 3.29

| )= 5 .,_,Jff"’ e
9. {wpdnbhl pmblighwbhph wowbgjw)Ghph Juppp wilbpond

Hhgmp, u(x)-p hwpinGhy PmblYghw t S SwlbpLnypny vwhidw-—
Guwihwipwd D-inhpmjpnud: GGpunnptGp’ YnnpnhGunnGliph ujqpGuybnp
wuwwnfwGnd t D* mhpmyphG: dlpgGhGp S,(0) udpbpwb, wibpwi dbd
2wnunnny, npp WwpnGwih S Swybploypp: S, (0)-hg nmpu qubing
wnhpnypmy u(x) &nlﬁl;ghmﬁ Yupbh t ﬁhpllewgﬁh[ MmuwuunGh (3.29)
pmﬁwdhml :

1

=t [ e e
%R%@ y-x" -~
_Udwbgbiny (3.30)-p puwn x-h’ vnwilined Lip .
. : | ) - :
du _ _[u(y zxin+"("‘ x‘ﬂ’iz R)dc: (331)
axi ®, S (0) |y—X| ’ Iy—xl - ~

Jhpghitlp x Yhwnp w)yGpws, htpnt O-ul;qpﬁmllhmhg, op, > R: Uj

H U

nhupnid |y-x|2|x| R>|x| : lljumhqhg ymGuGwGp’

-2 ullﬁhwjmtﬁmh np |yI |S|y—x| U [x;| < [x|: Oqub-
IR ‘ g

10y wju pnjnp mﬁhw4wuwphtpjntﬁﬁhphg‘ qﬁwhmmhﬁp gxu— wdwlgyuyp

2[x[2" 11|x|2-2"“l c=k .
}axle_[l(Yl[H ||“+I ]d

Sp(0)

1 (n+1)-2" Il (y)do:

- n-l
o.R x50
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R

© LywGwlyny A =

. n+l
(+1)-2" J’ |u(y]dc unwbinus bGp hhmluwlqﬁw-
n SR 0)

- hwanwjubp

i=1.2,-,n: (3.32)

ol ?

-

10. ‘vhydwGh julinhpp
Uwhdwdbina: Ahgmp, D-G R" nwpwdonipywG nplt wwhiw Gwihwly

wnhpnyp t, nph kqpp S-nnnply dwl;hphmjpﬁ t, b u(x)-i C'(D) nuuh npht
' bmﬁl;ghw k: Uumd GG, np w(x) $mGYghwG S dwlbplmjph Ypw mﬁh

()

huwlintwiinp Gnpdwy wowbgjuy, tph qnympima mﬁh Gnpdwy

wowlgjwih hwjwuwpwsunh uwhdwﬁn punn ye S Yhunh, hpp x uhmn

: dqmnui L ye S ytunhG dGwiny y Yhnmd mwpt[wo Gnpuiwh Ypw:

bph;, ophGwly, ue C1(D ), wyw wl;(ihw jwn L, np u(x) &nlﬁl;ghwﬁ
S-h ypw mGh YuGnGunp Gnpiwy wowbGgjwy:
S dwltiplnyph jmpupwlsymp y Yhnmyd wwGhGp Gnpdwy’ nng-

' ‘Jwo ntiyh D whpnyph Ghpup, L wyr GnpdwiGbph Ypw GtiGp shuGnyG &

hpl]wpmp Juidp hwinjwoGhp (ujuwd Ywibkplnyph Ywnmbphg): Ujn hwn-

YuwaGbph S-h ypw squnliynn dwjpwltantiph puqunipymGp Yhwauh dh Sy
dwlbplnp: GGpungptiGp S dwltplmjpp w)GwhuhG t, np S; < D: Dy-ny

GwGwlhbp S;-nyY vwhiwGuhwlywd L D-h sky qubynn whpnypp:

BGlpwnptlp ue C(ﬁ)-hwpdnﬁhl; PnGyghw t D-md L mGh S-h
Ypw YuGnGuynp Gnpiw) wowbGgjwy: Wyn phypmy u-6G YuywinlwGh

C_2 (55 ) nuuhG: Gnhlp wyn a poGlyghwjh hwswp dphGh (2.8) pwlGudlp

o= [ 5 2o

i=l

| U.ﬁbﬁhmt[ wjn hwqmumpmpjmﬁ k9 uwhdwéGh, hpp -0, unwlnud bip
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du 2 . .
_[u dey\!.ﬂ[ax ]dt. . (33)
UjupGpG, QphGh (2.8) pwwalp Shyn t Gwl ue C(D), YwinGunnp
 npdw) wowbgywy mbGbgnn $niGyghwbhph hwiwp: e

Ujdd Ywpbih t ‘LhijdwGh tuﬁrmh movwi swupf wwwgmghy
htinljwy whnnuip:

4.11.@hinpluk: Gpb S nnnply Swlbplmypp w jﬁu;hnhﬁ t, np (Ybpp
" G24wd) S,cD, wyw YwenGwynp Gnpiw] wiwbgyw) nlhgnn dmby-
ghwGbph guumy bﬁjdwﬁh GtpphG uGnph Yuwiwjwlw6 bpynt pdms-
Gbp wwpptpdmd &6 hwununnniGny, hul; wpmwphﬁ JuGnph MdMdp
dhwlG t:

Qupugniyg: Uyqpmd nhnwplbGp W.vlljllwlih GhpphG juGnph
mbupp: Gpb u,(x) L u,(x) dmGlghwGbpp Lbysweh GhpphG fuGnph nplt
tpym ymomiGhp b6 phinpimy G24wd nuuhg, wyw v(xu(x) -u,(x)
wwppbpmpymGp YihGh GnyG guuh hwpinGhy $mbyghw L bgpms Ypw-

ov ' ‘ '
Jwpwph ™ u;w jdwﬁbﬁ; Oqunytiny (3.33) pwGwdlhg’ unutinud bp

(2 e rr2aa=o:

?
\

D i=l
ov .
Ujuwntinhg htinlinud t, np % =0, i=1,2,---,n, htnbwpwn
v =mn, —w, = const: LhGp, np LhyswGh GupphG fuGnhpp $hown st, np mGh
monud: ‘Lpw 1mmiwﬁ hwiwp wihpwdtywm t, np
j do = If (y)do 0,

"~ npp htinbmud t hwpdnﬁhl; .‘bmﬁl;ghw jh mwppwhmﬁ 3-1111 huwwnlympjmGhg
(nbu (2.9)):

Wad rﬁunwnhhﬁn Vhydwéh wpnwphG fulinph ghuypp: ‘lhgmp ‘
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u,(x) b u,(x) dmGyghwbhpp LhjiwGh wpnwphb fubnph nplt Gpym
(muonuiGbp G6: Uyn nhypmd GpwbGg v(x)=u,(x)-u,(x) wmwpptpmpjnilp
hwpinGhy YhGh D mhpnypmd U jpwijwpwph htnbjwy igpughl wwj-
dwGhG’

%h =0. 4 (3.34)
JdhtpgGhGp w)Gpwi dto R pwnwijnmy S;(0) ubtipw, npp wwpmbwih hp
~ Ut9 D* whpnypp: LywbGwltGp De-ny w6 whpnypp, npp vwhiwlw-
thwiywo t S U S, dwltiptnypGhnny: Uhpwntiny (2.33) pwlGwdlp D, wh-
“npayphLv &ntﬁhghmjh hwiwp’ unwGmy tip

!v—do+ Jv—da [ 2[ ]

Dg i=]
Ujuinbinhg, hwiwdw)i (3. 34) bqpuwjhG wujdwGh, mGLGp

J [ Jd‘t- J'v-do : - (3.35)
Dy i=l

Lwbh np v(x) pmGyghwl hwpinGhy t S, uptipwjhg nnipu whpnypmy,
nmuwh hwdwdw)G wyG pwbh, np hwpdnGhy pobGlyghwyh L Gpw wowG-
gjwGph hwiwp Shywn LG

R \av\

x - 3, i=1,2.--,n (3.36)

v<

qﬁwhmmwhwﬁﬁhpn (nbu.(3.32)), junwGwlp htnbjug gGwhunwljuG-
Ghipp.

o _
ov

n aV nA
i)=:N_’—x—i—cos VXi*SF, xeS

S | ov nA  nA®
L . V——dﬂ‘( 2n-3 Jdo: n-2n :
, u v | R4 TTR
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Ujn niypmu (3.35)-hg, hwﬁw]wl.lwﬁ £> 0 hunSqu, hpp R-p pun[wl.lw-
Gwywnh Ut t, hntﬁhﬁwﬁp e

.. avz

dt<e, . :

DJZ‘[&] e T

npp .hﬁwpqup L ﬁhw]ﬁ %:-':%—0 ntuypnud: mphﬁﬁl-

n
v(x)——const Pwjg, pwiih np v(x)—0, kipp |x|—)oo www v(x)=0, wyuhlpl’
u,(x)=uy(x):
11 Wlydw6p fuinph SphGh Pmulilighwt

§. Dwbdslinnl: D mhpnjpoid Lwwjjwuh hwjwuwpdwG LhjdwGh
tuGnph GphGh PniGlghw Ynsymud & wyG G(x,y) pmblghwG, npp pwyw-
pwpnud £ htnnbjwy Gpym ww piwGGbphG

Dwimbh o

" G(x,y) =E(x,y) + g(x.y) | (337
wnbupp, mp E(x,y)-p Lwwjwuh hwjwuwpdwl wnmwppuljwi lnwmliﬁ L,
huy g(x,y)-p hwpinGhy $mblyghw t D wmhpnypnud L pun x)x T puwn y-h;

2) upp x Jw y Ytnp qunGymy t S biqph Ypw

a_G,| =%

| v® o
. nip s| ‘n S dwybplnyph wlbpbuG t: : :

A st gnyg W, np LbyswGh GapphG fuGnph GphGh Pouy-
ghw@, pnhwGpwwbu wuwd, uhdtnphy st: UG YhGh uhdtnphy, bpb

ipwgmgh; wwhwégih, np iG(Y,X)dG Ywiujwd 31hGh xe D Yhwnhg:

(3.38)

Lbjwlh wpnwphG fuGnph nhypoud, GphGh dolGyghwsh uwh-
WwGdwa vhe (3.38) wwjiwGp hwplwynp tthnfuby %% | s =0 uputwGny:

Lhjdwlh wpnwphG juGnph S-phGh $nGyghwb uhibnphy k:
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12 vhydwbh I“ﬁmlll ipdmup Sph6h &mﬁlmhuull Whongny
uz.mnpu bph —|s = f bqpuihG ww)dwGny Lysweh Gap-

p_hﬁ l'uﬁl}hpnvC ( ) qumnui mﬁh mdmy, www wjh Ghphwjwgymy t

u(e)=— jf(y)c(y o+ ju(y)do 6

'_pmﬁwéhm[
- Uwwugnyg: {uuiwémjﬁ 4.2 phnptish

)= j[s(,,;)%@—u@)%’\")]dm (.40
hul] hwiwéwjG Qphbh (2.7) pwlwélh '
J [g(y x)a“(Y) u(y)220%) ")] do: G4y

Qnuiwpbiny (3.40) L (3.41) hwjwuwpmpmGGhpp’ YunwGwGp

du dGly, x
)= o J[Go,x) O

Rubh nh %]I = |Sl|‘ L au| =f, JbpghG hwywuwnmpjniGhg

unwimy hbp (3.39) pwiwdlg:
_ | A
‘Lljwwntlp, np (3.39) pwhwdLh She H Ju(y )io qnuiwphbihG u(x)
5

wGhw)in $mGlyghwyh ShehG wpdtpG t S-h Ypw, npp, plnhwlpwugbu
“wuwd, Gm)Gybu wGhwyn t: Unwu Ynnidhg, hGywbu ghnbGp, LhjpdwGh
GtpphG ruﬁqph (mdmup npnzynud £ hwuwnunnm G gmiwpbihh 62innipjudp,
nph pGinpmpjunip u-h dhohG wpdtphG Ywptih t nw guiywgwo wpdtp:
<bnbwpwn Gywo gnuiwpbihG hwpyunlnp t ghnbg npubu juiwjwywb
hwunuwwnmG: '
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Lhyswlh wpnwphG fuGnph monuip gpynud £ hbwnbywy Yopyy'

u(x)=" ;If (v)G(y,x)do: - (e

13. Ubyfwbh leGnph jmdmudp ghpuphG whpnyph phypmd
Lhpswbh fuGnph imodnuip gGnwhG whpnyph ghiwypnud Jwpbih t
unwbGwy Yhppluibh fuGnph momihg: Fw junwpymd t hbnbjuy (bd-
dwjh hhdwG Jpw’
Liufsha: Gph u(x) pmGyghwG hwpinGhy t hGy-np D nhpnyypmd,
wuwjw

v(x)= Zx : (343)

i=l

PdnmblyghwG GnyyGuybu hwpdnGhy t wyn mllpmjpnui: T

Uupugnyyg: (3.43)-hg mGhGp

& JdAu
Av= Z, e + 2Au

nphg L hbwnlinui £ Ladsuwgh wGnnuip: Qwljwnwly wGnnuip, pGnhuGpuwbu
wuwd, Jupnn t L Shown yhGhi: (3.43) wnGynpymGp h(iwpwl[np t qphy
htunbjwy Ybpyy'

v=|x|— (3.44)

Ujuintinhg htunland ¢, np bpb x=0 YaGunpnGm] L R Jwnunnny S udbpwjh

ynpw hwyinGh (hGh u Imblghwh Gnpiwg wowbGgywip, wwjw npwGny huy

hwjnGh YnwnGwi v pmGlghwjh wpdtpGhpp Gny6 upbpuwjh Ypw: Gqpu-

JhG wpdtpGhph shob wnYw wjn Ywwb ty htiGg hGwpwiynpnpymG t nwihu

Lhydwih tulnph imonuip pipby Hhppluikh julngph modw6: Unwlg wujw-
~gnygh pbpblp htwnbjw; wpnymbpp:

4.13,@Pbnphil: Yhgmp v(x) PmGlyghwG v| s =Rf [Ifdo=0]
_ | s
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bqpwjhG wwjdwGny Yhphtuibh GepphG fuGnph pdmAG t: Uiy nhwpmd

, N |
u(x)= fV—(Y) dy|+C (3.45)
o

yhwlnhuwGw %h =f bqpuwjhG wwjswiny bhjﬁmﬁp GtpphG fuGnph

pmomuip: LhpdwGh fuGnph imodnmip =3 ghwpmy mGh htwnbjwy inbupp’

1 ¢, 2 1
u(x)-_-E!f(y{m—iln(k—|x|cos‘y+|y-—x|):|dc;i-C.. (3.46)

mp ¥G x b y-x JajnnpGliph Yuqiwd whlyymGe k:

Qnju V
MNnubghw)Gbph whumpyn b

MninbtiGghwGbpp Yuplnp gbp b6 jpwnmd hwpdnGhy pmGy-
ghwGbph mbumpjuG ke, Swubwynpuwwybu YpYGwlh stpnh wnnba-
ghwip hwpdnGhy pmbyghwbbph nuuniGuwuhpdw6 b Gpwbg Yepuwptipnjuy
tqpujhG fuGnhpGipmd mGh w)G nbpp, hGs ntip np mGh Unzhh whwh
hGunbtigpuwip wiwimnhy $mbGyghwbbph b Gpubg Yupwptipjw) phnwnpyyng
tqpuijhG fuGnhpGlph dbe:

Uyunbn pipmu bGp wninbGghwifitph mtumpjw6 hwithps Jwpw-
npulpp’ vwhdwlwhwiytiny Gpwlg Yupbnp hwinympymGGtph htin
owlnpmpjudp: Ugkih dwlpwiwub Ypwpwnpblp Gpuig YhpunoipimG-
Gupp bqnuwjhG fuGnhpGbph nuumdGwuppdwb dhY:

§1. Swjunuyht qubgywdh uymnlighwip

Thgmp D-G vwhiwGwihwy mhpnyp t R mupwompjuG dbg,

huy p-6 wjn whpoypnud mpywd npuk pmbGlyghw t:
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| Ushsiulnd:
ux)= IElx/,y\ uy)de o an

PniGlghwG (bpp hﬁmhqnmm qniqunttun £) Ynpnui £ D mmmljpnui wy)
 Junmpyunip pupjujwo quiqiuoh wnnkGghwy: Ywpé oquuugnpdbyit
hlp dwywwihG wynnblghuy (GM) wﬁqmﬁmﬁn: E(x,y)-p (wjuntn L
wibGmpbp) Lwyjwuh hwjwuwpiwG o GnwdkGunug lnlbnuiG k: o
Lwbh np E(x,y) pnGYyghwl hwpinGhy t DUS-hg nnipu wh- .
pnypmud, mp S-p D-h bqpG t, wyw hbyw t nbuGl|, np u(x) OM-G. -
pwywpwpnd £ Lwujwuh hwjwuwpdwGp L o > 2 gypmd dquuma k|
qpoyh, bpp x| eo: UjuhGpG u(x)-p hwpinGhy @nlﬁllghw t DUS-hg notpu-
wnhpaypnd:
bpp xeD, M wpnwhw jnnn hGunbgpuyp wﬁhullwllw(i hGwnkq-
pw t, pujg bipk p(y) $mGlghw puduiljwGuwunh w6 t, wwyw hGntg-
pwip ny dhwjG gmgquitn t, wy Gwb nGh wwn Juplknp hwwnympyma,
nph wwwgnygn wjlpwi ty htipw st, dulp YuwhiwlwhwlytGp w)y
hwunympjwG dLwlybpynuiny. : -

- S.1.@Pbnplik: Gpt u(y) pmGlyghwG nmGh wrwehG l{wpqh wipGn-
hunn ﬁwuﬁwllwﬁ wowbgjwlbp b uwhiwGuwihwy t D mhpnypmd, wwyw
u(x) 5M-G mGh dhiL Gpypnpy Ywpgh whpGnhwn ﬁwuﬁwllwﬁ wowG-
gjw)Gtp D mhpmjpnui U puwjwpwpmd t wyGwnbn » ‘

Au=- 0, u(x) B 12)

"lmmuun(ih hwjwuwpiwbp, mp ©,-p shwynp upbipujh ﬁmthhuﬁ k: _
5.2. Phnplak: Gph g(x) mbGyghwi niGh wnwehl Ywpgh whpln-

hwn dwuGwywl wdwbgywGtp b uwhdwliunhwy kD whpnypnd, wyw

wk)=-—[Gy)eb)e a3

$niGyghwl pwywpwpnd t D mhpmypmyd - ' ;
‘ Au%g(x) . ) - (1.49)
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“lmu'xuunﬁp. hwjwuwpiwip b

| ug=0 (1.5)
hqpuuhﬁ wwjtw6hG, np Gexy)-p Luwypuup hwtlwuwpﬁwﬁ ‘“Hphfuth
fuGnph QphGh PniGlghw t:

Qpbiptyny wjy pinptidh fuhuin wujwgnijgp ﬁlluunhﬁp, np 5.1 plin-
phdhg wGthpwwtu plumd t 5.2 pinptdh mnmghﬁ whnnidp, wjuhGpG
~ Au = g(x): Ujwwntlp Gwl, np (1.5) blgpujhG u;mjdmﬁpﬁ punjwpwpbip sh

. htmnlmy (1.3) pwGwdlLhg 2Gnphpy wjG pwéh, np G(x,y)— 0, tpp x—
X, € S, npnjhtink G(x,y)-h qpnih dquubip hwjwuwpwswih. sk: Fhgnyp,
~wydd (1.5) hwdwubn bqpw)h6 wwjiwGh hnpwptG wpwd t
'uxﬁhuuiuxuhn tiqpujhG wwjdwG, wyuhGpl6” wwhwGoynid b nidty

Aw=g), wi=f) (1.6)
tuGnhpp: Gpb v(x) pniGlyghwG
Av=0, Vs = Rx)

~ uGnph (mdnud6 t, wyw wyGhwyn t, np w(x) = u(x) + v(x)':bmﬁllgpmﬁ

‘yhwlnhuwGw (1.6) fuGnph mond: Uyuwhum), bph hwynGh t G(x,y)

- pmGYghwG, wuyur (1.6) funph monmuip uvnwgynid t htnbjwy pwGwélny
(ntu IV gmpu -13.6)

wo)=- 1 fot ke L Jf() CEL SR

§ 2. Yplwhh skipwnh wninkfighwp
thgmp D-G R™-md npLt uwhdwGunhwly wnhpnyp t, huy Gpw S
tiqpp pwywlwGwywg nynpy dwibplngp t (hbunwguymy bGpwnpkim
blp, np wyG LyuwwymbnygjwuG dmllhphnup L) u-ﬁ S-h yrw wnpywd nplk
. wipGnhwwn pmbyghw k.
Uwhdwfnd:

w(x) fu(y)aE(x Y) | @1
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$oiGlghwa Ynpnud t YpYGwyh ztpnh wmnbGghw) (ASM), mp E(x,y)-p
Lwwjwuh hunjwuwpdwG m&ﬁwﬁhﬁmwl ndnmiG t, huly v-G S Jwlhb-
punyph y jhnmd nmwpjwo wpunwphG GopdwgG t:

9E(x,y)
v

(2.1) pwGwdlh u(y) wpnwhwjnmpjnlp n=3 qh;.qpnuf

mGh wwpq Hhahjwlwl hdwun: bpnp, hgnip y’ L y” Ytntipp qunGynud
LG S-h y jtivnmd nwpwo Gnpdwih Ypw b hwjwuwpuwytiv GG hinwgywd

w)n Ytwnhg, pn npmd y’e D*, y”eD: GGpunptlp, np hwiwww-

nwuuwGwpwp y’ U y” hnbpmd qunGynn -, U g, bblunpuljuG jhgptipp
tinfugdnud b6 wyGwbu, np poly”-y’|=p(y) $Gmd t hwunwnmG, tpp

ly”-y’ |- 0: Ujn ihgptipn] wnwgwgwid nuipnh qnmhﬁghwm x2y Jhwnmd

Ko Ko
[y -x| [y'-x]

dwGw;hG puuunnpmpynGp, bpp ly”-y | — 0, Ypmud t phwyn; wlijwGmdp,
-G YnyJmi t phwyngh dndhbip, huly v-G phynih wnulbgp:
Cunn mpjwd nummpjwﬁ wowbgjwih vwhiwGiwG, wylhwjpn t, np

' /

. 1 1 1
Iv'l—“v*l"%""[ly' A Iy~ xI] KO- ﬂ[ly =N -XI]
-u(Y) E(x.y):

“hwjwuwnp YipGh wpmwhw_]mmpjwﬁ@ Lhgptph uwh-

Uyuughund, u(y)aE( x.)
nhwnih uvinbindwd nuwh wynntiGghw|G t x2y Jhwnnud:

+hgnip, wjdd S Ywltiplnyph ypw pwfujwd GG dindtGunGhph p(y)
junmpjuwip nhyniGtp, npnlGg wpwlgpGhpp hwiplGyGnd GG S-h wp-
wmwphl GnpvwylGtph htiwm: Ujn pninp nhwyniGtph Ynnihg unbnojwo
nuunh ynntiGghwin hunjwuwp YhGh (2.1) pwGwdth we SwuhG:

wpunwhw jumpjmbp p(y) dnibGn mGhgnny
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~ Ypljiwbh hpinp wnnblghuh buwnljmpymGGhpp
" w) LwGh np E(x,y) ImGyghwG hwpinGhy t pun x-h (x#yeS),
Cwwyw YCMN-G S liwllhphm_]ph Ypw 3qunGynn Yntipmd mGh pnjnp Yupgh
. wowlgjwiGbp b pwywpwpnud £ Lwujjwuh hwywuwpiwGp: '
p) UCM-G dquunui t qungp |x | wpwqmpyunip, kpp [x|—>eo: Uy
htwnunud t E(x,y) hwpinGhly $mbGyghwjih wnwehG Yupgh wowbgjuiGaph -
P wpwqnip jwip wiyapenui qpngh dqubijmg (nbu IV gmpu - (3.32)):
Unwig wwwgniygh pbptGp htwnljw) kpym hwwympymGGtpp
uGpwnpbiny, np S-p LjwwmGnyh dwibplmyp t: | .
q) UCMN-G6 gnympym G mbh Gwl dwytplnyph Yanbpmis:
) UCMN-G dwytplmjph x, Yainmd mGh w,(x,)-Ghpuhg b w(x)-
npuhg uwhdwGGbp, npnGp hwymy 46 hwdwwwwnwuhswGwpwp htwnb-
Jwi pwGwdlbpny |

A S Y 2

)=o) ey

" Uju bpym pwGwébbphg unwgymd t YCM-h pohsph hwiwp hbinbjuy
PwlwALY | : o o
WE) —W,(X) = OU(K) - 249

. k) UwuGwynp nhwpnud, tpp p=1, YWCMN-p Ynpjms t Gwnwup
hGwnbgpwy, npG niGh htnlkjw) wpdbpGhpp’

0, xeD° '
w,(x)—£$M— -2 xes | @5
-w,, xeD": :

| LwGh np, bpp xe DX E(x,y)-p hwpinGhy $mbyghw £ D* nppnyypnud pun
y-h, wyw huwdwdédw)é hwpinGhy PmbGlghwjh wwppwlijwlé hwwym-
PJmGGbphg ublfh, w,(x) = 0: bpp xe D*, GnyGubu htizw t gnyg wwy, np
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w,(x) = - ®;: bpnp, tipt D* milnntjphg naipu qghlp wyn whpmjpht
wunjwbnn x YuGnpnlnyg npkt qmGr), wyw GYwd nwppwlwi hwwn-
mpjwl hwiwdw)i

JE
g oV

mp S;— wjn qﬁr}]\ \iwllhpbmjpﬁ t 8m_|g t wpwd, np wju hun[wuw- .
pmpjw G dwhu wuh kpypnpg gmiwpbihG hwywewpt +@, (nbu IV gimtu
- (2.12)), hinbwpwn w,(x)=-0,: '

do+j—do 0 . '. \—’

: v
() .
huy bpp x€8, w, (x) = T“ - LhpohGhu wujwgmjgp stGp phpmy,

‘npm[hhmb wjl Gwhunpyg bpymuh GowG hbzlh ¢h wpymuy:
@ Uydud gm)g wnwfip, np UCN-G wphih t qpbi{ hbwnljwy nbupny
. . ¢

w(x)——ju(y) —do : 2.6)
| ly- | y
hIlnP(- A . : :
3E _ ¢ 2B e YT
v &y, -“‘,’,) §:" e |°°S(""")
_1 n—l.icos(y_;")'ixos()'nv)=;.co—s‘p

. npmhq ¢-( y-x Julpmnnph L v mpmmphﬁ inpiwih llwq\imo wiilymGG t:
MpbiG, (2.6)p Shwn t:
§3. Mupq bpunh wnbGghu
Nhgnip, S-p LjwymbGnyjuG Swytpunyp t, L p-ﬁ Gpw Ypw nyjwd
wlpGnhwin pmaGyghw t: '
Vwibsfsulinuf: S Swtiplmjph ypw p inmpjudp pwptudwd ujwpg
" 2tpnh qubqywdh wyninbGghu (MT) Ynyyma t htinbjwy pmGyghw
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W)= [Eolb)e: e

' ‘llmpq. 2upwnh 'lqnmhﬁglluqh bunnhmpymGhibpp
w) MCMN-G S dwhbplnyphG swuwinljwinn Yhnbipmd mGh pnpnp
Jupgh mbmﬁg_]mlﬁhp L pmqumpmﬁ E Lwuyjjwup hwqmumpﬁwﬁg'
(wyGhwpn t):

» btlp

wiGhujin t, npnqhhm[- E(x,y)-g m_m wpwgmpjuip équmui‘t qpnjh, tpp
| %] o=

q) MCM-G whipGnhunn :‘pmﬁl[ghm L wipnne R° mwpwbmpjmﬁ
by (wupugniygp sbGp phpnus):

) thgmp v,-6 S-h x, Yunnud mmpqmo wpwwphG ﬁnpﬁwlﬁ t:
W ﬁnptim[h qpm quiynn x Ywmmd
a“(") I (y )aE("”)do Ip(y)| °°s‘|" do, . (2

‘npunbn y-G y-x ytywnnph h lihhﬁm_]ﬁ v, wmawphG ﬁnpﬁmﬂl quﬁmo
w66 t: Ujyu JbpghG hGwnbgpuip YnYGulh zbpinh wmnbGghwihg
wnwpppynud £, pwGh np -6 & nwppbipynud ¢-hg, npnihtinle y=(y-x,"v,),
. @=(y-x,"v), npntin V-G X, dhpuwd Yhnnud S-h Gnpdiwb t, huy v-G qum-
JuwywG y Ytanod GnpduyG t:

dwjwnGh t, np (3.2) hGnbgpwip npnpywd t Gl Swiykptnyph x,
’ llhumui npp YGywGwyblp htwnljywy éhnq ‘ '

_IP(Y) I,,-. do, (y_xo Vo) : '(3-3)

y-x

- Unw6g wwwgmjgh phphﬁp Gwl htwnljwi hmml;mp_]mﬁg:

b) v(x)-MCM-p S dwytiptim jph llhmhppui mGh Ghpuhg m npuhg
quwlnGuwynp Gnpdw) wowbgjwGhp, npnGp npn2ynid b6 htnbjug
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pwlwdlbpny. S

a;(v) -Jp(y)l Nl ~2p(s,).
| v_av-(xo)-_: ' - ¢ 0
v, | -—Jp(y)ﬁdcn

,(3;4).

~~— _

| U._|u hpllm pwiGwdlbphg llm(ih(iwﬁp pnthh huuiwp htwnbjw) pwGwdlp.

[ava(vx: )]' .‘[ava(vx: )]4 =anplry):

' -'(3'5) '

@,6) |

-~ §4. Vpphiurbh b VbydwGh GhpphG nt wpnwpht junhpGlph

~ mudmudp uminbiGghwGiph oqlnpjudp
1.hGinbigpuy hwwuwpnusGhph SwohG npny whnbynpymbGbp

N\

Thgmp, S-p LjwujmGnyjul thwy dwibtployp t R“-nui Thunwp-

Yulp hbul Juiy. hﬁmhqul huu[uxuuxpnuin

«p(x)—lj K@ ylplyHo=f(), /7

@ 1)

mp ¢(x)-p wlhwjpn pmbyghw t, K(x,y)-6 m t(x)-n mpquxb bmﬁllghwﬁhp
bG: K(x,y)-p Ynsynui t (4.1) hlnbigpuy hmqmuuxpliuxﬁ Ynphq, huy fix)-p'
- (4.1) hujwuwnpiwG wquin wﬁr}wd YJud we Wwu, A-G pqm_]hﬁ ujupw- A

" dbwnp k:

 pnpn uhnh hwyjwuwwpnid, bph -
J_”K(x,y do, do

hGunbgpuugp nuGh Ypourinn wndbp, huly fx)eL,(S):

~/

5.1. Ushsbsalinnt: (4.1) hwqwuwpnuin lln ymd £ _-bphthqt_[)u hplr

(4;2')~‘ |

5.2.Uwhdwbinnl (4.1) hujwuwpmip Yngymd & pmj bquih-

npjuip hwyjwuwpmd, kpt Gpw Ynphqp mGh htanbjwy wbupp:
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A :
K(x,y)= (X’Y) O0<sa<n) 4.3)
ly=x[" |
npuntin A(x,y)-p uwhdwGuithwy $nGyghw t:
5.3, Ushdbwbinul: A-wjupwitinph w6 wpdtpp, nph ghwpmd

ol(x)- l! Kxyplydo=0 (44

hwiuwutn hwjwuwpnsp mGh quojhg wwppbip imonud, Ynpnuwl & K(x,y)
ynphgh Yuwd huniluu;mmwu[uwﬁ hGwntqpw) hwywuwpiwb ubkgrululd
wpdhkp, huy (4.4) hwiwutbn hmt[mumplim(i hwiwwywwnwuluwi ny
qpnywijwG monusp Yngynud t wjn bunjwuwpswG yws Gpu Ynphgh ubipur
i pnibyghu: '

5.4, Uwnbibwbinnk: K(x,y) L K‘(x,y)—K(y,x) YnphqGtpp I;nzt[nui [+1/]
thnfuwnwupd hwiwnd YophqGhp:

5.5, Uwhdmbinail:

VO E[K aNORo=e)  Gr)eL6) .

hwjwuwpnuip Ynyym t (4.1)-11 hunimlmo hwyjwuwpmad: -
‘ dptinhnidh Gpypnpn ubinh hwqmuwpmli(ihp]l hwiwp dhun b6
dptinhnpdh htanbyw) pinptidGhpp:

5.1, Plnphik: Gpti A-G utthwlywG wpdbp 3t, wyw (4.1) L (4.5)
wlhwiwutn hwjwuwpmiGlpp L,(S) nuund mGt6 (w)G b dbyuwywa)
IntonuiGhp’ wiwywywa fx) b g(x) we dwubph huswp: -

5.2 P hinphisk: bpb A-G ubthwlwG wpdtp t, wyw (4.4) L .

va)-A[K GyWobo=0 46

qm[uhunimlmo'hwl[wuwpnuiﬁhpg ntGbG shLGmjG pwGwyh qdnphG
‘wllywfu 1mbnu$(ihp .

5.3. P bnpluk: Npuitiugh (4. l)m(ihuuimuhn hunjwuwpnuip mGbGw
odnud, wibpwdtyw t L pwjwpwp, np Gpw we dwup’ f(x)-p mﬁh '

i
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oppngnGwy (4.6) hwiwimd hwwuhn hwyjwuwpiwG pninp mdmiGhphG,
wjuhGpG’ . —

j fx)y(xho=0 @n

\\\__

’antpmﬁ- bptinhniih wyu bpbp phinpbitipp Ghyw kG pouy
bquhmpjmG mGtgnn hwjwuwpndGhph hwdwp:

hGwmtqpw) hwjwuwpmibGbph jhpwnmpinGiipmd hwnmy
hhmuﬁppppmp_]mﬁ b6 Ghplwjwglimd whpGnhwwn momuGtpp: Uju Gujw-
wmuwlh t ownwmy htnbjug plinptnip:

5.4. Phnphd: Gpt (4.1) hwyjwuwpdiwi f{x)- w9 Ywup whplnhwwn
t, K(x,y)- Ynphqp pny bquyhmpjmG mGh L A(x,y) dmblghwG GmjGuybu
wipGnhwwn t, huYy hGpp’ hwyjwuwpnuip niGh nLonud, wwjw Gpw wikG 6]1
{nonuip wGpGnhwn Ymblyghw t:

Shyplsubip: Uju pinptish ujw jdwGGhph nhwpmd ubthwijwG qmlﬁl.l\ |
ghwGtpp wipinhwwn LG:

2. Gqpuijhh julinhpGhph pbpnutp hfwnbgpuy hwjwuwpnuiGhph

Tthgnip, S- thwl LjwuwymGnyjub Gwl.lhpl.m_]ph qu npjwd LG,
£,00) U £(x) PnGlyghuwilbipp: /

<ptbp, np Hhpphuth Gopphb fuGnhpp YJujwnui & htinbjunad.
~quGl] D* wmhpnypmd hwpinGhy U D* -h Ypw wGpGnhwwn sh w(x)
$mGyghw, npp whpmyph iqgpmd plnmGh wpywd f,(x) wndhpﬁhnn u.IID
luGnhpp hwiwnenwn Yuptih t gpty hwnbguy Yhpy.

| Aw=0, wlg=f,(x) (we c:(0*)ncd* ). (4.8)
“Hhphlubh GtpphG luGnph jmonwip thGwnptdp lmhﬁwllh 2tpnh ulnmhﬁ-
glwum wnbupny’
4.9)

| w(x)= —I u(y)

npntin }(y)-p C(S) nwupG u;wml.]wﬁm[ wlhwjn pmblghw t: w(x) pmGy-
ghwG hwminGhy t D* nppnypmy b wipGnhwwn £ Gpw thwijdwG ypw:
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Un wwwndwnny, npytugh wjG hwinhuwGw Yhphtuikh GepphG
tulinph mdmd, hwpljwynp b wwhwéeby, np Gpw Ghpuhg uvwhiwlwihG
wndtipGhpn S-h X, Ytanbpnud hujwuwip |hGEG £,(xe)-h" w.(x0)~f,(x,): Usn
Juwupuljgmpjwip oqunugnpdtijny (2.2) L (2.6) pwGwdlbtpp, mtulnd bép,
np B wihwjn pmbGyghwG yhwnp Lk pun[uxpwph htwnbjwy h(imhqul
hunjwuwpdwGp

——u( )= [P p(yMio=£ (xo) @410

s|Y—Xo , .
(pytugh qunGhtp ‘l-hllhmhh wpunwphG fulinph imonudgrypyGwyh
2tipnp wnntlghwih wnbtupny, oquytbp (2.3) pwGwdlhg: Ujn nhypmy,
6hawn GiwG dLny, junwbwGp p wihwpn mbGyghwih hwdwp htnbyug
hGuntgpw hwjwuwpmap™ :

o, '
R )- [ ply)o = £, (x,): @.11)
s|ly—x | ‘
UngGhiny A wwpwidbtwpp b htanbgun Ynphqp
2 cos S
K(xpyy)=—— %0 | 4.12)
Oy |y—xo

wpwnwgptlp (4.10) L (4.11) hGunbgpu) hwjwuwpmdGhpp dhY pGghwimp
wnbupny’
|

T - xjk(xo,y)u(y)dy )

2f1 (xo)

puw npaud Maphtuibh Gbpph fuGnph plupnu A=1U £ (x o)

: ' 2f
huy wpuniiphG fuinph ghupmd A = -1 U f(x,)= ____;E"O) .
“LhjdwGh Ghpph6 tuGnhpp Ywjwlmd E htnljwinud.

quifitiy D* mhpnypma vh v(x) hwpinGhYy $mbGyghw, nph g —wowbgjuip
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S-h quiwjwlwi x Yhnmd mwpwd wpnwphlG Gnpdwih nupnipjunip

hwwuwp (hGh £(x)-h:
Uju juGnph nidnunip thGuophlp wwupq zhpmh wynwnbGghwih
wmbupny ~

V)= [EyPONe, (4.14)

npnbn p(y)-p C(S) nuuhG ulufmllwﬁnq wﬁhuﬁm dmGyghw t: v(x)
PnGyghwG, hGywbtu ghnblGp, hwpdnGhy t D* L D mhpmypGhpny,

wﬁnﬂqhimh l: wdpnne R* mwpwdnpjwb she L mGh % JuGnGwynp

Gnpiw) wdwhigjwiGtp S-h Ghpuhg nt npuhg: Ulmd t dhwiG p(y)
Pmlyghwb pGunpby wjGybu, npybugh wbhnh mGbiw '

+ R
] e e \
hwyjwuwpmpmbp: Oquytiny (3.4) .pwﬁwdhhg, wnbuGmy bGp, np p
wlhwjn pmbGYghwG wyhwnp t pwywpwph hhmbjwl hﬁmhqul hwyjw-
uwptiwﬁg .

Vo 4o =1,(x): 4.15)

——p( o)~ Ip(y)
IY‘ 0|

Lhjtwbh wpnwphG ruﬁrmh monuin thGupbiny nupdjwy wwpq 2bpnk
wynnbGghwih mbupny’ uvnwimy bGp wGhwjn p lunmpjwG hunitup/
htwnljw) hGntqpw) hwywuwpnuip (nbu (3.5)).

—p( 6)- Ip(y)l I.._.do =f,(x,): 4.16)
o .
UingGhny A wwpwitunpp L
oo oy 2 g '
K (xos¥)= — Yo _ @
- o, |Y"xo|

Ynphqp, (4.15) L (4.16) hGnbqpw) hwywuwpniiGhapp mpquphﬁp
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htnnh Jwy mbupny

p(xo)- lIK (x0,y)p(yXo = 8("0) (4.18)

puwn npmud, LhjswGh GapphG fubnph nbwpnus A=1L g(x, )= —mif(x0 ),
huly wpnwphG fuGnph qhupats A=T L

y o alo)= Ao
Wo , .
o Vo ' UwuwgmgtGp, np (4.13) L (4.18)
" hwjwuwpnuiGpp finjuhwdwind GG6:
hpnp, GywGwykGp K(x,,y)-h hwiwmd
Ynphqp H(x,.y) -ny: Lwbh np K Ynphqp
hpwhwé t, wwyw H(x,y)=K(y,x,):
Gy.14 Ujnmuu Ynnidhg, K-4ynphgh vwhiwGiwG
: hwswéw)G (GY.14) \
K()', 0)— - 2 M— 2 —cgsj'L?,_T = K‘(XO’Y):
Y'xol ®, v|y—xo|

Mpbil H(x,,y)=K'(X,,y), hGsn wbinp tp wwwgmgty: LybGp, 'np “4.13)u
(4.18) hwjwuwpmuibbpp pny tquihnipjuwip GG L Gpt GpubGghg nplt
utyp mGh mdny, wyw MmAmdp wipnhwin t (nku 5.4 phnptivp):
QhuinwplytGp, ophGwly, (4.13) hwjwuwpmip: Lpw Ynphgqp Yupbih t gpbyg
htinle Jwy inbupny. '

1
l

- 2 ly+x 2cos<p
R K(Xo’)')“' I)’ 0| °

, @>0):
’ . l)"'xol _l— '
dwjwbGh t, ap S- ijulmﬁml_]wﬁ ﬁwllhphm_]ph . hwdwp
(mhu [7]): Mptd6 G2ywd wpnmwhwjmnpjwb
hwiwphyp wipinhwwn m vwhiwGuhwl ymbyghw t, w, JuhGpG K-G pnyj

“quyhmpjwip Ynphq t:
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Wjuujhuny, bqpuiihG fuGnhpGhpp pipymad b6 (4.13) L (4.18) hinju-
hwiwymd hGutiqpuy hwqﬁnuwpnuiﬁhph intumpjwbp: Gpt wjn hGinhq-
pw hwywuwpmdGbpp niGaa puomd, wwyw hwdwwwinwupuw6 bqpuighG
luGnhpGhpp YmGaGwG imonui: Awjg tiph hGintgpu) hwjwuwpniiGtphg
nplt dtyp smGh nuomy, www npuwbhg sh htnlnud, np hwiwwwwnwu-

uwG bqpwjhG puGnhpp sh nGtGw nuomud:

3.%phjnth Gupph6 L ‘VhydwGh wpinwphb fuénpplibph jpudmudp

‘Lnphg hhptGp, np ‘+hphluikh GupphG fuGnhpp phpymd t (4.13)
hwjwuwpiwG, huy LEdwGh wpnwphG uGghpp ppynud £ (4.18)
hwywuwmiwG, pun npmu Gpym ghypnui tf A =1:

5.5.@bnphd: Yhphputh GpphG m LhjiwGh ulpmulphﬁ l‘uﬁl]_l'l[l-
Gupp nuGhG momud bqpuijhG wwjdwGGhph dbg dwuGwygnn Judwjmywi
f,(x) L f(x) wGpGnhwn pmGYyghwGupnh hwiwp, b Gpwig lmbnufﬁhpg
‘ Jupbh t GepYujwglty hwlimu;wmwuluwﬁmpwp ypYyGwulh m u;ulpq
2tupwtiph wnntiGghwGhph wbuptpny:

Uwpugnyg: Uyqpnud gmjg wmwip, np A = 1-p sh hwGnhuwGnud
AK (x,,¥) Ynphqh utithwywG wpdbp: ‘l-hmwpI{hﬁp hwliwu;wmwuluwﬁ hw-
dwubn hGnbtgpw) hwyjwuwpmip.

p(xo)- [K'(xo,yp(ydo=0: - (@419)

Tthgnip p°(y)p Gpw nonuiG t: {wliwduuﬁ 5.4 ptinptdh hb-
wnbwGph’ p*(y) o wlpGnhunn t S Swybplnyph Ypw: Lkpglhbp p*(y)
uunnpyunip v*(x) wwnq 2tipnh wynntGghwip: v*(x) $mGYyghwl hwpinGhy
t D* b D" wmhpnypGpmud b wGpGnhwwn b unipnng wwpwdnpyuG shg:

' ‘ S ovixy)|
dwiwdw)b (3.5) pwlGwdlh L (4.19) hwjwuwpiwg’ I:-w(o—:l =0
, 0
Uyuwntinhg, puwn YhydwGh wpnmwphG juGoph nuddw shwynipyul, plunud
't v'(x)=0 hwjwuwpnipjniGp D° whpntypnud: Ypwlhg, hwiwdw)G
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Yhphfuith GapphG fuGnph modw6 shwynpjwG, YmGhGwbp vi(x)=0 D*
whpnypmd: Uyjuwhuny v'(x)=0 wipnng wmwpwdnipjul dhg: (3.6)

* pwGwdlhg htnlmi t, np p'(x) =0 S dwlbplnyph Ypu: Mpbd, A=1-p

K'(x,,) Unphqh utahwwG wpdtip st: Uy nhiwpnud dpbghnysh 5.1 pinptudh
hwiwdwjG (4.13) L (4.18) hwwuwpmiGtpg mGhG, w)6 ty, shw)G
dhjuiul pmémdldtp guwGiugud we swubtph hwiwp: Upwbhg ky
htunlmd E pinpbidh wujwgmgp:
4. vbydwlih Ghpph juinph mdMdp:

<hztGp, np hwpdnGhy $mGyghwih Gnpiwy wowbGgywih hGnbg-
pwip whpnyph kqpny hwywuwp t qangh: Munh, npytugh LhjdwGh
GtpphG huGnhpp mGhGw |nYmY, wihpudtyw t, np bgpuighG wwjdwGh

$mGyghwl punjwnpwph
|}

[f.(x)}o=0 |  @20)
! ,, |

wwjdwGhG: . )
Snyg Yumalp, np wju wwjiwip Gwb pwywpwp t Lhjdwbh Ghp-

. phG puGnph movwG hwiwnp:

5.6.0'hnphd: Npwhtugh LhjdwGh GipphG fuGnhpp mGGGw (Mmdmy,
wGhpwdbyn £ m pwyjwpup, np wtinh mGhGw (4.20) wwjdwGp: Uy fuGnph
[mudmudp Juiptih b Gplujuglty MCM-h mbupny: ‘

Uwumgnyyg: LGtijdwbh GupphG fuGnhpp phpyb) tp (4.18) hwyw-
uwpiw@, tpp A=-1: YhnwplbGp wjn hwjwuwpiwl hwiwind hwiw-
utin hwyjwuwpmip’

ux, )+ [K(xo»y)uiy o =0: @21)
Cuwnn Gwnwh hﬁmﬁqpuxﬂl huusnl.lmpjmﬁ (ntu (2.5)), juiwjwlwb hwu-
wnwnmb pwyjwpwpmyd b wju hwjwuwpdwbp: UyjuhGpl A=-1-p K(x,y)
Ynphqgh utithwlwG wpdtp k: Snyg wwbp, np wjl Wwpg uithwwb wpdtp

" b Qwiwdw)l dptinhnpdh tpypnpn ptinptidh, pujwlywé k gnig vy, np

A=-1-p K(x,Yy) Ynphqh hwiwp wwpq utthwlwG wpdbp t: Fhgnip,
P,(y)-p npLk utthwlwG pniGyghw t A=-1-h6 hwiiwwwwnwuuwl'
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Pi(x0)+ [K' (xo,y)p) (y)do =0: " (422)

rae [
“Dhunwnpybbp p,(y) bunmpjunip u,(x) NCM —p: dwdwdwyh (3.4)
pwGwdlh b (4.22) hwjwuwpdw G’ [%"L)] =0 | Upw(hg \h?mlmui
0 )

t, np u (x)=c,=const D* whpmjpmi: bph ¢,=0, wjuhlpl u,(x)}=0 D*-mu.
wwuw u, ls =0 : Cunn Mhphjujth wpnwphG fuGnph movw6 shwiymp G,
u,=0 D" wmhpm jpmy, wjuhGpG u,(x)=0 R"-mu: Ujn nhypmy, (3.6) pwlw-
dlhg Yhtanlh, np p,(x,)=0 S-h Ypw, npp Yhwlwutip p,(x,) ubthwywa
- pmGyghw u'lﬁhlmﬁz <bwnbwpwp ¢,20: Mhgmp p,(x)-0 K'(xey) Ynphgh |
by wj) uipwhwG pmGyghw t, GnyG A=—~1 uthwljwG wpdtphG hudw-
- wwwnwuhuwbnn: Mbwnp & gmjg wnwGp, np p, L p, PmGlyghwGlipp qonpkG
Juiujwd G: p,(y) unmpjudp u,(x) wwpq 2tpnh wnnkGghwip, pun
ytipp wuywgmgywdh u,(x)=c,#0 D*-mu: Hnnwplhlp p(y)=c,p,(y)-c,p,(y) .
ImGyghwG L wyn fpnmpyudp MEMN-p: QyGhwjpn t, np  u(x) = c,u,(x) -
- ¢,u,(x) =0 D*-mu: UpyGlny Ybpp wpjwd nunnnmpynéGhpp’ unw-
- GuwGp, np p(x,)=0: UjuhGpG p, L p, pmGYyghwblpp qb/nphﬁ Jupujwo bG:
JdhpwnwnGwGp (4.18) hwywuwpdwép, tpp A=-1: Ujn hwjwuw-
npmup, puw bptinhnth tppnpn ptinpsh, npybugh mGbGw MM, pwyw-

llu_xﬁ t, np Gpw we Swup' g(x0 ) = —wi f, (xo) 1hGh oppngnGwy hunSuD

n

1md hwdwuln hwjwuwpswG pninp monuiGephG: Pwjg, hGsubu gmjg
wnytighGp, (4.21) hwywuwpmip mGh vhYy hunn qonptG wijwh Mom§
p=1: MpbdG (4.18) hwjwuwpmip npybugh mGEGw MOmMY, pwyjwlywa

t, np mntinh mGtGw (4.20) wwjiwGp: OLnpbdG wujugmgywd t:
5. ‘thphfuibh wpnwpht junph (pdoudp _
- “¢hphfuith wpnwphG fuGnbpp phpgty tp (4.13) hunjwuwpdwGp,
bpp A=-1: Lwih np A=—1-p K(x,y) Ynphgh ubthwjwl wpdtp t, wuyw
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puwn ppbinhnpsh bppnpn pnptish, npyytiugh.(4.13) hwyjwuwpmip nGhGw

2
oY, wlhpwdbtn t m pwyjwpuwp, np Gpw f (xo)= —f, (xo) - wg
()

a

dwup (hGh oppngnlw) hwiwimé hwiwubn hwwuwwpiwG momyiGhphG:
Mupqymy t, np wyn yupdwlp uwywd st tuGaph tmpjwb htn: UjG6
unwgyty t Gpwthg, np Yhphiuikh wpnwphG uGnph monup thGwpty
bGp YpyGwyhh Epinh wnnbGghwih wkupny, npp poinpmihG t) wwpunwnhp
s+tn, npnyhbtnt, hGywtu ghnbGp, w(x) UWCMN-p wGytpgnd dqunmu t qnnjh
|x |"® wpwgnipjwdp, ShGptn Ywiwjwywl hwpdnGhy pniGyghw
wiGybpenud ¢qunmi t qpnjh |x[2= (ny nwlnun) wpwqopjuip: Ujnwhuh
Ut wpuwgmpjwip qpnjh dquinn $mblghwGeph nuumyd hphtuibh
huGnph inémdp npnGhip phpnud ¢ pugmghy wwjswGh: Uyn wwmSwnny
Shphjuiih wpunwphG ]u(iqph.lnwnu_ip thopdm bGp npnGhy htwnbjwy .
wnbupny’

w(x) =

cos -
- Iu(y)d Iu(y)I ;"_. do:  (423)
dwnth wnGhny (2.3) pwﬁméhn L tuGnnh bqpuiyhG wwjswGp’ g-wlhwjn
fuunmpjwl hwswp vinwGmy tGp htanl i hwyjwuwpmuip’

)= o[ - |]u(y)dc— f): @20

y_xo

Wu hwjwuwpniG t) pmy) bquijhnipjudp huulummpnui k: Opubugh
*(4.24) hwyjwuwpnusp niGhGw moms wikG vh we Swuh hwdmh, wGhpuw-
dtywn t m pwjwpup, np Gpuw hwiwywwmwujpwlé hwiwute hwyju-
uwpnudp” - .

u( 9) I . ]u(y)dc 0 @)

O, 5 |y—xo| | ol

m(ihﬁlu vhw)6 qpnjuub imomyi: bGpunpblp py(x,) ﬁplu npLt lnwnuiﬁ )
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t: D" mhpnypnud qhuuupl[hgp htunbywy hwpinGhy darGyghwG

COS
“(x)" .,_2 Iuow Iuo y F-l do:
{hzm t huuinql.[hl, np u(x,) = 0: Uy ntiwypnud, puwn “Hhphjuikh mpmw;\zh(i o
JuGnph [mmiwﬁ dhwimpjw@, u(x)=0 D-my, jud

; |H — 1o (y)do - Iuo |y°_°sr d6=0, xeD': (426)
quﬁwulwmllhlml (4.26) hwnJuwuwnnipjw Gpyn liwun |x |»2-my Yunw- f
GwGp | .

guo(y)do—w" guo(y)l °°“|¢ ds=0: \
bpp Ix| -0, hpﬁpnm qmuwptihG Yaqinh qpnjh, htinlaupwp /I '

[uo(y)do N (¥ 1)
Rwﬁh np p,-G (4.25) hwn.[uluwpliw(i (dnul £, winjw pun (4 27)—[1 ymGh-
- Gulp : /o |
cos \ |
uo( 0)-— I % y,()do=0:
s|y- x0|

) qul.lh[m[ Q-mmub b(imhqpm[h hmmllmpjmﬁhg ytpp gnyg tp]
wnity , np wju hwyjwuwpiwbp pujwpupmd &6 ShwjG hwwnunmG
dInGyghwGtipp, mptdG %(M)Ecoi Stunptiny wju JupghG wpnwhwy-
wnipjniGp (4.27)-h dbe' unwlmd kGp C;~0: Lbwnbwpwp p=0: hGp
wwhwlgymd tp wujugmagtiy:

Wuwhuny, 6hywn b htnbyw pbinptidp:

5.7. Phnpbd: Vhphhuth wponwphG uGghpp mGh Modnwd gwG-
Jugwd f,(x,) wipGnhwwn tgpuhG mjwh hwiwp, b wyl Jupbh t
Gbpyw)wglby (4.23) wnhupny:
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Qymu VI
Sbopgbh Sbpapp @

dmpybh dhpngp Ywd thnthnfuwlwGGbph wigwntwl dhpnnp

wihGwjw)G Yhpwnmpymb mbugnn WhpnnGtiphg t: Uju dtpnyny imoymud

66 fuwnp L bqpuighG dh 2wpp uGnhpGtip’ hhybppnpwlw, wwpupnpujwa.

_ " tthywwlwi mbuwyh puqiwphy hwyjwuwpmdGtiph hwdwp: dmpjbh
" Jpnnp uljubkGp wpwnpt) Sh puwGh dwuGwynp fuGnhpGbph hudwp:

" §1. lvwop jubgph ménuip Smpyhh shpanny hpyhppojwimé
bujwuwpnidbph hwdwp

" Livwnp JuGnph mémdp juph wunnwGswé huswube hujwuwptwl

hwiwp .
hGywbu qhnbklp, wiywpd dwyptpm| hwiswubn (wph wquwn
nuwnw GnuiGaph nuumdGwuhpmipjniGp pbipynud & htwljw) fuwep tuﬁrmpﬁ
qulty Q=(0,£)%(0,°) llpumzhpumui
u,=a’u, (1.1)

hwyjwuwpiwt wibyhuh w(x,t) momd, npp hGh wipinhwn 6 - thuly
lmuuxzhpumui L pwywpwph
u(0,t)=0, wu(l,ty~0 (1.2)-
hqpuxjhﬁ wuidwiGGuphG m ,
y u(x0Fe(x),  ux0w(x) (1.3)

ulqpGuwljuG upwjdwG6kphG: GGpwnpynud t, pp @-G nt W-6 npywd whpGn-
hwwn pmGYghwbbp b6 [0,£] Showlwjpoud: Rwgh wjn, ¢ L ¥ ImGY-
ghwGhpp wtwnp t punjwpwptG htwbjw) ww dwGGtphG
®(0)=0, o(0; w(0)=0, w(£)=0. (19
. npyhbuqgh uhqpGwiljuG m bqpwjhG wwpiwGGtpp hwiwdw)Gbgywd hGha:
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Lridnul: Uljgpmii qgimphﬁp (1.2) hqpujhG wywjdwGGhphG punjw-
pwpng (1.1) hwjwuwpdwG "

. . X(x) TV ‘ (1.5)
wbuph ny qunphyw6 ndnuiGhp: Stnunpbiny (1.5) &ntﬁhghmﬁ%&l) :
huwjwuwpiw@ dh9" unwblmd bGp Co

- X(JT(t)=a’X"()T(t)
Jwd - ) '
X"x)_ TC)
| X(x) ~a?T(t)’

Uju hwjwuwpiwb dwhu dwup juwhnjwd b ShwyG x-hg, hul wg diuun‘
dhwjG t-hg, pwjg Gpulg hwjwuwpmpiniGp hGwpundnp t ShwjG wyG
ntiypmy, tpp tpym dwubpb tp hwunwnmG GG: szﬁmtlhﬁp w1 bwu-
wnwwnmyp - A-ny: Uyn nhypmi (1.6) hwwuwpmpymbhg llumu\ﬂiwﬁp
unynpwlw6 wowhgyuGhpny bpyn hwjwuwpmiGhp, o
T'(t)+2a’T(t)=0, . | (.7
X (x)+AX(x)=0:" N (1.8)
Nputugp (1.5) wntuph qpnjhg nwppbip $mblyghwG puwjwpwph
(1.1) hwjwuwpiwGp b (1.2) bgpuijhG wwjpiwGGphG, wGhpwdbn t
~qunGby (1.8) hwjwuwpiwG qpnjhg wwpptip wyGuhuh mdnud, npp pw-
Jwpwph S j
X000, X@@=0 ‘ (1.9)
bqnuijhG wwdwGGhphG: ' .
Ujuyjhuny wnw9wlmy t htinbyw) fuGnhpp. gtk A wwpwdtnph
wjGuhuh wpdtpltp, npnGg hwiwp (1.8) hwjwuwpmdp mGEGw ny
q:[m_]wllw(i iomuiGtip, npnGp punjwpuptG (1.9) bgpuijhG upw jwGGEphG:
A-wywpwidbtnph wjinhuh wpdbpGbpp Yngymd LG (1.8) - (1.9)
uGnph sbipumlput wpdbplhp, huy Gpulig hwiwwuwwnmwulowb ny qpn-
Juljwl momubtpp Yngynd GG wn fulnph whpuwluwb pritlhghwbthn:
‘ QnGGp (1.8) — (1.9) fuGnph utthwlwG wpdtpGbpp L ubthwljwt

(1.6)
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$mGyghwGhpp: Uyuwnbn hwplipunp t nhwnwpyby bptip wnwppbp nhwptp,
.bppA<O0,A=0LA>0:

w) bpp A< 0, (1.8) hwdwuwpliwﬁ pinhwGnmp mdnsp mGh
hbwnljwy wnbupp .

X(x)=Ce¥™ +C e

Mwhwgbiny, np wbnh mGLGwaE (1.9) bgpujhG wwyswiGbpp, wnwing
blp o '
C,+C, =0, Cet™+CpeV™=0: (1.10)
LwGh np (1.10) hwdwlwnpgh npn2hsp hwywuwp st qpnjh, wyw C=0L
CF= 0 Lbnbkwpwp X(x) = 0:

p) bpp.A =0, (1.8) hwyjwuwpiwi pnhwGmp moéndp mGh
X(x)=C, +C,x nbupp: (1.9) bapu;jh6 wwsweGbphg mGhGp
C,+C,-:0 =0, C,+C,¢ = 0: uwntinhg C,=0, C,=0 L, htmbwpwp, X(x)=0:

q) bpp A > 0, (1.8) hwyjwuwpiwG pGyhwGnip indmdp niGh htnk-
Yjwy nbupp’

X(x)=C, cos/Ax +C, sinVAx:

(1.9) biqpujhG wwyswGGbphg nGLGp

C,-1+C,-0=0, C,-cosyAf+C,sinVAl=0:
UnwohG hwyjwuwpnidshg hbwlnuw t, np C, = 0, huy bpypnpnhg’
Czsin\/—il =02 Mbwp t hwiwpby, np C, # 0, hwjwnwly nbujpnud

X(x) = 0: Uy wunnwnny sin VA€ =0, wyuhpa VA = %, mpon-p

Juiwjwlywb pGwlwi phy't:
Qbmlwpwnp, (1.8) - (1.9) uGnph ny qunjuijwG (noONMmUEGLH
~ unwgybG A wwpwibnph ShwjG hbnbju) wpdtpGbph nbwypms.
2 o
A, =|—1., n=123,:: ‘ (1.11)
~ UWyu ubthwywG wpdbpGbphG YhwiwywwnwujuwGbe
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x =sln% )

- pithwyw qmlﬁllghwﬁhpn Lijwuwtlp, np uhwiwb bmﬁl.lghwﬁhpn,
npn2ynui b6 hwunwinmG wpnwnphsh 6unnipjunip:
bpp A=A, (1.7) hunjwuwpiwG pGghwGmp (monuip mGh

T, (t)=a cos?wb sinLa’lEt . (113)

wbupp, mp a-p L b-p hudw jlul{ulﬁ hluumw\nmﬁﬁhp hﬁ
 Wyuughuny,

u, =X, (x)T, (t)-[a cos7t+b sm?t i %x (1.14)

(1.5) mhupl'l PmGyghwlbpp pwwpwpmd GG (1.1) hwl[lulimflliwﬁﬂ L

(1.2) tqpujhG wwydwGGephG gmﬁllujguxb alb, hwumwmmﬁﬁhph o

nhupnui: _

Chnphpy (l 1) hwjwuwpiwG qdw)inpjwb L hmﬁwuhnmp]ujﬁ
gquGiwgwd Ykpgunjnp pyny imoémdGhph gnuiwpp GnpGuybu gmonud t:

Llwuwbbp, np (1.14) momuiGtph pwqimpjwub dkg, pnhwnp
nbwypmy, siw-w)jGwhuhG, npp puuipwph (1.3) uyqpwlwl wwjtwG-
- GtphG: Wn pwp whnh gmbh Gwb (1.14) momdGtph Yepgunp pyny
" quuiwpGhph hwdwp: |

Ujdu ntGp htwnbjw) juGnhpp. pGupbyg wjﬁumuh a, L b hul:l)
wnmwnmGGtp, npytiugh (1.14) wmbuph pninp momuGhEph wiytpe gniwnp
 qnynipyntG mGbGw b w)G hwhrhuwGu (1.1)1.3) uGaph nuons, wjuhlpe:

u(x,t){[anm&lfeub_mﬂ;ﬂ;_t wTx: 1)
=} .

bpt wju wppp hwjwuwpwswih gniquitn b hGs-np'a, L b, hwunw-
“nntGGbph nbupnd L bpm wiqw winws wn winws wdwbgkh t L
nuwn x-h, b pun t-h, wupw Gpw gnuswnp Ypunjwpwph (1. 1) hujwuwpswGp
L (1.2) bqpuijht vjw)iwGGphG: UGmu L a, L b, hwumwunmGGtpp pGunphby
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wjGwhu, np (1.15) pwpph gmuswpp pwywpwph Gul (1.3) uyqpuywG
wwjSwhGhphG, wjuhGpl '

=Zan§inﬂx, y(x)= an A G ™ x (1.16)

a=l" ¢ v n=] ¢ ' )
Ujuwhuny, tphb ybpp wpygwd wwhwieGhphG puwjwpwnpnn a, b b, hwunnw-
nnGGbp gnympymG mGHG, wwywa, L b, ? pdtinp whwnp t hwinhuw-
Gwa hwﬁwuuumwutuw(impwp'(p(x) L y(x) $mGyghwGbph dnipjbh qnp-

dwyhglbpp’ pun sin%x ubthwywG pmGyghwbbph Jhpmovwib [0;¢]

- Showiljwjpmu: |
<k £ wnmqb) htnnbjw) hwywewpmpymGGhph 6wmmpjmGp’
On#k
ik
sin—xsin—xdx— -
I 7 0 ;,n ke @

MpbdG, unpwywG qmlﬁl.lgpmﬁhpn oppngnGw) kG [0,£]Showijwjpnu:
Oqwuybiny (1.17) hwjwuwpmpymGhg' (1.16)-hg vnwlGmyd tGp a, L b,
pytiph bwdwp htnbjw) pwGwdLbpp.

=-I(p(x)sm—xdx, b, =L-—I\|!(x)sin——xdx : (. 18)

Pﬁmllwﬁ k wjum.hhmb (1.15) wppp nhnwiplby Shw)G (1.18) puGmdbbpny
npnzywd pybph husup:

;0¥ wuyugmghGp htunljuy plmphlin

6.1 Phnphit: Gph O(x) :bmﬁl.lg[nuﬁ wwwnwGn t C0,£] nuuhdG,
mGh bppnpg Yuwpgh Yunp-wn-fwnp wﬁnﬁqhunn wowbgyuw) L pwyjw-
pwpmy t '
¢0)=0()=0, ¢"(0)=¢"()=0 19
ww)yswGGbphG, huy v(x)-n wuwwnfwGmd t C'[0,£] nwuhG, mGh bpypnpn
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Jwpgh Yunnp-wn-junp wipGnhunn wowblgju) L pujwpwpnud £
WOy =y()=0 ' - (120

wwjdwGGephG, wuww (1.15) wppp 1) hwjwuwpwswh gnquitn t
[0,£] — mu, 2) winwyi-wn-winuwy wdwgtih t tpym wiquy puin x-pz mt-
h bt 3) Gpw gmwpp hwighuwim t (1.1) - (1.3) juGnph (momug: /

Qupugnyyg: Uwutpny hGintigpbyny h pwGh wiqu (1.18) hGnbg-
pwyftpp U hwyh weGhinyg (1.19) m (1.20) uleliwﬁﬁhpg htwnnipjunip
unwimy tGp, np

| (YA ¢V B, .' |
an =‘[;] ‘1—131, . bn =‘[;)F’ (1'21)

npmhq
—Iq>"(x —xdx B, -—Iw (x)sin—xdx.
LuGhnp - : N ,
IAnlsl'i"'lA.nlz anlS _1_+‘an|2 °
n 2|n? | n n? s A
Ujmu Yonshg ‘ : '

YA v 3B,
n=1

n=1 .
2wpptipp gmquiitin &G (wju hwjinGh t dmpjbh pwppbiph mbumpmGhg)~
ululu‘ .- . N

NG = |A| B o
S ‘-..Z{n ..E-{n o

2upptipp gmquidtan bf:

Stnunptiny a, L b, gnpowlhgbtph (1.21) wpnwhw Jmmpjmﬁﬁhpn (1.15)

zwpph b’ Junwlwbp , . o

s AR ann ann n

t)=— — —l1A —t+B_sin—t [sin—x ¢
» u(x,) ‘[n]g,’n’[ L co8 7 Lsin= )me x
144 | | ' g
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?

Uju 2wppp dwdnpymy t -
AR
(%) laulele )
2wppny, huy Gpw winuwdGbph bpypapn Ywngh wdwGgywGhnhg Ywqup-
Jwd 2wpptpp dmdnpqnui tG
o " laz 1 :
) 25 Lad+B) 1 L3 LA,

7 T N p=1 .

| 2wppbpm|: Rwth np ybpghG bpbp 2wpphpp, 2Gnphhy (1.22) 2wppbph
qmqmlihmmp_]m(i, qnquitn 46, wwyw 1) (1.15) pwppp pugupdwly m
hwjwuwpwswih goiqwitin t, 2) wyG Yupbh b wowGghy wenwd-wn-
winuwy tpym wGquy puwn x-h m t-h: Gyju wpwjdwbGbph nwypmy (1.15)
2wpph gnidwnp l;huxﬁqhuulﬁm(l 1) - (1.3) juwnp juGnph (noma: (&lmphdﬁ
wywgnigywd k;

Yuwnwpbiny hbwnbjug (izun(imlmui(ihpn
. . a . a
(1.1 (l 3) luGnnh (1.15) pwnuwip Yuphh t gphy hbwnbjw) wnbupny

u(x,t) Zk —xs ;a?‘—t-ijan ]:

n=l

S k, =4a’+b?, sinan=%'—, cos . =z—',

Uyu 2wpph jnipupwGyynp wlnwy hpkGhg GhplwjwgGnud t x_u]uulhu
4nsjwd YuGgmG wihp, nph nwpnus (wph Yhntpp uwnwpmd b6 Ghit-

Gm)G o, dwqny, k, sin%x wiwthnmgy L ®, = ? hwswjum-

pjwip hwninGhy nwnwlnuiGhn: UdtGwhnpp o, hwiwlumpjwip u,
nwwnwGnuip Yngynud £ dwsjGh hhiGwlwG nnG: Ulwgwd hwpinGhyGhpp
Ynsymu GG optipnnGGp, npnlp Yuqimy 46 dws j(ili wbdppp: (1.15) Indnuip
wnwGahG wnGbph gnudwnG t: -
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Udyhnmnp k qum(imli El (k=0,1,:--, n) l;ﬁmhpnui: Ujn

Ybwnbpp Ynsynmd bG n-pr hmpﬁnﬁhlﬂn hwﬁqm_]gﬁhp huy uniumnnnu}h
tpuwnptimdh Yhwntpp —2%— (=0,1,---,n-1) Yngymu 4G nm(i}m: bpt
n
nwwnwiynn (wpp ubnibkfp SheGwlybnnmy, wuw qmjg hwiwph oplip-
unGGipp YuwhupGyhG, npndhbnk qwph SheGwlbnp Gpulg hwiwp
hwGgmjg L, hulj YEGw hwiwph hwpinGhyGhpp ShwGqunshg YuwpybG:
UWn nhugpmy jwpp Ywpdwhh ng pb hp huljwijwG dwjGp, wyy Gpw oljunw-
YJuwG, wiuhGpG’ Gpym wlquy vhd hwdwhumpjunip dw)G:
* 2. bunp ulnhpp jwph wwwubdwt wthwdwubn homjouopdug

' hwdwp: Ggpuyhf wuydwGihph qpoywhwG ghuypp

Ulqpmud nhnwpytGp qpayulub ulqplwlwi wwjdwbGhph
nhwpp, wjuhGpG ymotGp htunbjuy fulGnhpp. qmﬁhl Q Yhuwtpunmy

u, =a’u_+f(x,t) L (123)

hwyjwuwpdwG uudu]]luh u(x,t) jmomuy, npp thGh wiplnhunn QoL '
pwjwpwph

u(0,t)=0, wu(4,t)=0 C(1.24)
tqpuighG wwjdwGGbphG m ’ “ . o
u(x,0)=0, u(x,00=0 . (1.25)

uljqpGuwljub wwjswaGhphd:
Wju fuGnph imdnuip thGinphGp hhmbjwl 2wpph wbupmy x

AN 1 . ‘
Co ‘ u(x,t) ZT (t)sm—x, . (1.26)
k=
- npunbin T, (t) pmGyghwibpp wGhwjym LG: ‘bl.lmmhﬁp, np bph w _m 2wnpp
hujwuwpuw zuuh qmquunitin £, wujw Gpw gnuiwpp Ypunjwpwph bgpughG
ww Jﬁmﬁﬁhphﬁ Stnunphyny (1.26) wppp (1.23) huultuuu.lplim(i dhg'
Junwlw Gy :
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—

zh(t)m (t)]sin—x =ty a2

k=1

npwnbin

wx=—uk—a; k=12, : " (128)

fix,t) pmGyghwi [0,£] dhgml.lm Jpnui YtnnotGp pun uhGnuuGiph daipjbh
2upph’

f(x,t) Zf (t)sin——x, . (1.29)

k=]

| £ (t)= —ff( ,t)sin—xdx . (1.30)
Jwdbiwuntbyny fx,t) ;m([illghm_]h (127 L (1.29) hpl.lm ybtpntonipniG-

Ghpp YunwGuGp T, (t) @nlﬁl;ghmﬁhph npndwl hwdwp hnbywy hwdu-
um[muiﬁhp[;

T;(t)+m§(t)=fk(t) k=(12): (131)

Npwbugh (1.26) Jwppny npnud u(x,t) @nlﬁl{ghmﬁ pujwpwph (1.25)

uljqpGuljwi ywytwlGLph6, pujwlwi Eywhwehy, np T, (t) dnGyghw-
Ghpp pwjwpwptG htnbjw) WwdwiGhphG '

T, (0)=0, T.(0)=0 k=12, ): 132

Uyuyhuny, T, (t) pmbGYghwlbpp npnptint hwwp wnwgly bp (1.31) -

~ (1.32) Unzhh huGnhpp, nph muonudp Yuptih £ uinwGu, opbﬁmll, ‘1-_|m-

wdtijh dtpnnny: U._m mOniG mGh htnbjwy nbupp.

T, (t)= ;—If,‘ (t)sinw, (t—TtMt:
k 0
Stnwnntyny wyuwntin £(t) - h (1.30) wpnwhwpnnmpymbp’ ymGhGubp

t e t
T,(t)= i”f(x,t)sinmk(t—-t)sinﬁ xdxdt: (133
Loy 37 , ¢ ,

\
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N
Stnunpbyny T, (t) - tph hundwp quGfwd wpnwhwynmpymGGbpp (1.26)
2wpph be' YunwGwap (1.23)<(1.25) luGnph imdnuip, hhwnlh, bph
unwgywd wppp b Gpw bpm wlquns puwn x-hm t-h wnw - wn - winun
wdwGgnuiGhnhg unwgywd 2wnppbnp (hG46 hwdwuwpuw i qmqunitn
Q YJhuwtpnmu: {tpu t gnyg wmwy, np wyn ywydwGp nbnh ymGhGw,
bpb wwhwGehGp, np f{x,t) wlplinhwwn mblghwl mbGhGw hayb bpypnpn
Jupgh wﬁn(iqhunn wdwbgywiGbp pun x-h b iph t-h guwGljwgwd wpduph
hunfwp
£(0,t)=0, f(¢,t)=0:

'bl.lwmhﬁp, np bpb (1.25) qpnywiwG uquﬁwuw(i wuydwGGLph

thnjuwpbl wnpyb6 Lusdwjwlub
u(x,0)=(x) u,(x,0)=y(x) _ (1.34)

 ulfqplwlpul wwydwbGbhpp, wup (1.23), (1.24), (f.34) uGnph monuip,
wyGhwjn t, Yih6h (1.15) U (1.26) monuiGhph gmuswpp, wjuhGp6*

u(x,t)= Z(a cosm,t+b,_ sinw t)sin7x+2T (t)sin—x,(lJS)\,

nputin a,b, L T (t) qnpdwljhgGbpp npnzymd kG hwﬁmnqwmwu[umﬁw-
pwp (1.18) L (1.33) pwGwdlLbpmy: ,

U)ydd nhunwpytiGp ns qprjulul hqpughb waydwlahnh nhwypp,
44juplpl’ nhyuuphblp htupljuw) huanp panppp.

u, =a’u, +f(x,t), ('1.3/@
u@,t)=pt) ult,t)=v(t) (137

u(x,0)=g(x), u,(x,0)=y(x): (1.38)
Uju nbwpp hb)mmpjudp phpynid t Gwjunpn qhulphﬂ‘ Juunwpbiny
npnGhih poiGyghwsh htnbjuy thojuwphGoudp.

u(x,t)= v(x,t)+u(t)+5b(t)-u(t)]= (1.39)
hullwu;hu htpnk mhuﬁh[, np v ymbyghw jh hwiwp unwgywd t htnbjuy
JuGnhpp.

148



v, =a’ vnff(x,t)—u'(t)—%[v'(t)—u'(t)l |
v(0,t)=0,  v(e,t)=0,

v(x,0)= o(x)~p(0)- % v©)-10)}

0= vl)-10)- b 0)-w O

3.D>ompybh Shpnnh pghwlmp Giupwghpp
Thunwpyblp htiwbjw) bhwbppmuwijw6 hwjwuwpnuip.

2
O Y R T
npnbn  p(x), p'(x), q(x) L p(x) - p wlpGohww PmGyghwbhp GG [0,£]
thowlwjpnud, puwn npod p(x)>0, p(x)>0, q(x) 20:
GhGp htwnbjw| juwnp fubnhpp qunbly (1.40) hlu\huumpmuﬁ
w)jGujhuh u(x,t) monwy, npp pwjwpwph
oul0,t)+Bu (0,t)=0, yu(lt)+8u, (0,t)=0 (1.41)
tqpw)hG uwyiwGGphG (npunbn o,B,yL 8 mmjwd hwuwmwinniGGhpp w)G-
whuhG b6, np of +p? #0, ¥ +8° #£0) L htunbjwy ulqpGuljw6 wwydwG-
GGphG

W0 = o), B0 =yx) (OSx<eL): (1.42)
Ulqpnud, qunGhip (1.40) hwjwuwpiwl
X()-T() (1.43)

inhuph ny qpnjwlwb pdnuiGhp, npnGp pwyjwpwntG hwyG (1 41) Lqpuw-

_ JhG wwpiwGGEphG: Shnwngptiny (1.40) hwjwuwpiwé dhe (1:43)-4'

mGkGwGp

PG = 10 P (-a(XETE),

l_lluli
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1) 3 PR G-l (x)
™ peXE)

Uju hajwuwpiwG dwiu dwup jwiugwd t dhwyG t-hg, hulj w9 ,Jiiluun‘
dhwjG x-hg, mpbdG, GpuwGg hujwuwpmpniGp hGwpunynp t ShwyG wyG
ntypmd, Gpp Gpym dwubpG £ hwuwnwnmG G6: VywGwlblp win hwu-
wnwnmbGpn A-ny: Wy nhypmyd, (1.44) hujwuwnmp)niGhg YunwGuip
unynpuljwi wowGesuiipny bpyn huwuwpnuiGhp.
T’(t)+AT(t)=0, (1.45)

< o )+ Bolx) - )ex) =0 : (1.46)

Npwtiugh (1.43) wnbuph GoyGwpwp qpnihg mwpplp PmGyghwG
pwjwnwph (1.41) bapuighG wwiwGGhphG, wihpwdtn E, np X(x) pmGy-
ghw pwywpwph htivnbjwy tqgpuighG wwyswGGhphG. o

aX(0)+BX'(0)=0, yX()+8X’(¢)=0: (147)

UWyuyhuay, X(x) $nGyghujh hwiwnp vinwGmy tGp (1.46) —(1.47).
- Cynmipd — Lpnugdpyh fuGnhpp: , '
A - wwpwdtinph wyG wpdbpGhpp, npng hwiwn wyn uGnhpp mGh ny
qpnywlwl monwiGhp, Yngumu b6 ubhueful wpdbplbp, huy Gpuig
huwiwwwwwufuwG ny qpoywiwl MonuiGhpp Ynyymyd b6 whipuw b
dniGyghwbhp: Thnphhy (1.46) hujwuwpiwG L (1.47) bqpwjhG -
dwGltph qow)impywl m hwiwutnmpywl’ uhwywl mGyghwbtpp
npn2ynud GG hwunmwnmb wmawnphsh 62nmpjyudp: CGunptlGp wyn

wpwnwngphsp wiGwhuhG, np

jp(x)x: ()ax =1 : (148)

U.Jin wwjiwlhG pwjwpwpnn vbthww6 pniGyghwbhpp Ynsymd a6
Gnplwnpywmo: | '

RbpblGp Cuxmpi-Lhawhyh uGnph ubthwlywG pmbGyghwGhph b
utthwuwl wpdtplbph dp pwbh plnhwbnip huupynipymibGlhip.
150 ‘
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L ampwpﬁlﬁymp uhipwlpul wpdbphl hwdwwwpuwuhaubinid b dhuwys
dbly gonpliG whlwpu ubshwliu priblighu:

bhpnp, GGpunptiGp A wwpwidtwnph hGs-np wpdkphG hwlwwwwnwu-

fuwGnud bG (1.47) bqpuhG ww pdwGGhphG puyjwpwpng (1.46) hwjwuwp-

vl kpym qonpkG whliwiu ymonuwiGhp: Ujn ghwpnwd, wyGkplwpwnp,

gwljwugwd monuip Ypwjwpwupbp tiguuyhG wpuwyswGaGphl: Pw)jg nw

hGwpuynp sk, npmjhtwnb, tph ophGwyh hwwp YtpgGhbp X(0)=c,

X'(0)=B uyqpbwlywG wwjiwiGEphG pwywpwpng (1.46) hwjwuwpiwl
monuip, www wjb sh wpnn pwjwpunty (1.47) iqpuighG wwpdwbGhphg
wnwohGhG (o2 + B? # 0):
2.Swpphpn uhihwluwG wpdipGhphl hwdwwywpwupuouelng ubthuljul
Dnillyghubbpp oppnanbwy bl p(x) honny, wyuhlpl,

jp(x)xl(x)xz(x)dx=0: | (1.49)

hpnp, ahgnip A, U A, mwpptp utihwijwl wpdtpGiphG hwlwuyu-
mwufuwlnng ubthwliwi $nGyghwbtnd 66 X, (x)-n b X(x)-p, w)Gujku np

= o))+ Buplx)-a )X, ()= 0,

d /
196X 60l Raplx)-aIX, ()= 0
Puqiwujunnltiny wowehG hwyjwuwpmpnbp X,(x)-ny, tpypnpnp’

X (x)-ny, & hpwphg hwGhny, YunwGwlp

(= I, (00X (6)+ -GN (0K, (x) - X, (o) ()= 0

" hwnbgqptny wju hwywuwwpmpimbp [0,£] Shewlyw)pny, juunwbubp

(s =) X, G0, (i = o) 6 () X, G X ()]

Oquuytiny (1.47) tgpwjhG vjwjdwGGbphg” htzwn t hwingyt, np wyn
hwywuwpnipjwl we Swup hwjwuwp £ qpnjh: {Enbwpwp, dwju dwup
GnyGwbu hwywuwp t quojh: Rwyg, pwbh np A, # A, wyw guuihg
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Yhtunth, np

¢

o)X, (X, (xhx =0: |
' Ujuwhuny, bplpnpn l‘l)mmllmp]mﬁﬁ wuyjugmgyud t: /
3. Pnptp ubhwlwl wpdhpllipt ppwlhwi ha:

GlpunptlGp hwhwnwlyp. nhgmp qnympymG mGh ny hpwwb A
ubthwlw@ wpdtp, nphG hwiwupunwuuw Gnd £ X(x) ubihwwG dnGl-
ghwG: LwGh np (1.46) hwjwuwpdwb U (1.47) bqpuhG wjujdwGGtph
qnpowyhgGlpp hpwlhwb b6, wuww Apl X(x)-n (Yniyyblu hwdw-
{pOGhpp) GnyGybu ubthwlwl wpdbp L ubthwywG pmGyghw LG: Cun
tGpunpmpywG A # A, mumh X(x) & X(x) pmblyghwGhpp oppngntusy
b, wjuhGpG’

L _ 4 \
0= [p(x)X (x}X(x)ax = [p(x )X (x)"dx :

Ujuintinhg htankmud &, np X(x) = 0, wjuhGpl A-G utnhwlwG wpdbp st:
MpbtiG bGpwnpmpymbp vpuw t, hGsp whwnp tp wupugmgty: -
4. Quphih t gnyg wmuy, np gnynipyniG mGhG waytpe pyny utihwipui
wpdtipGhp, YwubGwynpuwpwp, qu &hown t (1.8) — (1.9) juGnph phupmi:
WytihG, gnyg wnwbp, np gnymp)mb mGhG wiytpe pyny npulpué ubhw-
Ywl wpdtpGtp’ :

0<A <A <A <-w<A<::, HmA =+ /—3
hpnp, puqiwuunybinyg

d ,

e e a0, )= hpe)K, )
hwjwuwpiwi Gpym dwup X, (x)-m|, hGwnbgpbiny [0,£] Shewlwjpny L
hwyh wnlny X, (x) hwiwywpgh Gopdwynpywd hGbyp, Yuinwlwubp

L4 , .
b =~ L ple (- e, GO, o
0

Uwutipny hGintigpiim] wowehG gnudwpbihG, YmGaGwbp
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= J T2 6c) I b~ (X, (XL GRS = c1.50

Qwiwdw)b ybpp wpthwd bepunpmpiut’ p(x)>0, q(x)20, p(x)>0: Upw htwn
dtywntin, tGpwnphiny Gub, np

[pG)X, (x)X; ()] 25 <0, (1.51)

(1.50)-hg YymlGbGwGp A>0, hGsp wbwnp tp wujugmghy: Ljwwnbbp, np

(1.51) wywydwGp nbnh £ mGEEmY YhpwnmpjmGGipmy wykih hwiwlu

hwinhwnn bqpujhG wpuwjdwlisph nhupmy, ophGwly.

1) X(0)=0, X(£)=0, (1.52)

2) X’(0)-h,X(0)=0, X'(¢)+h,X(¢)=0, h, 20, h,20: (1.53)

Wydd thwqmnhwﬁp (1.45) hwjwuwnpdwbp: Lpw T(t) plpbwGmp
jmdnuip (pp A=A,) mGh htnbjus} inbupp. '

T, (t)=A, cos /A, t+B,sin /A, t,
npuntin A,-G U B,-G pudwjwluwG hwuwnwnnGGhp bG:
Smpwpwlyymp

u, (x,t)= (Ak cos, /A t+B, sinJ}:t)Xk (x)
Pn1Gyghw (1.40) hunfwuwpdwG momd £ b pudwpwpnd t(1.41) bqpuiyhG
ww)dwGGLnha:
(1.40)<(1.42) huGnph jmdmuip (w)G sbyhg wybih momd ymGh)
npnlhGp htwnbywy Jwpph wbupny’

u(x,t) Z(A cos. /A, t+B, st—t)x (x): (1.54) |

f Gpb npny A, L B, p:ihlph hwiwn wju 2wppp hwjwuwpwyuwnh qmqunihm
Lt L Jwpbh t bpym wlqui - winwd - wn winwd wowlgh) pun x-h nu t-
h, wyw Gpw gmiwpp, wyGhwpn b, Ypudwpwph (1.40) hwjwuwpdwGp
L (1.41) tgpuyhG wwdwGGtph6: Uyqpiwlywi upw)swGGhph wtigh nGh-
Guwym hwdwp wbhpwdhpn t, np :
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= iA, ,(x) (1.55)

o
\vEZB JAX, (x): (1.56)

lljuu]]mm[ quihu bGp. l;uuiw_]wl;w(i InuGlghwh pun X (x) uhlhqxl{wﬁ
PnuGyghwbtph Ypiniovw G fubnphG:

Glapwnpbtiny, np (1.55) L (1.56) 2wpptipp hwjwuwpwwth gniqu-
vt b6, Jupnn LGp qunlly A, U B, gnpodwlhgltpp: bpnp, puqiwujuwn-
Ytyny (1.55) b (1.56) hwjwuwpmpymGGtipp p(x)X, (x)-ny, hGuntigptiny [0,£]
shewywjpny, L hwh wnbhing X (x) pnblyghwbtph hwiwlwngh p(x)
ipnny oppnlnpiun|npnipyniGp, unmwbnid tlp

A= [obpla, (B, = [olweK, i

Stupunpbng uyu pbpp (1.54) unph thy, wiGhuyn b, GuiuGwep (1.40)-
(1.42) luwnp fuGnph ndnudp, tipt unwgywd wppp b Gpw winuwdbtph
puwn x-h mt t-h tpypnpn Ywpgh wowGgywyGtphg llwqﬁtlwb 2wppbpp
hunjwuwpwyunh gnigunitin bG:

“Yhypngripynil: dnpjth dtpnnp Yhpwnbih t Gl sh pwGh
nwpwowlwl YnnpphGwwnGtph nhwpnd, ophGuy

u_& 9 du
5tT= 'Hg[aﬁ(xuxzr",x..)gj]—a(x,,xp'",x..)ll

hhutippnpwjw6 hwjwuwpiwi hwdwp, hGyubu Gub tmulmwl;wﬁ nt
wwpwpnjuwiwl hujwuwpmiGhph hwdwp:
S5.lvwnp junph mdmuip punubph (Shippwlp) wuwnmwGiwi
bwijwuwpiwé hwiup
© w) Hunwplhip Q ={(x,y): 0<x<p, 0<y< q}nunwﬁluwﬁ
W¥he htanbjwy fuGnhpp. gtk C2(Q)N C(G) nuuntd w6 u(x,y,t) pmGy-
- ghwG, npp Q nipubyywl e pwywpwph

\
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u, =a’(uu+u”) (1.57)
-dwubGwih wdwbgjuyGbpny hwyjwuwpdwp,
u(0,y, t)=0, u(p,y,t)=0, u(x,0,t)=0, u(x,q,0)=0 (1.58)
bqpwjhG wwjdwGGLphG L
u(x, y,O) = ‘P(X’ )’) u, (X, Y10) = \V(X, )') (1.59)
uljqpGwlws wwydwGitphG:
' Uju juGnphG t pbpymd (oppGwy) wGrwpd bqpny hwidwubne
nmnnuiymib punubph wquun wwunwiiwi nuumdGwuhpnipjnilp:
Ulyqpmd, qunGuGp (1.57) hwyjwuwpiwG
| v(x,y)T(y) (1.60)
wbuph ns gpnjwlwG MdnusGhp, npnGp pwywpwnbG Shwjl (1.58)
bqpujhG wwjdwGGeph6: Stnunptny (1.60)-p (1.57)-h dt9” YmGhGwGp
T(t) _Vatv,
a’Tt)  v(x,y) :
UYyGhwjn k, np wyu hwjwuwpnipymGp uwpnn & wbnh mGaGwy, bpp Gpw
bplym SwubpG ty ShuGny6 hwumunmG6 G6: Lywbwlbny wjn hwunw-
nmGp - k?-ny, YnGhGwGp ’
T(t)+a’k*T(t)=0, (1.61)
Vot Vv, +k?v=0: (1.62)
Muwhwiotiny, np (1.60) $mbyghwl pwywpwph (1.58) tiqpuaghG wjwy-
SwhGbphG, vinwlGmy bip .
' v(0,y)=0, v(p,y)=0, v(x,0)=0, v(x,q)=0: (1.63)
(1.62)-(1.63) bqpwjhG juGnppp mdtGp dmpjbh sbponny:
Npn6hny (1.62) hwywuwpiwb
X(x)¥(y) | (1.64)
mhuptl mdnuiGhp” vnwGmy LGp

YO, o X&),

Y6 XG)
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Mupq b, np wju hurfuuwpipywG bpynt dwubnG t) whnp thwyjw-
uwp |hGkG hLGnyG hwm Yawlwybiny win hwuwwwnobp -
k?, unwinuf kGp htanbyuy ﬁflqnl hwywuwpndGhpp.

X" (x)+k?X(x)=0, Y(y)+kiY(y)=0, - [(1.65)
nputin .
kZ=k>-k’ ywd k*=kX+k}: (1.66)
(1.65) hwjwuwpmiGhph pnhwGnp 1mbmlliﬁhpn mGbG htwnljuy
wnbuptipp.
" X(x)=C,cosk,x +C, sink,x,
| Y(y)=C, cosk,y+C,sink,x:
(1.63) tqpwjhl wywpiwbGhphg plumd LG
X©0y=0, X(@)0; Y(0)=0, Y(@=0 - (1.68)
hwjwuwpnipymGGhpp: C6nphhy JupehGGtph, (1.67)~hg htnnlmd t, np
C,=C,=0: Lanmbhjmy C,=C,~1, unwlmd Llp
X(x) =sink,x, Y(y) =sink,y:
Ujunbinhg, nupdjwi pun (1.68) - h" whwnp k .
sink,p =0, sink,q =0, (1.69)
huly gu GwGwynid t, np gnympimG m6he k, L k, hwunwmmGGeph
wlytpg pyny wpdtipGlp

(1.67)

k=20, k=" (mn=123,):
P q

Lbnbwpwn, hwdwdw)b (1.66)-h, k2 hwuwnwunm Gh hudwp niGhGnid bGp.

2 2
m- n

k.zm -_-klzm +k§n =1t2 ;{""q—z . (1.70)

Uju pytipp hwGnhuwlmy L6 (1.62) — (1.63) fulnph utthwlwG wpdhp-

- Gupp, npnGg yhwdwwywinwujuwikl hbnbjwi uithwiwe pmiyghwGtpp -
Tm_ . 7n
v, (x,y)=sin—xsin—y: S (7))
p

Uydd winpununiuiny (1.61) hwjwuwpiwlp’ Gjwmmd tGp, np
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smpwpwlymp k? =k3 uhhwywG wpdbph hwiwp Gpw pGnbwGmp
(mudnidp ymGhGw htwnbjwy wmbupp. |

’ T.(t)=A_ cosak, t+B_ sinak t: (1.72)
U._]uu.lhunq (1.57) hajwuwpmdp ym GG (1.58) hqpm_]h(i wwjpdwGGhphG
puyjwpwpnn wiytpg hwwn (1.60) wbuph iménuiGup’

um(x,y,t)=(Amcosakmt+Bm sinakmt)sinmsinﬂ, _

' q ,
m=12,-5 n=12,- a7
‘lhpgmu;hu, (1.57~(1.59) tu(irmh inonuip thGunphGp htwnbjwy YpYGulh
2wpph qnuiwph whupny

ux,y,1)= Z(A cosak , t + B, sinak,, t)sin " : —’"ql’i:(l.n)

Gph A L B htuummmmﬁ(ihpg wjGwhuhG b6, np (1.74) wppp U Gpw
- wlnwyGhph bpypnpn Yunpgh wdwGgjuwiGiphg yuqiywd yumpbpp hwyw-
uwpwywth qmquitin b6 Q mpualywé Ypw, wuyw Gpw gouswpp,
wlGhwjwn t, Ypujwpuph (1.57) hwjwuwpdwGp b (1.58) bqpuijhG ujw;)-
SwGGbphG: Npwbugh puwjwpwpybG Gub (1.59) ulqpbwiywl wwjiwb-
Ghtpp, wihpwdbn t, np

q>(x,y) Z A sin™=* ™, s
m,nx] p q '

nxy .

; 1.76

m,n=| p q ( )

GGpunptiny, np(1.75) L (1.76) 2uppbpp hwyjwuwpwgw qmquuihm G, -
Yuwpnn tGp quGby A L B, qnpdwlhgltpp: hujuwtu, puqiwujwwnijbny
(1.75) u (1.76) hwywuwpmpyniGGtph bpynt dwubipp

o T
. P
Pmiyghwbbpny L hGinbgphiny Q nunuGlymbn” ymGhGubp
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_ npnyjhbab
O,tpim# m, junin#n,,

[sin ™= gin ™ sjn TE i 1Y grgy =1 g |
s P .9 P . 4 7,hpbm=m,,n=n,:
p) Uyt nhnwplblp K={(x,y): x*+y*~R?} zpouiinud hbwnlyw huGnhpp.
quiby CYK)NC(K) nuumy w6 u(r,8,t) pmbyghwb, npp K ngmﬁnui
pwywpuwph

' u"+lu,+i2uee =¥!;u, “ (1.78)
r r a . ‘
dwulwyh wdwGgywiGbpnm] hwjwuwpdiwlp (wjG wihpwihG hwjuwow-
. pnuifi t pubnwjhG YnnphGuwinltpmy)), ‘
_u(R,8,t)=0 - | (1.79)
tqpughG wwjiwGhG L | ' |
u(r,6,0) = o(r, 6), u,(r,e 0) y(r,0) (1.80)
ulyqpGwlywG uiumimﬁﬁhphﬁ: ‘ ' | ‘
Uju fulinph( t pbpym, (ophGuly), wizwpd bgpm| zpewGwdl bwiwubn
punuiph wquu wwwnwliiwi nundGwuhpmpinilp: :
Mwpgnipywl hwwp vwhiwGwhwigybGp w)G nhwpny, pp or,0) -
L y(r,0) wiunud jniGhG 8-hg. mwwnwGiwG fubGnph (kqyny wuwd’ niuniy-
~ GuwuhptiGp dhw)G Jumwynuyhl mmmmﬁnuiﬁhpn U_m qhuumu! (1.80)
~ Www(Ghpp nGeG
J ' u(r,6,0)= (p(r), , ut(r,6,0)= \|l(r) - (1.81)
wnbupp, huy (1.78) bwyjwuwpnuip

u,;+1u,=‘—12—u,, : . (182
T a .
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wnbupn:
‘ Ul{qpnui thGupbip (1.82) hwjwuwpiwb : _
THOD(r) (1.83)
wnbuph (mdmuiGhp, npnGp pwywpwphG (1.79) hqplu_mﬁ ww jywGhG:
Stnwnpbny (1.83)-n (1.82) hwjwuwnpdwi dhg b wigwwntiny thmhnfuw-
YwGGhpp unwGmd bGp. ‘

D)+ - <D(r) T'(t)

AR
npnbinhg mGbhGmd bGp bpym hwjwuwpmyGhp,
T'(t)+k*a’T(t)=0, (1.84)
¢'(r)+}¢'(f)+k=¢(r)= 0: . (185

(1.85)-p Ynsymd t Lhuubzh hwjwuwpmy: Lpw pnhwGnip MENIGE mGh
®(r)=C, I (kr) + C,Y,(kr) wmbupp, nmntin C,-p L C,-p hwunwinmGGup
uG, huy Ij(kr}p b Yy(kr)-p’ Rtuutih wnwehG L bpypnpn ubinh (QIm Yungh

- $mGyghwGtnG GG (nbu [1], te 624)):

Lwbh np Y, (kr) pmGYghw6 vwhiwbuwihwy sk, tpp r—0, muwnh
wbwp t Ytinglt) C,=0: Npubugh punjwpwpyh (1.79) bqpuijhG wwjswip,
whwnp Lt I(kr)=0, npnyhbwnl, tpp C,=0, qnnjhg wwppbp imom 3 blp '
- mnwbw: Lwlwybny kR=p" vinwlmy LGp . ,

_ o Lw=0: . ' (1.86)

* hGywbu hwpnGh t, wyu hwjwouwpndG mGh p,p,, -, wGibpg

- pwlwyh hpwlyuwG wpdwwnGbp: Wyn ghypng, k, = %"— (n =1,2.---):
bpp k=k, (1.84) hwqwuwpniﬁn m(ih htwnbjw) pGnhwGnp ndnuip

T.(t)=A, cos 2t +B, sin ¥t
R R

npnbn A -G U B -G juiwjwiuG hwunuwnmGGbp 66: Wuwhuny, YmGh-
GwGp (1.82) hunjwuwpdwi (1.83) ntuph wiybpe hunn momuGhp,
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%n—t unr
. R J°l R
npnGp pwywpwpmd b6 (1.79) tiqpuighG wwjswGha:
Ujdu (1.82), (1.79), (1.81) luﬁqph{mamﬁn thGwnpbGp hlnyxl.]ml
wnbupny. : : /

A, cos "t+an;
R

= a‘u‘nt : a"l‘nt l‘lor
ulr,t)=) |A,cos——+B sin—— [ |— | (1.87)
C1)=2, R R bl R

A, L B, gnpouwijhgGtpp pGwptGp wilwbu, np mbtnh mGhGwG (1.81)
uhqpGwlwl wwjswiGhpp, wjuhGpl

| ¢(r)=iA.Io{"l;’) vi)=3 e BJ{“‘{}

n=] n=]

Oquybiny Io[% L Io[%) qmlﬁllglnuﬁhph\oppnqnﬁmlntpjmﬁhg_

puwn r ipnwyhG $niGyghwyh (O,R) showywpnid (nbu [6], k9 163), A L B,
qnpowlhgGbph hwdwp YymGhaGwbp '

‘B, = miw(r)lo[%}n

. Stnunptimj A, L B, gnpdwhgGiph qunGjwd wnpdtpGupp (1.87) 2wpph -
ut9" yunwbwlp nhnwplynn fuGnph monuip:

§ 2 dnpjhp shpnnph YhpunnpyniGp ypupwpnpuljni hmdﬁum—
» pouiGhph hunfwp

1.9bpidnpjmi mumpwdnuip Jhppun|np dnnnud
Tthgnip, wwhwigymu t qunGhy ¢ bpjwpmpjunip hwiwubn dnnh
witl vh Ynh th\imumlidmﬁﬁ dwiwblwyh guwljugwd wwhhii, tph
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dnnh dwjpbpnid wwhwwiymd bt qpn gbpdwuwmhd8wG: Uju juGnhpp
hwlqmui Lk

‘u, =a’u, | @)
hujwuwpiw@ wjGuhuh monul quGhimG, npp pujwpuph
u(0,t)=0, wu(,t)=0, t20, (22)
tqnujh8 wwjdwGGhph6 b
| ux,0)=plx}) 0<xs¢ (23)

uljqpGwlwl ywpdwGha, npnbn ¢-6 wpwod wipnhwwn pmbGyghw k
[0,£]-mq, mGh Yunp-wn-Yunp wipGnhuwn wowGgpuy b @ (0)=¢(£)=0:

' hGywbu jwph wwwnw sl nuntiGwuehpiwi ghypmdy, wjuntn
GmGuybu, hGwpbm] (2.2) bgpuyhG wwSwGphG pujwpwpng (2.1)
hwjwuwpiwb X(x) T(t) mbuph monuiGup, X(x) pmGlyghwG qunlibim
hwidwp unwGmy tGp

X" +AX =0, x(o) 0, X()=0 24 .
'hq_[nu JhG huGnhpp, huy T(t) PmGyghwi quuGhm bwdwp
T +AT=0 2.9

hwjwuwpmip: (2.4) juGnph uithwiw6 wpdtipGhpp b $mGYghwGkpp dhq
2
hwjnGh b6 A, = [—";i] , X, (x)=sin —x, n=12,-

A - hwunwwniGh wjg wpdtpGhph qhumnui (2.5) hwjwuwpiwG pln-
hwnip imonudp, wyGhwyn t, mGh

T..(t)=a.eto[—[?]zt], n=1,2,...»

wtiupp, npuntin a -p Juniwjwlw6 hwunmwwnm b
Wyuwhuny, mGkGwiny (2.2) upupiwGphG pwjwpupng (2.1)

hwjwuwpiwmG
) :
ann . TN
a, exp| - — | t|sin—x
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wnbupny’

| u(x,t);iexp[—[?]zt]sin%x: ) 2.6)

Oquutyny (2.3) ulgpGuljwb uywjswbhg' qunGmy bbp’

wnbuph monuiGtpp, (ZWQ Julnph imémup thGwnpblp htunlgyuny

= —J'q;(x)sln—— xdx : X))
¢(x) ymGyghwjh qpm npjwd mw JiwGGtphg htnlmad t, np wju pwGw-
duny npnzywd a, gapdwiyhglGnh nhujpnud

3 a, sin ™ x
n=l Z

2wnpp pugupéwl m hwjuwuwpwswh gmguishinmad t ¢(x) ymGlyghwjhG,
npp hwjnGh t nwGlymGugunhwlwb wpptph wbumpymbhg:

Lwbh np, bpp t20 \
. m]ﬂ ‘
0<e-{ t) <

wwju (2.6) 2wppG ty &t gniquithnmd pugwpdwl ot hwjwuwpwwg: Uyn
wuwwndwnny (2.6) 2upph gmubwp Ghplwywgbnng u(x,t) Pmayghwa lmlﬁp
wlpinhwn Q=[0<x<¢, t2 0] yhuwybpinms b Ypwiwpwph Q. 2),
(2.3) bigpuphG m ulqpGw b yyuydwGibphG: Ulinui L gnyyg nwy, np u(x,t)
PmGyghwl Ypwywpwph Guwi (2.1) hbwjwuwpdwbip Q-Yhuwtpwnh
Gbpunui: Hpw hpnimp pwywlwG k gm)g mwy, np (2.6) 2wpph wlnwibGbph

- wowlgjunGphg (puwn t-h wowehG Ywpgh, puwn x-h kpypnpn Yupgh)
Juquiywd 2wppbpp GnyGuybu puguwpdwl m hwyjwuwpwywh gniqunitn
tG: hul wyn YbpohG whnnuip htinlimd t wyG pwhg, np, Gpp 0

_[m]’ <1, 0< _(m]z <1,
bpb n-p pwllu(l,lwﬁu]lzwmﬁhot: : ( ]
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Thpngmipymib 1.: UnyG duny Yuphh t gm_ig wwy, np a(x,t)
$niGlyghwG mGh gubgwd Yupgh wowbgyuGhp puwn x-h n t-h:

‘Hpngrapynif 2. (2.1)-(2.3) luGnhpp 2hunwy st gpywod, tpp t-6
pwgwuwlwb t: 8myg wwlp, np bpp t<0, wwyw E(x)-uljqpwwb obip-
dwuwhdwbh thnpp thnhnfumpjwGp hwiwwywwnwupwGnul t modwG
Wb thinhnfunipymG (npny Yhwmbpnul): bujwwbu, thgmp u(x,t)-G tuGnpp
indnuiG t, tpp t < 0: Ujn nhwypnmud @(x)-h thntuwptl YtpgGhiny

wix)+ esin- - X, npuntn 6-p puwywGuwywh thopp aawywG phy t,
ndjwp st vmqhy, op

14

2
-v(x,t)=u(x,t)+ ee{ ] tsin-ﬂ;ka (k;ﬁ pGwluwi phy t)

- $pmGYghwi hwinhuwGnd t v(x,0=y(x) ujqpiwlub wwyiwbny fuwnp
tubnph ndnud: dbwbwpwp v(x,t) — u(x,t) mwppbpmpmbp x-h npnz
wpdbpGpp bwdwp YihGh gwlijugwd swihny ko, tpp k-6 pwyw- -
Ywlwgwih ¥ & (nppwa ty thopp thGh t]-G):

Ujdy, phunwplliGp whihwiwube hwjwuwpiwG hunfwp htunbjuy
luweg fulnhpp. qunnGhy wiGuhuh u(x,t) parGlghw, npp Q Yhuwbpnnd
pwywpwph

u, =a’u,+f(x,t) L (28)
hwjwuwpdwGp, ' : |
u(x,0)=0,, 0<xs¢ - (2.9)
wyqpGwlwi wwpiwGhe L .
ul0,t)=0, u(,t)=0, t20 (210

hgpwjhG wwjdhwGGhphG (Qups wuwd, whwp t u-G pwjwpwph (2.8)
hwyjwuwpdwGp Q-m, L qpn {hGh Gpw tqph Ypw):

fuGnpp f{x,t) mpjwihg wwhwGeynwi k, np Gw 1hGh whplnhwwn Q-
nuf, mGEGw pun x-h Juainp-wn-Yunnp wipGnhwwn wdwmbGgyuy L t-h pnpnp
npwiwl wpdtpGhph hwiwp pwjwpwph f{0,t)=£f¢,6)=0 wwjiwGGhphG:
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U)Guybu, np fix,t)-G llw?drl’mw Juglbt) dnpyth htnbywy wppny” -

~flx,t)=Y f, (t)sin .11)
npmhn o=l
¢
f, (t)=%jf(x,t)§in—"%dx: (2.12)
(2.8)-(2.10) [uGnph prdmudp lllﬁl(;mhﬁp dmpjth htanbjuy Jwpph nbupny’
u(x,t)= ZT (t)sin— - (2.13)

npunbn T (t)-tpp wihwjn :bmﬁllg]nuﬁhp bG: "huhwﬁghlm[, np (2.13) wppp
puyjwpwph (2.8) hunjwuwpiwGp b hwyyh woGhiny (2.12)-p° YmGeGwlp

2 lT,,'(t)+ {?1[2 ]z T.(1)-f, (t)]smT =

YbtpohGu wbnh YmGhGw, bph T (t) PnGhghwbG puyjwpwuph

, 2 : _
T, (t)+ [?] T, (t)=f, () @.14)
hwjwuwpiwbp: MuhwGobiny Gwl, np u(x,t)-6 pwywpwph (2.9)
uljqpGwljw G wpupiwGhE, junwbwbp T, (t)-h hwiwp hbnbjw) uyqpGuljub
nuydwbn’ .
, T, (0)=0: : 2.15)
(2.14)(2.15) hu€inph ymdmdp mGh htinbjyw) whupp”

v {EnY) () o
Tn(t)=Ie-[ ¢ ]Z £ (thdr: (2.16)
0
Stnunpbiny T, (t)-h (2.16) wpnmwhwjnmpymbp (2.13) pwpph Sk
unwGnd tGp (2.8)<(2.10) fufinph monuip’

uGx,t)=3, Ie-[m]Z(H)f (e sn 2%

=]

2.17)
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-

Lhypngripymb: bpt (2.9) qunjuyjub uyqpuwliub wwjdwih
thnfuwipbG wnpywé (hGh Yudwjwijub uyqpGuwlub wuyiwt’

u(x,0)=p(x), T (2.18)

wwjw (2.8),(2.18),(2.10) fuGnnh (nomp, wyGhwpn &, llUlﬁh 26)u (2 17

momuiGhph qmuiwpp, wjuhGpa ,

( ,
u(x, Za e—{ ]2 m—- +Z _{ ]z = f (‘c)it sinm—;x-,(2.19)
na=l '
npwntn a, L £(1) qapdwljhgGhpp npnzqnui bG (2.7) U (2.16) pwGwdLbpny:
Ujdd, nhwwpybGp n; qpojwlijwt bqpuyhl wwjiwiébph ghypp,
wjuhGpG’ nhunwpytGp htanljwy bgmughG fuGnhpp.

, u =a’u, +f(xt) (2.20)
u(0,t)=p@t) ulLt)=v(t) 2.21)
u(x,0)=0x): - (2.22)

Uju -r}huum (hGywbu pwph munnuitwG hujwuwptwl nhypmd)
phpynud ¢ Gwiunpn nhwphG’ Juwmwupting npn(ihm PnGyghwsh htanbjuy
thnfuwphGnuip.

u(x, t)— v(x,t)+u(t)+ > [V(t) u(t)l:

. LUjunnhGp, np wjumntn p(t) L w(t) ;;mﬁllghw(ihphg u;\uhmﬁgtlmﬁ t Gpw(g

wdwbgjuGtiph qnympjméGp:
U.Jchi (2.20)~(2.22) fuGnhpp ndtGp dbh wyy hmuﬁwl[ml, np]l
qhu;pnui sh wywhwGayh p'(t) L V(1) wdwGgjwiGhph gnympymép:
nnGtp wyn ulrh o upd oy ;

k=3, (t)sin ‘ @.23)
ubupny: T,(t) pmGhghuwjh hunirﬂia mGhGp I
. |
T, ()= %Iu(x,t)si,n T dx 24
0 .
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hwjwuwpnipjmGp: thnhqphmd dwubpny tpym wiquy'

wnwlnu bGp : ‘

T,0= 2 h0)- (-1 u(l,t)]—;t—f—:Tiu“sin—nz—xdx:

o .
£LwGh np, puin bGpunpmpjud, u(x,t) Imbhghwb yhnp t puupuph

(2.20) hwjwuwpiiuGp b (2.21) bqpwjhG wwpiwGGbphG, wuw

0
Udwighny (2.24) wpmwhwjpnmpymbp puin -’ umﬁhﬁulﬁp

T,(t)=%h 1)"v(t)] — “j sin——dx (i.zs)‘

T, (t) sianx. | (226)

(2.25) L (2.26) hwqwuwpmp]mﬁﬁbp]lg wpmwpuhlnq hﬁmhqulw JhG
wpunwhwpnmpymGp’ junwGwip, np T,(t) wihwjn qnpdwlhgp whwnp t
pwjwpwph hbnbjw; hujwuwpdwlp’

T,'(t)+(g?]zTn(t)= 2‘":32 )~ v(t)} n=12,: @27)

UjGmbbtuwnb (2.24)-hg, hwiwdw)b (2.22) uyqpGulub ww Jﬁwﬁb, wbup Lk
T(t)-G pwquwnh
1.0 -—jq>( )sin—dx, | =120 @2

uljqplwlul upupiw ﬁhﬁ
(2.27), (2.28) fubinph ymémudp, [nizu;bu q]nnh(ip, npynud t hbanbguyg
pmﬁwéhm[

.0)- [ Jot )sm:"-“-dx}{ T
(2.29)

+2n1ll'—a .[e"( ¢ ]:(t")h(t)—(—l)'v(‘t)}!‘t n=i,2,~--t /

P ta ¥



Wyuughuny, (2.20)(2.22) julinph mdnuip (2.23) supph quuswnG b, nph T.(8)
gqapdwljhgGpp npnynid &G (2.29) pmﬁmdhhpm[:

2 Qbpinpjub wnwpudnuip Jhppuninp dnnp e, bpp duuphpml! whnh

nilh wquun ghpdwthnjuwubGuympymb zpgwujuann thgunjwyph hiua
bhqhywjh wju fubnhpp hwigau k
' | u =a‘e, (2.30)
hujwuwpdwé wiGwhuh inednnd gunGhmaE, npp puwwpwph

u,(0,t)-hu(0,t)=0, 1w, (t)+hulf,t)=0 '(2.31_)‘

" bgpwjhG wwiwGGERhG L , o
u(x,0)=olx) - ' (232
ujqpGwlwl wwytwGhG:
Juniwdw)G dmpjth ﬁhpmlh, thﬁmpblnq (2 30) hwyjwuwpiwG
X@)T(t) (2.33)
mhup[r imdnuiGhp, npnlp pwywpupté tqpujhG wwpdwGGaphG, wwpg-
ynud k&, np X(x) pmGyghwG whwp k hwﬁq[nuw(iw Cuumpui-Lhnwhth
htinbjwy fulgph (nedmudp.
X*(x)+ xfx(x)= 0 (234
X'0)-nx(0)=0, X()+bxX()=0, (h>0) (239
~ huy T(t) PmElghwil wjbnp t punjupwph
T(t)+a’A*T(t)=0 - ° (2.36)
bujwuwpiwup: A-hwuwmunnilp quGhim huntwp vnwGnud GGp
h(hsinAf + AcosAs)+A(hcosAf —AsinAl)=0
huwjwuwupnip, Jud ' |

p=rf, p=h¢ . (37
" GzwGwymiGhphg hbun ~ <
2egp=F- ﬁ (2.38)
: 5 '
-hwjwuwpmin: {twn k huningyby, np (2.38)-p mGh widkpy pwbwyh
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. hpwiw6 npwiw wpswnGhp- -+, npnlig huiwupunuuhuwG Ymbh-
2 .
Gubp A2 = [Be—] , n=12.. ubthwhw pibpp b .

= Pnt® on=12..
X, (x)=cos l unsint n=12,

utthwhwt $mbGyghwibpp:
Wuyhuny, hwiwdw)G dmpjth dtpnnh, (2 30)-(2 32) hufinpp

momip Yupygh

ulx,t)=¥c, At r[ "; psin”;) (2.395

=} u
pwiwdélm], npntin
S22 ow X + P g Ma®
C — > sin—— px-
g o Bt

Thypngmipym: bpp dnnh dwihbplmpmd wohw t ghpl]uu[m- ‘
huwGwymd wjGwhuh Shownjwyph htwn, aph ehpiwuwmpSwip hwjwuwp
t qpnjh, wuyw hwiwutin dnnnd gbpimpywG wwpwdiwG hunjwuwpnuip
mGhGmd & ' '
/ v, =a’v_—-cv 2.40)
wbupp: <k t hwdngqyby, np v =™ wwywpq hnjuwphtnuing.(2.40)
hwyjwuwpnuip ppynud £ (2.30) hwijwuwpiwGp:

§3. Dniypybh Supnnh Yhpwempymbp tllllqlnuillmﬁ hwwuwpnud-
Gupp hwmdwp 4
1. Hhphlubh fubinph jmonuip 2ppwbh nhwpout

- 4hotGp Vhphiujbh juGinph dlwybpuynuip, gunbly CHK,) nuumd

19( du) 19w
—= 1
rar[ J+r P o 6
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Lwuywuh hunjwuwpswG wiGwhuh u(,e) momy, npp K, -thwy 2pp-
ewlGmy thGh wGpGnhuwnn L pwyjwpwph
* . wRo)=f0o) S € ¥
bqpujhG wwjiwGhaG: '
Lmdnudp: LwGh np npnGhih $ouGlyghwt whnp t (hGh Shwpdtp,
~ wuyjw wji yhnp t pwjwpwph
u(r,¢+27)=u(r,¢) (3.3)
ujwjdwGha:
Npujbugh
X()Y(p) (3.4
wbuph pmGlghwb hwlnhuwGw (3.1) hwjwwwpiwG momy, ujtnp t X(r)
L Y(¢) ImGyghwbtpp pwjwpuptG hwﬁwu;wtnwu]uwﬁwpwp hbtwnljuy
hwyjwuwpnuiGph6’

\

d( dX |
—|r— |-AX =0, 3.5)
rdI rdI . (3.5)
Y +AY =0, ‘ 3.6)

npwntin A-G Yuiw juut hwunwinmG t: buy npybugh (3.4)-p pujwpwph
GwbL (3.3) u;w JuwGhG, whnp t Y(¢) PnlyghwG pwywpwph
Y(@+2n)=Y(p) | 3.7
wwiwGha:
UyGhwjyn t, tpp A<0, (3.6) hwjwuwpnuip sh mGhGw (3.7) wwj- .
twGhG pwyjwpwpnn momu: Lbnbwpwp A20: A>0 hwiwp YmGhGwbp
Y(¢)= AcosVAg + BsinVAg:

- (3.7) wwpiwGh hwiwdw)G qunGnid bGp, np VAT =7mn: Ujuntinhg

=n?, n=1,2,---: bpp A=0, (3.6) hwjwuwpdwG pGohwGmp |Monuip
hbtwuljuyl t _ , (

Y(@)=A,0+B,:

Npybugh wju pmGyghwl puwjwpwph (3.7) wwjdwGhG, whnp t A=0:
UyuhGpG A=0 wpdbphG hwiwwwwnwuiwGni t Y (¢)=1 ubthwiwl

169



PmGlghwi: ;o |
. U;Juu]huml, A=, m&pﬁhphﬁ hwiwwywwnwuluwGmd

LG TN ' .
‘ 1, cos, sing, cos20, sin2@, --- , cosn, sinng, ---

ubithwlpuG &nlﬁllghwﬁhpn
U;(ituuuqumﬁwﬁp (3.5) hwijwuwpiwGp, bpp A=n.

X’ +rX’ -n*X=0:
- Uyu hwjwuwpdwG pGyhwnip (mdmip mGh hbwbjw) wbupp’

| Xn-(r)=Cnr‘+2_'—_ n>0, . (3.8).'
r .

1

X,(r)=C, +D°1n—: (39

Npubugh wju momdGbpp thGhG uwhdw(iwawll, wybtwnp t bpglbty
Dy=D,=D,=:--=0: . : T

Ujuuyhuny, mGbGaud bp (3.1) hujuupdug (3 .4)wbuph6hwpp

imomuGbp’
u, =r*(A, cosng+B_sinng) n=0;12,--,
npnGp vwhdwGunhuil b6 b pujwpwpmd b6 (3.7) wuwyswGha:

Uju imonusGbpp mGhGuwymg htwnn, hphjuith fulnph [nwnuin‘

npnGmy bGp htwnlijwy wmbupny

u(r,(p) Zr (A,cosnp+B_sinng):  (3.10)

ﬁpmhuqh wju wpph qnuiwpn pwijwpwph (3.2) hqujl‘lﬁ wujiwGha,
wtanp t ybinglity

1'21 l 2z
=— [f(@)e, A =
- Jrexe, A -]

2=
B, =— |f(@)sinn6de, n=12,--:
mR" 9 _
Stnunpbiny qnpdwihgGuph wiju wpdtipGpp (3.10) 2wpph by YmGh-
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Guwlp

u(r,(p)—— jf(e)ie+ .I[R ) X
x{zjf(e)mnede-mw If(O)sinnede-smn¢}}=
——jf(0{1+22 cosn(e q>)]u | (3.11)

dLwthnjuhlp pumuﬂlmuh \hmhmthph ihpuh mpmmhm_]mmpjmﬂn‘

| 1+22[ ]cosn(e—(p)=—l+2§[%]ncos(0—‘¢)=

-1+ 2Re2[i) e = 14+ 2Re—— =
- a0\ R 1- ___el(H)
. R
R?-r?
TR4r ? _2Rrcos(6- @)’
Stnunpbiny wje wpnwhwjnmpiniGp (3.11)-h dbe unmwGwbp ‘Hmh]u-
tbh fuGrnph 1n10m|in ("nunuuntGh puGwélp).

_ 1@ RI-r .
u(r, @)= J ©) mm(e ik _(3.1_2>

2. Vhphjwbh junhpp Ghuwzbpnh phwypnut
S hgnip Q-G (0,£)x(0,+e0) YhuwptipwmG t: Mwhwbgyms t .

C2(Q)N C(Q) nwunul qunliby w)G u(x,y) uwhiw Guthwy $mGYyghwa, npp
Q-h Ghpumil pwywpwph

u,+a, =0 (3.13)

L\numuuh hwjwuwpdwGp L htinbyu) bqpuighG wwswGGhphG
u(O,y)— u(t,y)=0, u(x,O) q>(x) ' (3.14)

Lndmudp: Uygpmud, thGwpbym| (3.13) hwjwuwpiwG X(x)Y(y)
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wmbtiuph imémudGhn, npnip p wipb( (3.14)-h wnwehG bpym wwydwG-
GuphG, vinwbGmy bGp, ny X(x) pmblghwl whwnp t hwiinhuwGw

X“(x)+AX(x)=0, X(0)=X(¢)=0 (3.15)
jutnph mdnud, hul Y(y) $niGyghwG wtnp & puwpuwph
Y*(y)-AY(y)=0 . (3.16)
hwywuwpiwbp, npntin A-G uiwjuiju hwunmwnmG t: ' ‘.
hGjujbu qhwntGp, _ S
Y Y,

(D) K@=, amia

hwGnhuwGmy tG (3.15) juGnph ubithwlwG wpdbpGhpG m $niGlyghwGhpp:
A=A, wpdtph ntiypmd (3.16) hwjwuwpdwG plnhwGnip ndmdp mGh
htnbjw) mbtiupp’ - ,
Y.(y)=de ¢ +be ¢ :—
U.Juumum[, unwGmy bGp (3.13) hwjwuwpiwb X(x)Y(y) wtuph dh 2wpp
imomiGkp’

| mny _mny ,
X.(X)Y-()')= a,c ¢ +bne ¢ i _1u;x—! n=ly21""

npnGp pwwpwpmd GG (3.14)-h wnwehG tplynt wwydwGGLphG:
Uydd Yhphlubh (3 13),(3 14) juGnph lnwnuiu\hﬁmphﬁp hbwnbjuy
2wnph wbupny’
Ty Ty
ulx,y)= 2 a,e ! +be ¢ ki E;x—: O @GID

Lwbh np u(x,y)-n ybtwp t uwhiwlwhwy (hGh, wihpudbywn t
Jupglty a =0, n=1,2,---: podwyhgGhpip pGnpmd LGp’ biGlny (3.14)-h
tppopn wwjdwéhg'

2 mx
b. = ;‘!Q(X)Sin—l—dx *

a, L b, gnpowyhgltph uwnwgyud wdbpGhpp ntnunpbiny (3.17)
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2wnph dte, vuwuGmy UGp “Hhphfuibh jubGnph imondp’

u(x,y)= Z[ j<p(x)sm—dx} ‘ sinﬂlx-: (3.18)

=]

JhpohG wlnmup htinlin t w6 pwGhg, np (3.18) 2wnph pGnhwGmp
Ty
wlnuisp mGh ¢ ¢ wmnwnphyp:

2.9-GnwyhG Lk uPbphly Pmbhghwbbp
Quniwdwjb IV gjjuh (2.4) pwGwdlh’ n wuwnhéwlh hwiwubn

hhmhjwl pwquiwlnwibtpp

u, (xs)'9z) 2 l)k (Zk) (m n-m) (m 0,1,:-,n) (3.19)
n+p+l(x’y92) 2( 1)k

2 2
o’ ayz » hwpinGhYy $mbGlyghwGhp GG, npnGp Ypmy bO

qinuyhG pmblghwbhp wiwGnuip: (3.19) L (3.20) pwlwdlLbtpp nwhu
b6 pninp n wunhdwGh qdnptG wilwhi gGnwihG $mibGyghwGhpn: 'bp_wﬁg
pwlwyp hwjwuwp t (2n+l)-h OnhGuwyy, bipp n—l mtGp

y, Il,—x, “z Z,

(2k 1) (x" ) (p=0,1,- -n-1) (3.20)

huly bpp -':=2,
=y’ -2z', u =xy, w3 =x’-2’, uj=zy, v =zx:
U:phppu ynnpnhGuinGtipnus w2 (x,y,z) qlnwjhG :pmﬁugpmﬁupn unw-
Gnud GG htnbjyw) wbupp
,n( \YsZ)= f'Y: (9,8} k=0,1,---,2n, (32D
. oty Y (9,0)— Gbnp ypnus b6 Luwyweh upbphl prbilghulibp wouw-
Gnuip: ‘
2wiwaw)l hwpinGhy $mbyghwbbph hunympyut v (x,y,z)
hwpinGhy T‘pmﬁl;ghuu]x htn dhwuhG htwbjwy pmblyghwé t) hwpinGhy
b
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r r’r
Qpbyny u,+ u,+ u,= 0 Lwnypwuh hwywuwpnuip u:bhphll ynnpnhGunn-
Gbpnf
2
3 sline[smegr[ 2 3‘: ]+$g—¢z—+%(s1negue)] =0 (3.23)
L wwhwbotny, np Y(@,0)v(r) mtiuph priGyghwl puyjwpwph (3.23)
huwjwuwpiwbp, thnhnfuwYw Gitph wiowniwl dtpnnny unwlGmy bip
htnbjwy tpym hwjwuwpmdiGhpp' '
v+ 2rv'-Av =0, . (3.24)

1 af. aY} 1 9%Y
6 —— v
S

1um1 rl Y:(@,0) k=0,1,-2n: (3.22)

———|sin0— |+ +AY =0, . 3.25
sino ol " 90 0 09" - @)
npwntin A-G hwuwnunnm t:

UwuGwynpwubu, Gpp A=n(n+1), hwu{wuwpnuiﬁhpnnﬁnmﬁm\i b

hbunbjw) whupbpp

2v'+2rv-n(n+1)v = p, ' (3.26)
;l% %[sin()%)+ ! gq:z{ +nb+1)Y=0:  (327)

by £ wbuGhy, np (3.22)-h — LY (cp, 0) wpuunphsGhnp

hwnhuwGmd LG huuimupummuluwﬁlupwp (3 .26) L (3.27) hwjwuw-
pmudGhph pdNiGlp:

Npwtugh Q(¢)P(8) ntiuph $mGyghwa pwywpwph (3.27) hwyw-
uwpiwp, wtnp £ Q(¢) L P(8) dmbyghwGtpp pwywpwpkl hwiwww-
nwutuwlwpwp htnljw) hwjwuwpnidGhphG.

Q" +m'Q=0, (3.28)
1 d dp m?
sin® de[ "eﬁ] [“(“ +1)- sin? 9]}’ =0, (3.29)
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npwnbn m-p hwuunmunm t; :

(3.28) hunjwuwnmuip dhwpdtp wGplnhwwm MmomdGhp mGh m
hmummmmﬁh dhwjG wipnng wpdtuplGtph niwypmu: 3mpwpwlsymp
wjnhuh wpdbphG hwwuywnwuuwGmy 6 Gpym

: Q. =cosm@, Q, =sinm@ (3.30)

qdnptl wilwh momuiGhp:

UGnpunweGwbp (3.29) hmqmumplim(in E—eose G2wGwlynim],
~ ptipnud bGp w)G hbwnljwi wbuph

g o

UVwuGun|npwugbiu, bpp m=0, vinwGmy tp

i[(l—&’)g]+n(n +1P=0 (332)
hunjwuwpmip: Ujn hwjwuwpmip lmgtlnui t Lihdwbinph husyjunspnd,
huy GpwG punjwpwpng

1@ ké -1)
P,¢)= I T n=0,1, (3.33)
puqiwGnuiGhpp Yngymd 46 Lidwbnph puqimbnuullbbp:
i(3‘.3l) hunjwuwpiwG dh9 Yunwpbim] P = (1-@2 )7 y wnbnu-
'mmuin‘ﬂhmm(imﬁ hGp.

(l_gz)%_z(m+1xg—z+(n—an+m—l)y=Q: (3.34)‘

Npuytiugh qnGhip wju hwjwuwpswG npnp (pdmdGhp’ (3.23) hujw-
vwpnuip wouGghlGp m mﬁquni‘

2\d™
( é)w 2( +1x émq-l dgm

Jwibiwwmbtim wyu hwjwuwpmip (3.34) hajwuwmiwG htan’ mbuGnid
bGp, np y = P™(E) pmGyghwGpp hwinhuwbnu b6 (3.34) hwjwuwp-
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dwl mdmuiGhp; wp

P €)=(-EJ P E)
$nGyghwGbpp YihGha (3.35) liﬁ\n.[wuwpliwﬁ (ndmuiGhp: LhpuwnweGwiny
6 thmpnjuwlwGhG, wnw o bGp (3.29) hwjwuwpiwG Sh wpp [pLonw-
Gbp [
d™P, (cos6) .
d(cos®)"

Lwih np P - Ladwlnph puqiwinunip n-wuwmhswbh t, wyw, wyGhwjn
t,np P_(cos0)=0, ipp m>n: ' '

Ujuujhuny, n-h yjmpwpGyymp wpdbph hwdwp mGhGmy LGp (3.29)
huwjuwuwpiwG n+1 hwin monuiGhp’ P (cosB), P, (cosH), ---, P, (cos0):

Wu pmbGyghwbtph L (3.30) pmGyghwGlph wpmwnpjwiGpp
wnwihu GG 20+1 hunn upliphy PmGYyghwbitp’

P (cosB), P, (cosB)cosm¢, P (cos())sinm/ - (3.35)
(m=1,2,---n)

npnGp qdnphG wGywju LG, npnyhtnk qonpbiG wGlwju LG 1, cose, sing,
cos2¢, sin2¢,---,cosng, sinn® wpunwnphsGLpp:

bGswybu hwjnGh t, n jupgh qonptG wiywjs uptphy pmbygh-
whbpp witGwwnp 20+l hwwn GG (nbu [6] qp. XX wuwp. 4): N,
YuiwjwywG Y, (9,6) udtiphy pmbyghwi YGtplwjwgyh (3.35) &nlﬁllgh-
w(tph qdwjhG llnﬁphﬁwghwjml

P, (cos8)=sin" 0

Y, (9,6)= a,P, (cos8)+ Z(ak cosk@+ b, sinkg)P,, (cos6),
k=1
npwtin a,-G, a,-G, b,-G hwumnmwnmGGhp bG:

4. UdtiphYy Pnrlighwbliph oppngnlwnipynip
Uligpnud gnyg wnwbp, np inwpptip Yuipgh upbphy pmGyghwGbpp
oppngnGwy bG: bpnp, nhgmp Y, (¢9,0)-G L Y (9,0)-G (k#m) udtphy
$miGlyghwGhp bG: Uyn nhwpnud u, =1*Y, (@,0)-nL u_ =1"Y, (¢,6)n
hwpinGhy pmbyghwbbp LG uyqpGwlbnh udwjuwlub zppwlju)pmy:
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Swiwdw)i SphGh pwGwdbh

Jl[“u du, . du, 5=0,

U™ v oy
npinbn S-p xX+y*z=] udbpw t: LwGh np v-ﬁnmiwm huwipGyGmd t S-h
2wnwynh htn, munh

0=-i-‘[(kumnk-mnmuk)ic k-
S

= [ugu, do=

S
= k-m}“*""[v,(e,0)Y, (9,0)0,
S
nphg htwtonud L, np

J Y (w.e)Yk(w.e) 0, (m=k):

LmyG Ywpgh uq;hphll PmGYyghwGlph oppngnGwimpjmbp htwnlnus t 1,
cos@, sin@, - , cosn@, sinn® wpwwnphsGaph oppngnGuymp)niGhg (0,27)
thowlwjpmy (ophGwly, bpt S-ny hGntgpwip wpnwhwjntGp hwenp-
nuiwé hGunbtgpwyitph Shongmy):

S. Shphfuibh b Vhydwih fuGnhpGhph jnidmdp upbphy Paiblighwbhnh

Uhongny
- f+hgmp, f{9,8)-G S-h Ypw wnpywd PniGlghw t: OqunytiGp htinbjug

hwjinGh thwunhg. tipt f{¢,0)-G puwn ¢ L 6 wpgnuikGnGbph nbGh uwhiw-
Guihwl pnmpnfumpymG U pugwpdwy hGunbgptih t S-udbtipwjh Yypw,
wwyw w)é GepYuywgymd t udbphy fpm(ihgpuxﬁhph hwjwuwpwswh
 qmquutun Jwppny’

f(9,8)= Z{am? (cos0)+ g(au cosm@ + b, Sinme)P,,, (cose)}
npubn .

2k +1 ¢ of ’
Ay = an ﬂf((P ,6')P, (cos6')do,
s

_2k+1{k-m)! , A ,
B = (k+m)!'[sjf((p ,6)P,,, (cos6')cosmg’do .
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Uwlwybip K\ .
Y(%9)=%k k( 9)*21? coSme+b,, sinmcp)P,m(cosO)

{bzwn t huninqyby, op n(r.cp.o) ~N(9,0) bapwjhG wwpiwny Yhphlubh
wpunwphG juGnph momip mGh hbwbjw) mbupp’

- 1 )
u(r,0,0)=Y Y, (o, 05 (3.36)
k=0 X
lmll GbpphG fubnph jménuip’
u(r, 9,6)= Z Y, (p,0)* (337
wnbupp:
Ujdd nhwnwplbGp
- ulr,0)= ZEIY (%% (3.38)

ImGYyghwa, npp hwpdnGhly t S-hg nmpu whpnypnud: +hgmp S-h Gnpdwip

- mywd t ghwh YuGupat: Ujn phwpmd -a% = —% , wjbywbunp

du du, <
§|r-l =‘ja?|r-n = gYu (%9)_= f(,0):

MpbuG, (3.38) 2wpph qgmuswpp GhplwjwgGnus t i— m=f ((p, 9) bqpw-

2|
av
JhG ywpiwiny VhyswGh wpwnwphG fuGnph mdmip:
L6 dbny hwinqymd bGp, np GtpphG fulnph Monwip ﬁbp—
Juwjwgynui & htunbijwy Jwppny (bpb wyG niGh ymomd):

u(r,q>,9) =c+ 2 Y, (p,0)*,

k-l

npnbn c-6 Yudwjwhwl hwunwnmo k:
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N

Qymiu VI
bGwuhqpuy dLwihnjunipymbGGhph dhpngp
§1. Lmyjwuh, dopjbp k UlhGh dbwipnjfunmpymbGhpp

1. Luyjwuh, dmpjbh L UbgihGh dbwpnjumpynibibph qunuhwplbpp
thgmp t (0st<teo) hpwlwG phnhinfjuwlwbh f(t) mGyghwa
pwjwpwpnid b htwnbjwy wwydwGGeppG® 1) wGpGnhwin b wdkGnipbp
pwgh, qmgh, Yipgwynp pyny wnwghG utinh juqiwd Ytnbph, 2) qnym-
pymG mGLG w)Guhuh M>0 L >0 hwuwnwinmGGhp, np |f (t] < Me™* t-h
ponp wpdtipGtph hwdwn:
uju wwjdwGGaph nbupmy

F()= Tf (e Hdt | BN(R)

hGunbgpwip qnjnpymG mGh gmﬁllwgwti € yniwtpu pyh hwdwp, nph
Rel >E&; ({=&+in) L wGwihnhy PmGyghw t Red >&, ylvwhwp-
pmipjul vho :

1. Uwhafwbinuf: (1.1) pwGwélny npnpgwd F(§) pmGyghwa Ynygnud
t f{t) dmblyghwih Luypuuh sbuwspniunipynil: |

YhpwempymGGtpnud punn k juphp (hGnd ft) pniGighwl wpnw-
hwjnt) hp Lwypwuh dbwihnfumpyjuG shengny' F(C)-my: Uju wnminyg
wnbhinh mGh htwbjwy wpndp: _

7.1.@unphif: Gpb 1) F({)-6 wlwhwnhy $mGyghw t ReC >E,
Yhuwhwppnipjwl dbe, 2) gwljugwd a>E, puh hwiwp F({)-G, puwn
argl-h, hwjwuwpwywth dquumd L qpnjh, tipp { = (Ref 2 a) L

$oo .
3) IF(a +i11);in hGwnbgpwip pwgwpdwly goiquitnn k, www gnjnipjmG
m(i[: Luwnyjwup yhuwsthnpunipul hwlpunwpsp, npG nGh htinlguy mhupn.

179



mt)= 2i [Fa+inEt ™, a2
n —

npntin hGinbgpuwip hwulpwgynts t gjuwiop wpdbph hswunnyg:
Qunwpbiny htnbjw) GauGwlynuwiGhpp

gt)=£()e ™, G(n)=ﬁl=(a+in).

(1.1) L (1.2) pwGwalLbpp YpGnmGhb

G(n)=J—;—1;Ie""‘g(t)dt. | &)
s(t)=ﬁ1e““6(n)dn _(1'4)

wbuptipp:

2. Umhdwbinul: (1.3) pwhwébnq npn2dwd G(n) pmGYyghwb
yngynud t g(t) mbyghwish Ddripybh yhuspnpunipnil:

bphb g(t)=0, bpp e <t < 0, wyw (1.3)-h we vwuh hGnbgpuih
unnphG vwhiwlp, wlGhwjn b, Jupbjh yipglby - -p:

bnp g(t) pmbGyghwG npn2wd b wipnng wnwgph ypw (wnwbgph
puwgwuwlwi Swumd Jupnn t U qpn yhGh), wwyw wjn Hpriblghugh
Dripjbp yhuwspnpunipnib npima t hinbywy hGunbgpuip

G(n)=—J;7Te‘“'g(t)dt: ¢S]

Npujbugh qnympjnG mGhGw g(t) pmblyghwjh (1.5) dmpjbh dLbunhnfum-
pymGp, pwjwlwG k, np w) g(t) -G mGGw Japguninp pyny tputnpimiGhp,
P) wjG (hGh wipGnhwwn wihGmpbp’ pugh, gmgh, Yupgwynp pyny winwehG
ubnh fuqiwG Ybwbphg L q) Ig(t)dt hGwnbgpwip (hGh puwgupdwl
qniguitan: Cuwn npoud (l.S)—]\-;pgnuSn (Dripjbp huwlpunupy shwipn-
Jemipymidp) mpymud & (1.4) pwGwdlay:
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Unshslmbindd: £(t) (0 <t < +oo) PmbGhghwyh Ubyhbh yhuspnjunt-
Ppynufi ynggmud t € Ynuu bipu thnpinfuwlwGh hbwbjw) panGyghw6
FQ)= (ke (1.6)
o .

npubn ¢~ -p npnpynus t
tC'l = e((-l)'ﬂ!

pwlwaélny, hulj int-G Lat-h nplt Shwpdbp 6muné t:

bpp {=a-it, wyw t = e*hGwbgpiwG hopnfewlwth thnfewph-
Gouiny (1.6) pwGwdlp pGnmGmy t '

Fla-it)= Te"-e“ﬁf(eg he (1-'))

wbupp: bph e*f (e") &nt(il@lnu jh dnpjbh dbunhnfumpymGp gnympyma
mGh, www (1.7)-hg, 2Gnphhy (1.4)-h, unwGnui bGp

17 L\
e‘gf(eg)= E:[F(a -itle g'd‘c,
Yw, Gnphg YtpwnunGwiny t = ¢4 hmhnjuwiwGhG, YmGhGwbp
=L Trfa iy 0040 — L Thla 4 imle—6+)
£(t) o _J:F(a ) o _J:F(a +in)e My,
Lbwbiwpwn, Ubyhlh huljunupy shwshnpenipniip YmGhliw
I B
()= 55 JOROE

wbiupp:
2. Lwujjmup dlnshnjunipjmb jhpwonpjmbp
Thgnip wwhwigymu t qunGl] htwnbijw) jpwnep fuGnph momudp.
a(x)u_ +b(x)u, +c(x)u, +d(x)u +e(x)u=0, '
0SxS4, 0StS +eo, (1.8)

u(x,0)=o9(x), u,(x,0)=y(x) 0sx<¢ (1.9)
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’

- A0,1)=A(t) u(l,t)=#(t). 0StS+eo (1.10)

llmmmphﬁp’ htwbjwy GawGwyniGhpp

v(x,{)= Tu(x,t)a"‘dt, (L11)

LO=Tuok e, ME)=Tultr®a: 1

- bGpunnptbp, np wju tptp hGunbqpwGbpp qnympmb mGhG, L vinnpl
Yunnwpynn gnpdnnmpmGGhpp hpwywgh b6 |

V0= Ju ek, va(x0)= fu ke,

Tu. (x.,t)a*'dt=§Tu(x.t)=*'dt+u(x.t)=*'|3“= Ivx.0)-u(x0} (1.13)

Tuu (X,t*-"dt = sz(x’ C)—CU(X,O)-H, (x’tll-l) .

Luqiwyunnybtiny (1.8) hwjwuwpnuip e -0y L hGubgptymy puwn t-h
(0, +o0) Shpwwypmy, huniwdwjG (1.9)<(1.13) - h, unwimd tGp
av” +cv’ + (e +dL +bL? I = bo(x )+ by(x)+ dep(x), (1.14)
| v0.8)=LE)  v(£8)=M(P): (1.15)
Ujuyhuny, (1.8)-(1.10) juwnp juGnhpp ptpytg (1.14)-(1.15) tiqpwjhG
JulnphG: .

bpt (1.14)-(1.15) juGnhpp mGh wjGwhuh v(x,L) mdmd, nph
~ hwdwp gnynipymG mGh Lwypwup hwhwnupd dLwhnfunipymbp’ C?
nwuh( uwwnjwinn, wyw wjé jhwighuwGw (1.8)-(1.10) juwnp fulnph
momu:

Lubh np dmpjbh dbwhnjunipjul hwjwnupdh gnympjwub
pwjwpwn wyuwjiwGGhpp wybth pGuljwl 46 L htzn GG unnigynud, wuw
qbpunuutih t Bdmpybh’ dbunhnfunipjuG Yhpwenuing ymoty npnpwyp
julighpGtp Swubwljwi wdwbgywiGipmy hwjwuwpmyGoph hunjwnp:
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3. dmyyybp Shwpnjunpyub fhpmonpynibp
- w) Ynghh juinph nénuip puph wunwGinG hujwuwpineg hudap,
u,-u, =0, -co<X<+0, 0SS+, (1.16)

u(x,0)=09(x) u,(x,0)=y(x): (1.17)
blpunnbGp C? nwuh u(x,t) pmGyghwG dquumd t qpnjh, bpp x*H2—>+eo,
wjGujbu, np qnympymiG mGp Gpw dmpjbh dbwhnjunmpimbp’

| V(6= = T nle ke L.18)
L vunnpl pbpynn dLunhnjumpymGGhupp ophGwlwG bG.
T;:Tu,(t e Rdr= ——};;Tu(t,t)e““a =L  (1.19)
J—;_;Tu,(‘t,t):'"cd‘t =v,(t%), (1.20)
v(0.8)= Tl= Tu(x,ok*"‘dx = —I—Tw(x)e*'“dx =®), (.21

v (0, c)-—T——I v, (x,0) Fdx = T=I\v(x)=‘“‘dx =¥() (.2

npntin Q) L ¥(C) ImGyghwlbpp ¢(x) L w(x) pmGyghwbbph dmpbh
Ahwqmlumpjm(iﬁhpﬁ hG: '

Auquiwuunybiny (1.16)p ¢ ¢ —ny L pGinbgpbiny pun x-h
(~oe, +o0) dhowljuzpny, 2Gnphhy (1.19)«(1.22)-h, unwfinig bGp.
Vo 6.5+ v(t.5)=0, . (1.23)
v(0,5)=2@) v.0,5)=r(): (1.24)

UyGhwjn t, wju juGrph imomdp mGh htnbjw) nbupp
v(t,§)= -;-‘P(Cicic' +°'K')+ ‘P(Cx R _eoih); (125)

Swiwdwjé dmpjbh hwjwmpupd Ahuxqmlumpjmﬁ
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QJ Vﬂkt)=71;Tv(t. CeaL,

Juwd hwdwdwyj (1.25)-h

- ulx,t)= ;J_ T[eiC(xﬂ) + eiC(x_')]q’(C)’C +

J‘[en(;(xﬂ) lC(’H)]—‘P(C)’C ;(1'26)
2 21t
Viwlwybu, (1.21) L (1.22) hwl[wuwpmpjmﬁﬁhphg mGhGp )
1 °F i
=—— (D) dr,
o)== [0tk
e i
¥(o)= 7= [w(ee e
{hmhwpwp —

il J"l’(t)Ln:(xﬂ) rt(x—t)}n 1 J‘V(,t)h J‘ eltgdc J‘V(C)ic

1 G+ | iGx—1) _1I _al
w7 [ES e b(c)ac 3 1ot + )+ olx- 1)
Stnwnphbny (1.26)-[1 b9 ybnpohG tpynt wpunwhw)jnmpymGGbph wpdtp-
Ghpp’ winwGmd BGp vhq hwjnGh Mupwipbph pwGwdlp.
1 . 1 X+t
ux,t)=lo(x-+t)+olx ~t)]+ > [wlEh: (1.27)

p) Unzph juGnph jpémdp ghpllmhmqnpthmx(im.pjmli hwyjwuwpdmb
hwidwp: Gupnyph qunwhwpp
4, Uwhdwlimd: f{x) b ¢(x) (oo < X < +o0) mbGyghwGlph f*@
thwpnyp Yngynid t htinlijwy hGnbgpuip.

fro= [f(t)plx—thit: (1.28)
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7.2.0'hnphf: Gph qnympymG mGhG f L ¢ pmGyghwGbph dmpjbh
‘dlunhnfjumpymGGbpp’
1 °F -itf, 1 ' -itf |
=—=|flt dt, ®)=—— |0t dt 1.29
FQ)= 7= [ e, 0= = for ™ a2

L hwjwnupd dlunhnfumpimGGbpp

f)=—= [FOaL o)== JoQk%aL, o

wujw (1.28) thwpnypp Jupbih t GhplpujwugGhy hbnbjw) nbupny

fro= [FEWEETE: (131

Uwsugnyg: Stnunpbiny (1.28)-h dhe ¢(x-t)-h wpdtipp npnjwd
(1.30) pwGwdlny’ ymGLGwuGp

o= = Jrl JolR e,

nph b \injubiny hGunbigpiwG Ywpgp (pGnmGhiny, np w)b hGwpwynp
- t), uunwGmyg hﬁp

fro=—= Jol)R"ae ek a - [FE)o *‘g‘dﬁ

Oqujbny 7.2 phnphlil'lg, humwﬁwﬁp
» u,-u, =0, (x,o)-q;(x) ~0 <X <400, t>0 (1.32)
Unzhh ruﬁrmh (ndmup:

bapwnpblp u(x,t) L G(x) &nlhl{ghmﬁhpn pwjwljuiGwywh nnnply
b6 b, tpp x>+t?—+ee, Gwgmy 46 w)Gpwl wpug, np qnymp)niG nGLG
GpwGg dmpuh dlwhnjunipymGGupp’

v(t,§)=ﬁ :[u(x,t):'i&‘dx, | (133)
R AN ’
®(§) Jﬁl‘p( e dx | (1-3,4)
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L ophGuijwG GG hbwljw) gnpdannipnGGLpp

\ —J;=nTu (x, e dx = v,(1,€) (1.35)
T;—;T"“ (x,t)*g‘dx = —%Tu(x,tk'ig‘dx =-E2v(t,E): (1.36)

Pwqiwywnytyny (1.32) hwjwuwpnuip %e'ﬁ‘ -0 L hGwnbgpbiny
R

puwn x-h° (-00,+e0) wnwlgpny, hwiwdw)6 (1.32)-(1.36) hwyjwuwpnti-
p)aiGGhph, YniGhGwbp |
v+§iv=0, v0g)=2@): - (3
(1.37) nzhh futnph jneonwip, hGswbu ghinkiGp, hbwbjw) pniGyghwa t
v(t,8)= "

Stnunpbiny v(t,E)-h wyu wpdtipp (1.33)-h $he L gpbipy] vinwgwdh
2nenuip (1.4) pwlwdlny’ YntGhGwubp

u(x,t)=T;—;T¢(§)e*"**‘d§= (1.38)

<tzwm t hwinqyby, np et PniGlghwyh dnipjbh hwwnwpsd dLwihn-
funtpymGp puwn &-h, tpp t > 0, htinljyw) $mGyghwi t

x?

1 T @ 1 =

, fx,t)= — [e*"e™d{ =—e * :

’ Jznl N T

Uhpwnbiny f*@ thwpnyph hwiwp (1.28) L (1.31) pwGwdéLbpp’
mnwind LGp

u(x,t)=J—;_;’j_a>(a)ﬁ"e%c=5‘;Iq>(a)r(x-;a,t)aa=

o 1 7 Na)d
= [olk * &,
2Jmt =, \
np6 k) hGg Goplwjwglm t (1.32) Unyhh fulinph shq hw JnGh inudmudp:
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." Tuxonos A.H.,Camapckuit A.A. *’YpasHeuns MareMaTHuecKof PH3HKH ",

M., “Hayxa”, 1972.

TMerposckuit U.T". “Jlexuan 06 ypaBHEHHSX C YaCTHHIMH POH3BOHBIMA
M.,1961. | ' .
Bnanumupos B.C. “’Ypasnenns maremaruieckon pusnkn”’, M., “Hayxa”,
1976.

Bunamse A.B. *’Ypasuenns Maremamiueckoi dusuxn”, M., “Hayka”, 1976.
Apcennn B.Sl. "MeTtonsl MateMaTHuecKof (PHINKH H CREUHANbHBE
dynkumu ”, M.,”Hayka”,1974.

Kouuisikos H.C., I'nunep 3.B.,Cmupros M.M. “YpaBHeHus B YaCTHBIX
NPOH3BOAHLIX MareMatuyeckoi u3nkn”, M., Boicmas mxona”,1970.
Cmupros M.M. “IInddeperuuanbabie ypaBHEHHS B YACTHBIX IIPOH3BOTHBIX
BTOpOTIO NopAnxa’, Mun.,1974.

Bauanze A.B., Kanandenko JI.®. “COOpHHK 3a5a4 0O ypaBHCHHAM
mareMarudeckodl puauxn” M., Hayxa”,1974.

Mopc ® M., Pembax I".®. "Merons Teopernyeckoh pr3uxu ~, M., 1958-
1960,t.1,2. .

Moatbio3 [Ix.,Yopkep P. “MareMaThueckHe MeTonbl (DH3HKH ,
M.,” Aromu3nar’,1972.
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